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Recovery of a barge section with the city of Arles in the background

Cover picture

The remains of a Roman river barge, 31 m long and 3 m wide, nearly intact, were recently
discovered at the bottom of the Rhone river, next to Arles which was a major port in Roman times.
The barge is believed to have sunk in a flood event, by the first century after Christ. It was built of
oak- and pine-wood, and carried a cargo of construction stones from Saint-Gabriel quarry, upriver
near Tarascon. The shipwreck has conserved its galley gear with the glazed ceramic, and one
dolium reused as a brasero for cooking as well as other tools.

To ease its recovery, the wreck was cut into ten sections. After restoration it will be exhibited,
from the fall of 2013, at the Arles Museum.

Recently many remains from Roman times have been recovered from the bottom of the Rhone
river. Most famous (but not very cheerful) is the Cesar bust (below), also to be seen at the Arles
Museum.

Credits: Arles Museum of Antiquity / General Council of Bouches-du-Rhone.
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PREFACE

The International Workshop on Water Waves and Floating Bodies is an annual meet-
ing of engineers and scientists with a particular interest in water waves and their effects
on floating and submerged marine structures. The INWWEFB was initiated by Professor
D. V. Evans (University of Bristol) and Professor J. N. Newman (MIT) following informal
meetings between their research groups in 1984. First intended to promote communi-
cations between workers in the UK and the USA, the interest and participation quickly
spread to include researchers from many other countries around the world. The work-
shop places particular emphasis on the participation of younger researchers, on the stim-
ulation of discussions between engineers and scientists, and to the presentation of prelim-
inary basic scientific work before its publication elsewhere. The workshop is an impor-
tant reference point for organizing and spreading knowledge in this area. In particular,
the workshop proceedings are freely accessible through the dedicated internet address
www.iwwwfb.org where all contributions from 1986 on can be found.

Close to 80 abstracts were submitted to this year’s workshop, out of which 60 have
been retained for presentation and are included in the proceedings. The contributions
cover a wide range of topics related to the interaction between ocean waves and marine
structures, while the authors cover all career stages from PhD students to the most senior
and distinguished researchers.

This is the fourth year since the establishment of the Tuck Fellowship which, in mem-
ory of Prof. Ernie Tuck, supports the participation of one PhD student, or young re-
searcher, each year. Nine applications for the Tuck Fellowship were received this time
and the prize was awarded to Dimitrios N. Konispoliatis, a PhD student at the National
Technical University of Athens, while Hugh Wolgamot, a PhD student at the University
of Oxford, was selected as the runner-up.

This year’s workshop is dedicated to the memories of Fritz Ursell and Enok Palm, de-
ceased in 2012, both of them regular participants to the INWWEFB since its early years.
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FRITZ JOSEPH URSELL 1923-2012
by David Evans

Fritz Ursell was one of the most distinguished applied mathematicians of his genera-
tion. He made fundamental contributions in the theory of linear water waves in a research
career spanning over sixty years which inspired successive generations of researchers in
the field. Perhaps less well-known to colleagues are his major contributions to other fields
including aerodynamics, acoustics, mathematical methods and oceanography, these being
the topics covered in the second volume of his collected papers up to 1992.

He was born in Diisseldorf and the change of government in 1933 and his Jewish an-
cestry prompted his parents to send him to England in 1937 for his education. Within a
tew months he had learned enough English to pass the Common Entrance examination
into the prestigious Clifton College in Bristol. In May 1940 he moved briefly to Marlbor-
ough College which was rated highly for mathematics and in December of that year he
applied for and won a Trinity College Major Scholarship at Cambridge. After obtaining
tirst class marks in Parts I and II of the Mathematical Tripos he went on to study Part II
where he attended lectures by, amongst others, Besicovich, Hardy, Littlewood, and Dirac,
and obtained a distinction in the examinations. Keen to support the war effort he was
recommended for a post at the Royal Aircraft Establishment but was turned down due to
being classified an enemy alien. Instead, in 1943, he was posted to the Admiralty Research
Laboratory in south west London and his subsequent career was determined.

After the war he stayed on at ARL working on ships in waves. He re-discovered Have-
lock’s wavemaker theory and applied it to find the reflection from a fixed thin vertical bar-
rier in waves and the velocity potential everywhere. This paper remains one of the few
explicit solutions to the boundary-value problem for linear water waves. He then turned
his attention to a half-immersed circular cylinder oscillating vertically with constant fre-
quency. His novel approach involved expanding the velocity potential in terms of a wave
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source and a set of higher-order wave-free harmonic potentials each satisfying the free sur-
face condition. He showed that the resulting infinite system of equations was convergent
for sufficiently small wavenumbers Ka and produced the first rigorous computations for
the added mass and damping for the cylinder.

The method of multipoles is now an established analytic tool in solving problems in-
volving radiation and scattering by circular or spherical geometries and has been used in
many papers presented at the Workshop over the years. Less well-known is his next paper
which showed that the method could be extended to non-circular geometries by using an
initial transformation. Its utility was illustrated in the paper by Choi et al at last year’s
Workshop.

In 1947 he was appointed to an ICI Research Fellowship in Manchester. Shortly after-
wards he was elected to a Prize Fellowship at Trinity College for four years which Fritz
regarded as the proudest day of his academic life. He was granted leave to postpone the
Fellowship in order to work in the Manchester Mathematics Department whose Applied
staff included Sydney Goldstein, Richard Meyer, Douglas Jones and James Lighthill.

During his time in Manchester he produced three remarkable papers on submerged
circular cylinders. The first confirmed rigorously the result suggested by Dean, that the
reflection of a normally incident wave by the cylinder was identically zero for all geome-
tries and wave frequencies. He then showed, in a short but dense paper that the solution
was unique. Finally he showed that if motion along the cylinder axis was allowed, there
existed a trapped mode of finite energy, the first such example in water waves.

The period 1950-1961 was spent as a Lecturer in Cambridge where he met G.I. Taylor.
Fritz had extended the well-known Stokes result for an edge wave travelling along the
shoreline of a uniform sloping beach to show that this was just one of a family of bounded
solutions of exponential type. On more than one occasion I pressed Fritz to explain how
he derived these but to no avail. He just wrote the solution down. G.I. encouraged him to
check the theory by doing an experiment and helped provide the equipment. The theory
was confirmed.

He spent the academic year 1957-8 in the Hydrodynamics Laboratory at MIT where he
met a young doctoral student Nick Newman who accompanied him back to Cambridge
for the following year. In 1961 he accepted the Beyer Chair of Applied Mathematics at
Manchester in succession to Lighthill. One of Fritz’s students at Cambridge was a young
Australian, Ernie Tuck who chose to stay on and work with him for a second year and
spend his third year in Manchester. Fritz was elected to the Royal Society in 1972 and
remained at Manchester until his retirement in 1990 during which time he graduated thir-
teen doctoral students and continued to produce a steady stream of high-quality papers
on water waves. Amongst these was his 1964 paper on the decay of the free motion of a
half-immersed cylinder, in which he proved the remarkable result that the cylinder ulti-
mately came to rest monotonically in time rather than being sinusoidally damped. This
paper continues to attract interest and discussion as the paper by Meylan & Ralph in last
year’s Workshop illustrates.

It was my good fortune to be taught by Fritz as a final year undergraduate, to be su-
pervised by him as a PhD student and to work with him for three years as a colleague on
the staff at Manchester. His lectures, just like his research papers were models of clarity
and precision, but again, like his papers, they contained a depth of detail only revealed on
closer study.

He was very much a ‘hands-off ’ research supervisor, allowing me to wrestle with



difficulties for up to six weeks or more before gently inquiring of me, during the morning
coffee break, ‘and how are we getting on?” On one occasion I went to see him with a
problem I had which he was unable to resolve but which I finally sorted out on my own
a week later. When I told him, he smiled and said that he had realised the answer just
after I had left but thought it best that I work it out for myself. He gave me advice over
getting one’s work published which included writing at least four drafts before submitting
to a journal. I was somewhat bemused therefore to be handed a draft manuscript of his
1964 paper mentioned above, full of corrections and insertions in the margins which was
clearly the only version he wrote.

As a junior colleague I was very much in awe of him because of his reputation and
position and it was many years later before I plucked up the courage to address him as
Fritz. In fact I needn’t have worried. He was a kind and gentle man, not one to stand
on ceremony and wholly supportive of his former students, myself included, throughout
their careers.

Aside from his consummate skills as a mathematician, Fritz was a true renaissance
man, capable of conversing knowledgeably yet modestly, on a wide range of subjects
including European history, politics, music, and literature, especially Shakespeare.

There can be little doubt that Fritz’s clear open style and rigorous approach to research,
as well as his encouragement of younger researchers influenced Nick and myself when we
met with our own students and research assistants at the Hamburg ONR Symposium to
plan the idea and the format of the Workshop. That Fritz was an enthusiastic and regular
participant at all but the later Workshops, suggests that we may have had some success in
promoting these ideals.

Ship hydrodynamics, water waves and asymptotics, Collected papers of F Ursell 1946-1992, Vol-
umes 1 & 2, Advanced Series on Fluid Mechanics, 1994, World Scientific Publishing.
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ENOK JOHANNES PALM 1924-2012
by John Grue

Enok Palm is mostly recognized within the natural science for his contributions to the
understanding of mean flow fluxes in the atmosphere. In a joint work with his contem-
porary, the meteorologist Arnt Eliassen, they explained mathematically the formation of
lee waves and particular cloud patterns driven by air-flow over mountains. They showed
that the vertical flux of horizontal momentum does not change with height, a fundamen-
tal property and of importance in the study of fine scale atmospheric flow. They proved
this for both short and long waves. Their findings have provided a basis for quite wide
generalizations within the research fields of meteorology and numerical weather forecast-
ing, and one is referring to Eliassen-Palm theory, the Eliassen-Palm theorem, EP-fluxes,
Eliassen-Palm diagnostics, etc.

Enok Palm was educated and had his scientific break-through in a dedicated research
group within mathematical meteorology and hydrodynamics at the University of Oslo,
Norway. Developing from what is referred to as the Bergen School of Meteorology — this
has provided the basis for much of modern weather forecasting; it was founded by the
meteorologist Vilhelm Bjerknes and his younger co-workers almost 100 years ago — this
was a vital scientific environment that over the years attracted many talented students.
Mathematical problems relating to fronts, stability, waves and transition to turbulence
in atmospheric motion occupied this lively group. It was led by the hydrodynamicist
Einar Heiland, Vilhelm Bjerknes’ last Carnegie assistant. For a few years in the 1950s
the group was one among a few leading centers within international meteorology. The
Oslo-environment attracted longer and shorter visits by leaders like Carl-Gustaf Rossby;,
Erik H. Palmén, Jule G. Charney, Eric Eady, Norman A. Phillips and others. Many of
the young Norwegian members were invited to work as specialists in dedicated research
groups in the United States (including Ragnar Fjertoft and Arnt Eliassen who with John
von Neumann at Princeton pioneered on numerical weather forecasting), and Enok Palm
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was invited to give lectures on mountain waves at Department of Meteorology, Univer-
sity of California, Los Angeles, in the academic year 1954-1955, a lecture series that was
motivated by several airplane accidents that had occurred in the mountain driven wavy
flows.

After the mountain waves, Enok Palm worked on various problems relating to stability
of flow. One of them was pattern formation in supercritical Rayleigh-Bénard convection
which he analysed by a set of truncated Fourier series including terms up to cubic interac-
tion. In the analysis he derived a coupled set of amplitude equations for the two preferred
waves where the instability caused both modes to grow (the solution to bifurcate). The
combination of the modes gave the supercritical hexagon pattern. The derivations of the
amplitude equations were a key-point in his analysis. Equally essential is the physical
modeling where he incorporated the kinematic viscosity’s variation with temperature, a
tfeature that was known from experiments to be important in cellular convection. With the
mathematical model he was, for the first time, able to obtain theoretically the formation of
hexagons in Rayleigh-Bénard convection (published in JEM in 1960).

It is noted that P.G. Drazin and PH. Reid in their textbook Hydrodynamic stability write
that the first to derive the ‘Landau equation” (referring to Lev D. Landau’s work from
1944) from the system of partial differential equations were Enok Palm (on thermal con-
vection), and J. Trevor Stuart and J. Watson (on plane parallel flows) (all publications in
1960). Regarding Enok Palm’s work that is not true; he worked with a set of equations
for two amplitudes with initial conditions for both. Enok Palm’s analysis is similar to the
now famous model Ed. Lorentz was working on (they knew each other well), developing
a flow model with a truncated set of three equations, and a corresponding set of three ini-
tial amplitudes. To include several initial amplitudes in a Landau equation is not straight
forward.

Theoretical studies of nonlinear instability and pattern formation developed from the
early sixties and have become important research topics within several branches of the
natural science and applied mathematics. Enok Palm expanded on his 1960-work in the
years that followed. Derivation of a set of nonlinear amplitude equations (later he began
working with Landau equations) for analysis of various fluid processes with coefficients
obtained from perturbation analysis was the main angle of attack. Some of the processes
he and his students investigated were linearly stable but unstable to finite amplitude per-
turbations. Thermal convection, perturbation methods and subjects in nonlinear mechan-
ics entered in the regular teaching in hydrodynamics at the University of Oslo from the
1960s.

In 1960 Enok Palm was appointed Professor of Mechanics at the Norwegian Institute
of Technology in Trondheim, now the Norwegian University of Science and Technology.
In 1963 he was back in Oslo, appointed as Professor of Applied Mathematics, a chair that
dates back to 1814 and the time when the University was founded (in 1811). His research
group continued the work on stability problems including pioneering work on algebraic
instability, lift-up effect and transition to turbulence in plane shear flows.

Enok Palm and the IWWWEFB

One may say that the oil-age in Norway began in 1971 with the successful produc-
tion start on the Ekofisk field of ConocoPhillips in the North Sea. With this followed a
considerable need to train candidates for the new industry. Enok Palm quickly realized
that students with a background in theoretical mechanics would be highly useful to the
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various jobs that came with offshore engineering. Moreover the industry expressed new
research needs, particularly within the natural sciences. At Department of Mathematics
of University of Oslo which hosts the research group in fluid mechanics (Mechanics Di-
vision) Enok Palm met with the Manager, Jan Erlvang. They together decided that Enok
takes up research and training in relation to the new industrial needs, and the Department
gives priority and funds the activity. This was the start of marine hydrodynamics at the
University of Oslo.

As a first year student at the University the academic year 1976 /77 I took the introduc-
tory course in mechanics, lectured by Professor Palm. Besides the classical subjects like
Newton’s laws, conservation of momentum, planetary motion etc., he described glimpses
of his new research on wave analysis of ships and offshore structures. Where I sat listening
in the lecture room, I asked myself, what could be more useful than applying mathemat-
ics skills to such an important dimension, calculating the safety within the new offshore
industry? That was my first encounter with the subject of marine hydrodynamics. Later I
became his student, close colleague and friend.

To take up research on marine hydrodynamics was a start from scratch; Enok really
did a serious job. One of the first things he did was to visit leading research groups in
the field. One such visit was to Netherlands Ship Model Basin where he learned about
the measurements by Johan Wichers, finding that the slow drift motion of a moored ship
had a stronger damping when there were incoming waves than when the sea was calm
(published by J.E.W. Wichers and M.F. van Sluijs in 1979). This problem motivated the
research in marine hydrodynamics at the University of Oslo. He organized colloquia on:
integral equations, second-order radiation and diffraction, slender body theory, nonlinear
waves, Green functions. Another subject was Fritz Ursell’s work on wave reflection from
a submerged cylinder. Enok’s method was the same as he had experienced himself as a
young student; the students were put at work! We all had to present (many!) seminar
lectures, and the rule was, that those students who worked hardest and presented the
most, also benefitted most. Our teacher was always attending the seminar lectures and he
performed a keen, detailed examination of the presenter’s lay-out. When the new course
in marine hydrodynamics was introduced in Oslo the academic year 1980/81, I — as the
youngest in the group of master students — was put to lecture Nick Newman’s book. Our
education was very well taken care of.

What came out as research in marine hydrodynamics from Oslo, after all, is a math-
ematical formulation of the complete slow drift damping problem with a numerical im-
plementation in the code WAMIT (we denote this version by WAMITUIO). The program
is in use by Det Norske Veritas and other companies in the world wide offshore industry.
Problems on wave and current interaction of floating geometries in two and three dimen-
sions occupied the research group, first with me as Enok’s student, and later with Enok
and me together with new students. Enok and I began working on internal waves, also
motivated by industrial needs. Enok contributed regularly to the Workshop from 1987
and co-chaired the 4th. His last was the Spitzbergen-Workshop in 2005.

P.G. DRAZIN & W.H. REID Hydrodynamic stability, Cambridge University Press, 1981.
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1 Introduction

Investigation of the interaction between free surface
flows and marine structures is a classical
hydrodynamic problem and has a wide range of
applications in many offshore engineering problems.
It is difficult to study numerically complex free-
surface evolutions and irregular boundaries. The

challenge is even harsher if the structure is in motion.

For example, a flow singularity occurs when a body
impacts the free surface which gives rise to a high
pressure peak localized at the spray root and makes
water entry and exit problems difficult. In recent
years, the Level-Set Method (LSM) has become a
popular tool for the modeling of two-phase fluid
flows due to its simple representation of the surface
curvature and the ease of its implementation, See
Osher and Fedkiw (2001) for a review. Due to its
standard form does not guarantee the overall
conservation of fluid, especially in regions of high
curvature, the Hybrid Partical Level Set Method
(HPLS) of Enright etal. (2002) has been proposed to
improve its conservation properties and accuracy.
On the other hand, the Immersed Boundary Method
(IBM) is popularly used to mimic the boundary
immersed in the fluid flow. In the IBM, a body force
is introduced to the momentum equations to enforce
the boundary condition of the structure in the fluid
(Fadlun et al. 2000). The IBM has the advantage of
simplifying the grid generation and its inherent
simplicity to study moving body (Mittal et al. 2005)
on fixed Cartesian grids. Furthermore, it is very
convenient to compute forces acting on a body
namely lift and drag force, because of its appropriate
treatment in the IBM. These advantages suggest that
it is well suited to study problems involving a
moving body with the free surface flow.

Here, we investigate the applicability of the particle
Level-Set Immersed Boundary Method (LS-IBM)
for the simulation of breaking waves with obstacle

and water entry problem. The incorporation of an
immersed boundary method with a free surface
capture scheme implemented in a Navier-Stokes
solver allows the interaction between fluid flow with
free surface and moving bodies of almost arbitrary
shape to be modeled. Dam break past a rectangular
obstacle is modeled using the present model and the
simulation results using LS-IBM agree well with the
experimental results in the literature. The LS-IBM is
also applied to study breaking waves with obstacle
of different shape for different purpose. In this paper
only the dam break past a circle obstacle is shown
for the purpose of demonstration.

2 Mathematical Model
2.1 Governing equations

In the study of 2D wave-structure interactions, the
incompressible viscous fluid flow is governed by the
Navier-Stokes equations:

an an 1 ap aTij
FUj—=——| - t+— [+ (2.1)
ot ox; p(@)| o% X

and the continuity equation:

N g 2.2)

oX.

where Cartesian tensor notation is used, (i = 1, 2), u;,
p and x; are the velocities, pressure and spatial
coordinates respectively, f; represents momentum
forcing components, p is the fluid density and z; are
the viscous stress components given by

du. du.
T Z#(QD)[%"‘a—i]] (23)
j i

where 4 is the fluid viscosity.

2.2 Free surface equations
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We investigate the motion of two incompressible
fluids and track the movement of the free surface
implicitly by the Level Set Method (LSM). In LSM
a scalar quantity ¢, known as the level set function,
is specified throughout the domain to represent the
location of grid cells relative to the surface. Here, we
define ¢ to be a signed distance function, which
measures the shortest distance from the grid cell to
the free surface (i.e. |[Vp| = 1) and is positive in one
fluid phase and negative in the other. The evolution
of the level set function ¢ is governed by

dp 9P _
§+u‘8_xi_0 (2.4)

In the governing equations, both p and u vary
dependant on the local fluid phase properties and are
smoothed over a small distance ¢ = 2Ax across the
surface by use of a Heaviside function H to avoid
numerical instabilities caused by the sharp gradients
present. We calculate p and u by

P@)= P, + H@ONP,po = Poi) (2.5)
()= M, + H(O) M, — M)
where,
0 p<o
H()= l+£+i(”_¢’j —e<g<e  (26)
12 26 2\ e ) 4o,

At present, we neglect the influence of surface
tension since we are currently interested in the large
scale dynamics of gravity waves.

3 Numerical Approach
3.1 Navier-Stokes solver

The Navier-Stokes equations are discretized on a
staggered grid with p, p and u defined at grid cell
centers and the velocity components at cell faces.
We discretize the temporal gradient with a second
order Runge Kutta Total Variation Diminishing
(RK-TVD) scheme. Egs. (2.1) and (2.2) are
discretized using a fractional step method.

7] "
i = aa] —— [0 Ly W g, (3.1)
p" (@) X, X,

]

Of L o) 1fom (32)
ox,| p"(@) ox, | Ar| ox,

u.nJrl — uf‘* _ At a’l
T Pl oy,

where " is the predicted velocity, £ is the
momentum forcing used to enforce the desired
boundary conditions on an immersed boundary
interface and A\ is the time step. In discretizing the
convective term in (Eqg. 2.1) it is essential to avoid
the introduction of numerical instabilities due to the
sharp density gradient at the surface. We employ
first order upwinding to ensure stability. The
diffusive term in (Eq. 2.1) is discretized with a
second order central difference. The time step is
restricted by the CFL condition and gravity as
discussed in Kang et al. (2000). The CFL number for
our simulations is kept below 0.5.

(3.3)

3.2 Free surface solver

Accurate solution of the level set equation (Eq. 2.4)
is crucial to capture the correct surface physics.
Here, we discretize ¢ at cell centers and calculate
velocity gradients with a fifth order HJ-WENO
scheme (Jiang and Peng, 2000). Temporal gradients
are resolved with a third order RK-TVD scheme.
Since only the location of the surface is of interest, ¢
can be solved in a narrow band close to the interface.
For the HJI-WENO scheme the narrow band occupies
six cell widths either side of the surface in all
directions (Peng et al.1999). As ¢ is evolved in time
it may deviate away from being a signed distance
function (i.e. |Vo | # 1) requiring reinitialisation.
Here, we reinitialize ¢ with an efficient fast
marching technique at every time step, see Sethian
(1996) for details.

3.3 Immersed boundary treatment

It is noted that the term f; must be determined prior
to the computation of the predicted velocities u".
This term is prescribed at each time step to establish
the desired boundary moving velocity V. For a time
—stepping scheme, this force can be expressed as

n+l n

. u.
! ~ =RSH . + f. 3.4
" ), (3.4)

u

where RSH; includes the convective, viscous,
pressure gradient and body force of the governing
equations. If the forcing /; must yield u""" = V""" on
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the immersed boundary where 7" is the Dirichlet
boundary condition at the immersed boundary, the
forcing is given from the equation below,

n
foYoU pon (3.5)

At

This forcing is direct in the sense that the desired
boundary condition can be satisfied at every time
step but only holds when the immersed boundary
coincides with the grid. In general, Eulerian grid
nodes almost never coincide with the immersed
boundary in practical applications. f; needs to be
computed at grid points near and not exactly on the
interface. The value of u, at the forcing points is not
known and has to be reconstructed using the
information from the interface and surrounding field.
In terms of u, that has been predicted by the
reconstruction, the force on the forcing points can be
expressed as

n

YU rsH, (3.6)

fi=

At

4 Results
4.1 Dam break past a rectangular obstacle

Fluid flow past a fixed rectangular obstacle is
simulated to wverify that the present LS-IBM
accurately predicts flow phenomena such as
separation and wave breaking. In order to compare
our results directly with the experiments of
Koshizuka at al. (1995) and numerical simulations of
Larese at al. (2008) and Gao Mimi (2011), we
consider a rectangular column of water of initial
height 2L and width L within a computational
domain of 4L x 4L (height x length) where L =
0.072m. An obstacle block with geometry 4 x 24,
where 2 = 0.024m is used in the experiment and
numerical simulation, is located at the middle of the
tank. A schematic view of the problem is shown in
Figure 1. In this case, we set the immersed boundary
coincide with the grid line. So the momentum
forcing term is specified in a way to make the
velocity magnitude to be equal to the immersed
boundary velocity at these points. Base on the no-
slip condition on immersed boundary, the velocity
on these points should be zero. And then we can
obtain the forcing term which satisfy the desired
boundary conditions on the immersed boundary.

dam

Obstacle — /[

block \E ‘I}h

e

Figure 1 Sketch of dam break with a rectangular obstacle

t=0.15

t=0.28

t=0.3S

t=0.4S

t=0.5S

Experimentalresultsby  PFEM numerical results CPM numenical results LSM-IBM numerical
Koshizukaet al. (1995) by Larese et al. (2008) by Gao Mumi (2011) results

Figure 2 comparison of snapshot for the dam break with a rectangular
obstacle

Figure 2 shows the water profiles at several time
instants after dam breaks. The numerical results
using LS-IBM agree well with the experimental
results and look better than the other two numerical
simulations.

4.2 Dam break past a circular obstacle

To further demonstrate the capability of LS-IBM in
simulation of arbitrary bodies, another dam break
example is presented in this section. We choose a
circular obstacle that consists of many line segments
of different slopes to verify the capability of the
interpolation method. The computational domain is
4L x 4L (height x length) and dam dimension is 2L x
L (height x width) where L = 0.6m. The radius of the
circle is 0.19m and the position of the center is 0.6m
away from the right side boundary and 0.26m above
the bottom. A schematic view of the problem is
shown in Figure 3.
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e

Figure 3 Sketch of dam break with a circular obstacle

In this case, the immersed boundary is not aligned
with the grid plane which makes the problem more
complicated. The momentum forcing term will act
only on the points nearest to the immersed boundary.
In order to render a velocity that is approximately
equal to immersed boundary velocity for the forcing
term, an interpolation for the momentum forcing is
therefore required.

t=00s t=02s t=04s

t=0.6 s t=0.8 s t=10s

] e e

t=12s t=14s t=1.6s

Figure 4 Water profiles at several time instants for dam breaking with a
circle obstacle

Snapshots of this case are shown in Figure 4. Good
performance can be seen. The results indicate that
the interpolation method is correct and it can be
implemented successfully for the fluid-structure
interaction problem.

5 Conclusions

The Level-Set Immersed Boundary Method (LS-
IBM) technique has been successfully implemented
to simulate dam breaking with complex-shape
obstacles. The results perform well and are in good

agreement with the available experimental results,
which show that the IBM is very robust for
complicated geometries. Now, water entry of a
moving body is being investigated, and some
preliminary results have been obtained.
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Introduction

To model the propagation of nearshore waves, scientists and engineers have a need for accu-
rate, rapid wave models that are capable of simulating wave fields over large spatial domains.
Accurate models must also be capable of taking into account the nonlinear and dispersive effects
of propagating waves, which are particularly important in the nearshore region.

A variety of models have been developed to address this need, ranging from models based
on the mild slope equation for linear monochromatic waves to CFD approaches based on the
Navier-Stokes equations for incompressible and turbulent flows, including models based on
Boussinesq, Korteweg-DeVries, Serre, Green-Naghdi equations among others. The application
of CFD models for modeling the nearshore zone is still largely limited by the size of the spatial
domain due to the computational cost. Although these models are well-adapted to simulating
wave-structure interactions at a local scale and wave breaking processes, alternative approaches
are needed to model nearshore waves on larger spatial scales.

Potential wave models, based on the assumption of inviscid and irrotational flow, require
the resolution of the Laplace equation in the fluid domain, with the correct specification of the
boundary conditions. Fully nonlinear potential low models have been developed following this
approach, using boundary integral methods (e.g. [Grilli and Horrillo, 1999]) or finite differences
(e.g. [Bingham and Zhang, 2007]) to obtain highly accurate results. The problem may be
further simplified by assuming a form of the vertical structure of the flow, as in Boussinesq or
Serre models, in which the computational domain has thus been reduced by one dimension.
Boussinesq-type models were originally based on the assumptions of weak nonlinearity (ratio
of wave height to wave length) and weak dispersive effects, limiting their range of application.
However, significant developments in the last 25 years have allowed the extension of Boussinesq-
type models to a include the effects of nonlinearity and dispersion to varying degrees.

Here, three different approaches for resolving the so-called Zakharov equations [Zakharov,
1968] in the case of variable bathymetry are compared for several test cases, two of them being
presented hereafter: (i) the propagation and reflection from a wall of a solitary wave [Cooker
et al., 1997] and (ii) the shoaling of a series of waves on a beach [Kennedy et al., 2001].

Overview of mathematical and numerical models

A three-dimensional domain (x, z) is considered, with a free surface elevation z = 7(x,t) and

a bottom boundary z = —h(x), which are single-valued functions of x. Assuming irrotational
flow, the velocity potential ¢(x, z,t) satisfies the Laplace equation in the fluid domain:
V2 =0, —h(x) < z < n(x. 1) (1)

Following Zakharov [1968], the kinematic and dynamic surface nonlinear boundary conditions
are formulated as:

n = —Vn-V<23+1D(1+Vn-Vn) (2)

1_ - ~ 1
b = —gn— 5V Vo+ i1+ Vn- Vi), 3)
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where ¢(x,t) = o(x,n(x,t),t), and w(x,t) = (‘(;—‘fb:77 is the vertical velocity at the surface.
By specifying lateral boundary conditions and choosing a method to calculate the gradients
of ¢ and 7, these two equations can be integrated in time once the vertical velocity at the
surface w(x,t) has been determined. The problem requiring attention is the method used to
calculate w(x,t), typically called Dirichlet-to-Neumann (DtN), and three different approaches
are described here.

1. Model A. The first method requires discretizing the vertical (with NZ points to form
NL = NZ —1 layers) to calculate ¢ in the entire domain using finite differences, following
the approach of Bingham and Zhang [2007] and Engsig-Karup et al. [2009]. The vertical
distribution of the points is defined by the zeros of Chebyshev-Gauss-Lobatto polynomials.

2. Model B. The second method is based on the spectral approach of Tian and Sato [2008],
which expresses the vertical profile of ¢ as a linear combination of base functions (with
NL being the maximum order of the polynomial), here defined to be the Chebyshev
orthogonal polynomials of the first kind.

3. Two-layer model. The third approach is a two-layer Boussinesq-type model, developed
by Chazel et al. [2009], with the vertical domain divided into two layers at the level
z = —oh(x), with o defined to be a constant. A DtN operator is defined at the still water
level, z = 0, and two closure relations are determined via truncated Taylor expansions
of the velocity potential and vertical velocity between the still water level and the free
surface. The generalized Boussinesq procedure is followed by searching for a solution to
the Laplace equation in each layer in the form of a truncated Taylor series expansion in
the vertical, in which Padé approximants are used to lower the order of derivatives in the
truncated series.

All spatial derivatives are calculated using fourth-order finite difference schemes, and all simu-
lations are completed using a fourth-order Runge-Kutta integration scheme.

Results on two selected test cases
Propagation and reflection from a wall of a solitary wave

The first test case is based on the work of Cooker et al. [1997] and Grilli and Svendsen
[1991], who simulated the run-up and reflection from a wall of solitary waves with relative
wave heights of H/h (H=wave height) ranging from 0.075 to 0.7. The initial conditions of the
simulations are given by the iterative method of Tanaka [1986] for a water depth of h =1 m.
The non-dimensional maximum run-up 7y,q,/h and the time of maximum run-up ¢, /7 (with
7 = (h/g)'/?) for each run are compared with the results of Cooker et al. [1997] (Figure 1).

The values of maximum run-up simulated by the three models agree well with each other
and with the reference data until a relative wave height of 0.4 (Figure 1a). With more highly
nonlinear waves, the simulations with the two-layer model begin to diverge from the reference
data, underestimating the maximum level of run-up. Models A and B continue to show similar
results until the relative wave height reaches 0.65 and 0.6, respectively. Above these limits,
the simulations diverge before the waves reach 7,,,,. The simulated times of maximum run-up
(Figure 1b) agree well with the reference data except for the most extreme values of relative
wave height, indicating that the models are able to simulate well the phase speed of the waves,
except for the most nonlinear cases at the limit at which the simulations diverge.

Shoaling of a series of waves on a beach
The second test case is based on the work of Kennedy et al. [2001], who modeled the shoaling of

a series of waves up a beach until the breaking point. The initial condition at the free surface
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Figure 1: Comparison of (a) the maximum elevation of wave run-up and (b) the time that the wave
reached the maximum run-up with the results of Cooker et al. [1997].

is defined by 10 sine waves of decreasing amplitude in the first half of the domain, with no
initial velocity. When the simulations start, the waves begin propagating up the beach, and
the simulations are stopped at a pre-defined time before wave breaking begins. Of the three
cases evaluated by Kennedy et al. [2001], the results of the simulations with the most nonlin-
ear waves, with a relative wave amplitude a/h=0.125 (a=wave amplitude), are presented here
(Figure 2). The most difficult region to accurately simulate is the region of wave shoaling, from
x =40 m to x = 60 m, and the elevation of the maximum wave crests and minimum wave
troughs is compared with the reference data of Kennedy et al. [2001].

For all three models, the simulation results depend highly on the horizontal resolution of
the domain (Figure 2). Models A and B have nearly identical results, and an increase in the
horizontal resolution from a constant Ax = 0.1 m to a variable Az = 0.025 — 0.1 m enables
both models to significantly improve the agreement with the reference data set. The two-
layer Boussinesq model significantly underpredicts the maximum wave crest elevation with low
horizontal resolution (Az = 0.2 m). However, when the horizontal resolution is increased,
instabilities develop and rapidly grow, causing the divergence of the model. It is necessary
to apply a filter [Savitzky and Golay, 1964] for Az < 0.2 m. Decreasing the resolution to
Az = 0.11 m does not improve the results as the application of the filter reduces the maximum
crest heights.

These two test cases demonstrate the differences between the three strategies for resolving
the Zakharov equations. Current work includes comparing the model simulations to laboratory
observations of the propagation and shoaling of waves over a bar, and the result of additional
cases will be presented during the Workshop.
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A note on added resistance for slow ships *

Harry B. Bingham and Mostafa Amini Afshar
Mech. Engineering, Tech. Univ. of Denmark
E-mail: hbb@Qmek.dtu.dk, maaf@mek.dtu.dk

Introduction

Rising fuel costs and increased environmental regulation of emissions, combined with a current
over-capacity in the global shipping fleet, have provided a strong incentive for a dramatic reduc-
tion in the operating speed of cargo ships. In particular, many ships are routinely sailing at 10
knots and under these days, which translates to an engine load of as little as 10 to 20% of the
design operating load. This trend towards slow and ultra-slow steaming is expected to continue,
and thus lead to new ship designs with smaller engines and possibly auxiliary wind-propulsion
systems. One consequence of slower design speeds and a reduction in installed engine power is
an increased concern about the ship’s ability to maintain maneuverability and escape a lee shore
under heavy weather conditions. While the calm water resistance of a ship tends to increase at
a rate proportional to ship speed raised to a high power (typically somewhere from 4 to 6), the
added resistance due to waves generally increases only linearly with increasing ship speed. Thus
the lower the design speed the more important an accurate prediction of the added-resistance
becomes.

This abstract reviews the existing methods for predicting the added resistance of a sailing ship,
and highlights the large uncertainties involved in both calculating and measuring this sensitive
quantity. This serves to motivate a recently begun PhD project with the goal of an improved
added resistance tool based on the high-order finite difference approach described by [9, 10], and
references therein.

Methods for Computing Added Resistance

We adopt a Cartesian coordinate system z; = [21, x2, 3] with origin on the still water level and
the z3 axis vertically upwards. When a ship sails along the z; axis at a given speed U through
calm water it experiences a constant force

Fi=-R (1)

where R is the calm water resistance. If the ship now sails through a seaway, it will experience
an unsteady force in the zj-direction Fj(t). The mean value of this unsteady force over some
time-period T is

T
F = ;/O Fi(t)dt =—(R+ Ry + Ra) (2)

where R,, is the added resistance due to waves and R, is the added resistance due to wind which
is typically at least an order of magnitude smaller than R,,.
There are basically three methods for predicting Fi:

1. Near-Field Pressure integration:
F :/ pny dS (3)
Sh

where p is the fluid pressure and n is the x1-component of the unit normal vector to the
body surface Sp.

*The authors wish to thank the EU 7th Framework Programme (grant # 266030, ULYSSES) for funding, and
the Danish Center for Scientific Computing for supercomputing resources.
tPresenting author
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Figure 1: Convergence for calculations of the added resistance of a Wigley hull at zero forward
speed using WAMIT and both near-field pressure integration and far-field momentum conserva-
tion.

2. Momentum Conservation:
k= / (pn1 + puy nsu;) dS (4)
Se

where u; is the fluid velocity vector and S, is a control surface away from the body. Here
the summation convention applies to repeated indices.

3. Energy Conservation: The work done by the ship on the undisturbed waves (per wave
period) equals the average energy flux removed from the wave propagation direction and
sent in other directions.

Fi[e+ U cos (B)] = Ave. energy flux sent sideways. (5)

where c¢ is the wave phase speed and (§ the wave heading angle measured from the z;-axis.

Many particular forms for these relations have been derived over the years depending on the
approximations and assumptions made, and on the numerical methods applied. Common to all
forms however, is the assumption that higher-order potentials do not contribute to the mean force
which can therefore be computed from the first-order solution alone. Most existing solutions are
based either on the strip theory of Salvesen, Tuck & Faltinsen [12] or on 3D Boundary Element
Methods (BEMs).

At zero forward speed, the added resistance (or drift force) can be robustly computed using
3D panel methods and either near-field pressure integration or far-field momentum conservation.
However, much finer resolutions are required to show convergence for drift forces than are necessary
for strictly linear quantities, at least when using near-field pressure integration methods. An
example is shown in Figure 1 which shows the convergence of the drift force on a Wigley hull
computed using the 3D BEM code WAMIT [8] and both near-field pressure integration and far-
field momentum conservation. Here quantities have been non-dimensionalized using the fluid
density p, the gravitational acceleration constant g, the ship length L and beam B, and the
incident wave length A and amplitude A. These results have been computed using the low-order
(constant-strength flat panel) version of the code and N indicates the total number of panels on
the hull. From this plot it is clear that the two methods are converging towards the same result
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Figure 2: Added resistance calculations for a tanker hull at various forward speeds using strip
theory methods.

for all relative wave lengths, but the momentum conservation method does so much faster than
the pressure integration method.

At non-zero forward speed the situation is less satisfying. Two methods are widely applied
to strip theory calculations: Salvesen’s method based on near-field pressure integration [11]; and
the energy conservation method first suggested by Gerritsma & Beukelmann [4]. Figure 2 shows
an example of some converged strip theory calculations for a modern tanker hull at U = 0,5, 10
and 15 knots calculated using these two methods. WAMIT results for U = 0 are also shown for
reference. Clearly both methods fail completely when U = 0, which is not surprising since the
main assumptions of strip theory are violated in this case. At non-zero forward speed, there is good
agreement between the methods for where the peak response lies but the predicted magnitude of
the force differs dramatically for all but the longest waves and can be almost a factor of two near
the peak.

3D BEM methods are also available for computing added resistance at forward speed; based
either on the time-domain free-surface Green function e.g. [6, 1] or on the Rankine Green function
e.g. [7, 5]. These calculations show a reasonable agreement with experiments in the sense that
uncertainties in the measurements can easily be a factor of two or more; but convergence of the
calculations has so far not been demonstrated. Presumably the quadratic scaling of the solution
effort with increasing resolution associated with BEM methods prevents a true demonstration of
convergence for this sensitive quantity.

A High-Order Finite Difference Method for Added Resistance

Building on ongoing work discussed in [9, 10, 3, 2] we are developing a high-order finite differ-
ence solver for the linear forward speed problem, using both Neumann-Kelvin and double-body
linearizations, which will also give predictions of added resistance. Due to the combination of
high-order numerical accuracy and a linear scaling of the solution effort with increasing reso-
lution, we hope to be able to show convergence for both pressure integration and momentum
conservation methods. At this point we have validated the double-body flow solution and are
currently implementing the radiation and diffraction solutions. Figure 3 shows the convergence of
the double-body m-terms on a translating hemisphere along with a snapshot of the double-body
surface elevation. The slopes of these convergence curves are approximately 4, consistent with the
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fourth-order finite-difference schemes used in this test case. Further results will be presented at
the workshop.
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LAGRANGIAN MODELLING OF EXTREME WAVE GROUPS
E. V. BuLbakoOV; Department of Civil Engineering, UCL, Gower Street, LONDON, WCI1E 6BT, UK

SUMMARY

A 2D Lagrangian numerical wave model is presented and validated against a set of physical wave-flume
experiments on focussed wave groups. The Lagrangian calculations demonstrate good agreement with ex-
perimental results. The model proves to be efficient in modelling both long-term wave propagation along the
flume and strongly-nonlinear waves including initial stages of wave breaking.

1 INTRODUCTION

Numerical simulation of extreme ocean waves implies contradicting requirements to a model. It should be
capable of both accurate modelling of long-term propagation of a dispersive wave and adequate representation
of behaviour of strongly-nonlinear waves including wave breaking. The main difficulty of numerical solvers for
modelling of extreme waves is strong deformation the computational domain. There are different ways of dealing
with this problem. The most powerful models for simulation of strongly-nonlinear and breaking waves are based
on a volume of fluid (VoF) method (e.g. de Jouétte et al., 1996). These models use a larger computational
domain with cells not occupied by the fluid and introduce an artificial variable describing occupation of a cell.
The boundary between fluid and air domains is not specified exactly but smoothed over several grid cells,
which leads to considerable errors in the dispersion relation. Together with high requirements for computational
resources this makes using VoF methods for modelling long-term processes impractical. The natural way of
modelling strong deformations of a fluid domain is using equations of fluid motion in the Lagrangian form which
though in some cases are more complicated than the Eulerian counterparts, to be solved in a fixed domain of
Lagrangian labels. Lagrangian models are capable of efficient modelling of very steep and overturning waves and
still have advantages for long-term runs since they follow water surface and produce smaller error in the dispersion
relation. Some of the contemporary solvers use mixed approaches utilising certain elements of the Lagrangian
description but they still do not exploit all its advantages. Mixed-Eulerian-Lagrangian (MEL) boundary-integral
Boundary-integral methods (Longuet-Higgins & Cokelet, 1976; Tsai & Yue, 1996) use the linearity of inviscid
irrotational Eulerian formulation and can not be used for flows with arbitrary vorticity. The smooth particle
hydrodynamics (SPH) approach (e.g. Monaghan, 1994) though can be considered as fully Lagrangian is based
on the artificial physical models and has no such a firm theoretical background as the straightforward numerical
solution of Lagrangian equations. Surprisingly, the author could not find many published works where the
fully-Lagrangian formulation would be used for solving water-waves problems. The rare example is the work
of Protopopov (2007) who uses the formal transformation to Lagrangian coordinates for 2D Euler equations,
suggests a numerical method for solving the resulting problem and applies it to selected free surface flows. In
this paper the finite-difference technique is applied directly to Lagrangian equations of fluid motion. A 2D
version of the inviscid finite difference Lagrangian numerical solver is introduced and applied for modelling of
wave groups generated in a wave flume. By the complexity level the considered technique is comparable with
potential Eulerian solvers and far simpler then SPH or VoF methods.

2 LAGRANGIAN 2D WATER-WAVE FORMULATION

We use a 2D inviscid fully-Lagrangian water-wave formulation presented in Buldakov et al. (2006) describing time
evolution of Cartesian coordinates of fluid particles x(a, ¢,t) and z(a, ¢, t) as functions of Lagrangian labels (a, c).
The formulation includes the Lagrangian continuity equation and the Lagrangian form of vorticity conservation

8(.13,2) 8(@},1‘) 8(Zt7z)
= ; =0 1
d(a,c) (a,0); d(a,c) d(a,c) (a,0), (1)
and the dynamic free-surface condition
T1Ta + 21120 + G Za |C=0 =0. (2)

Functions J(a, ¢) and Q(a, c) are given functions of Lagrangian coordinates. J(a,c) is defined by initial positions
of fluid particles associated with labels (a,c). If initial positions of fluid particles are used as Lagrangian
labels then J = 1. Q(a,c) gives the vorticity distribution and for an irrotational flow @ = 0. Lagrangian
formulation does not require the kinematic free-surface condition which is satisfied by specifying a fixed curve
in the Lagrangian coordinates corresponding to the free surface, e.g. ¢ = 0. A specific problem within the
general formulation is defined by boundary and initial conditions. Conditions describing a wave flume used in
this paper are specified as follows. We use the rectangular Lagrangian domain with ¢ = 0 being the free surface
and ¢ = —h being the bottom. The known shape of the bottom provides the condition on the lower boundary
of the Lagrangian domain For the case of a flat bed of depth h we have z = —h. On the right boundary of the
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Lagrangian domain a = anmax @ given motion of a vertical wall represents the motion of a piston wavemaker:
Z(Amax, ¢, t) = Amax + Xwm(t) , where Xym(t) is a prescribed motion of the paddle, and we have a solid vertical
wall on the left boundary z(amin) = amin. Positions and velocities of fluid particles must be supplied as initial
conditions, e.g. still water conditions.

3 NUMERICAL MODEL

The problem formulated in the previous section is solved numerically using a finite-difference technique. Since
equations (1) for internal points of the domain include only first order spatial derivatives a compact four-
point Keller box scheme can be used for finite-difference approximation of these equations. Values of unknown
functions = and z on the sides of the stencil box are calculated as averages of values at adjacent points and then
used to approximate derivatives across the box by first-order differences. The scheme provides the second-order
approximation for the central point and uses only 4 mesh points in the corners of the box which makes the
resulting solver less demanding for memory resources. Time derivatives in (1) are approximated by second-order
backward differences. Spatial derivatives in the free-surface boundary condition (2) are approximated by second-
order central differences and special attention must be paid to approximation of second time derivatives since it
defines the form of the numerical dispersion relation and is crucial for the overall stability of the scheme. For
simplicity let us consider a case of continuous spatial field in (1-2) combined with discrete time approximation
in (2). Let us approximate second derivatives by 3-point backward differences and expand this approximation
to Taylor series with respect to a small time step 7. We get

(F(t—27) =2 f(t —7) + f(©) /7> = J"(t) = 7 " () + O(2). (3)

The approximation is of the first order with the leading term of the error proportional to the third derivative
of a function, which gives the main contribution to the error of the dispersion relation. Under an assumption
of small perturbations we represent unknown functions in the form z = a + €£(a,¢,t); 2z =c+¢e((a,c,t) and
keep only linear terms of expansions with respect to the small displacement amplitude ¢ — 0. Introducing a
displacement potential ¢: n = d¢p/0a; ( = O¢p/Oc we satisfy the vorticity conservation to the first order and
the corresponding approximation of the continuity equation is the Laplace equation for ¢. The dynamic surface
condition (2) becomes

¢Z + g(bac - T(ba”/ = 0(7-2) s (4)

where dashes denote time derivatives and only the leading term of the approximation error from (3) is taken into
account. To derive the numerical dispersion relation we are looking for a solution in the form of a regular wave
in deep water: ¢ = e'kaeFce?w? which satisfy the Laplace equation. The dynamic condition (4) is satisfied
when a dispersion relation connecting w and k is valid. Similar analysis can be performed for higher orders of
approximation of the derivatives. Below is the summary of dispersion relations obtained for orders n =1...4:

w:«/gk(:l:l—k%if'—i—O(f’z)); w=+gk(+l F %7:24_%2-7:3_'_0(7:4));
w=Vgk(+1 - Fit* +0(3"); w=gk(+1 £ 2+ - 137"+ 0(9)).

Here we use a non-dimensional expansion parameter + = y/gk 7. As can be seen, the first-order scheme (top left)
introduces numerical viscosity proportional to 7 which leads to fast decay of perturbations and is not acceptable
for long-term modelling. The higher-order schemes (second row) include terms proportional to —i, leading to
grows of perturbations and making the numerical scheme unstable. We therefore use the second-order scheme
(top right), which incorporates a numerical error to dispersion at the second order 72 and weak dissipation at
the third order 73. The overall numerical scheme is therefore of the second order in both time and space.

A fully-implicit time marching is applied, and Newton iterations are used on each time step to solve nonlinear
algebraic difference equations. To reduce calculation time the inversion of a Jacobi matrix during Newton
iterations is made at a first iteration and when iterations start to diverge. Otherwise the previously calculated
inverse Jacobi matrix is used. Usually only one inversion per each time step is required. An adaptive mesh is used
in the horizontal direction with an algorithm based on the shape of the free surface in Lagrangian coordinates
z(a,0,t) to refine mesh at each time step in regions of high surface gradients and curvatures. Constant mesh
refinement near the free surface is used in the vertical direction Convergence tests were performed for some of the
cases. The scheme demonstrate convergence for all parameters: number of computational points in horizontal
and vertical directions and time step. Compromising between accuracy and computational resources we use
201 x 21 computational mesh and 0.002sec time step for most calculations in the paper, which required about
5sec of computational time of a standard PC for each time step. For highly-nonlinear stages of flow with
development of wave breaking a higher number of spacial points and a smaller time step were used.
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Figure 1: Linearised spectra of experimental wave groups at a focus point. Amplitude (left) and phase (right).
Solid— A = 2.5 cm; dashed— A = 5 ¢m; dash-dotted— A = 7.5 ¢m.

4 EXPERIMENTS

Experiments on generation and propagation of focussed wave groups were performed in a coastal wave flume
of the Civil Engineering department at UCL. The flume has the width of 45 ¢m and the length of the working
section between two piston wavemakers is 12.5m. A paddle on the right end of the flume is used as a wave
generator and the opposite paddle as an absorber. Center of the flume is used as an origin of the coordinate
system with the z-axis directed towards the wave generator positioned at x = 6.25m. Water depth over a
horizontal bed of the flume was set to h = 40 cm. The flume paddle uses a control system operating in frequency
domain with force feedback which allows precise control and partial absorption of reflected waves. Input of
the control system is the linearised amplitude spectrum of the generated wave at the center of the flume. The
control system uses discrete spectrum and generates periodic paddle motions. For our experiments we use an
overall return period of 64 sec, which is the time between repeating identical events produced by the paddle.
Wave propagation was monitored by a series of resistance wave probes measuring surface elevation. Motion of
the paddle had also been recorded. Each of experimental runs included 6 return periods. It was assumed that
the periodic wave system with the return period of 64 sec is established in the flume after the first period. The
data for the first return period was neglected and the rest of the data was averaged between the following 5
periods. Each of the runs was repeated at least 3 times at and high level of repeatability was demonstrated.
For each spectrum two waves with constant phase shift of m were generated: peak and through focussed waves.
The corresponding data records were used for harmonic analysis of signals. Even harmonics were found as a
half-sum of peak and trough focussed signals, and odd harmonics as their half difference (Taylor et al., 2004).
The dominating part of the odd-harmonic signal is due to a linear part of the spectrum. The form and the
amplitude of the linearised spectrum completely define the wave. Our aim is therefore generating wave groups
with a prescribed linearised spectrum focussed at # = 0. Paddle control does not account for dissipative and
nonlinear effects, and a spectrum of an actually generated wave group differs from an input spectrum of the
control system. We use the following iterative procedure to generate waves of desired spectrum focussed at the
center of the flume:

(@) = a7 (W) aege (W) fagy! (@) Gl(w) = 6 (@) + (Duge(w) — Go' (@), ()

where o’ (w) and ¢! (w) are input amplitude and phase of the spectral component at frequency w for iteration n;
al (W), ¢ (w) are amplitudes and phases of the corresponding spectral components of a linearised spectrum of
a generated wave at the center of the flume (focus point), and aigt(w), ¢ree(w) are target spectral components.
We applied the iterative procedure (5) to generate a Gaussian wave group with peak frequency of 1 Hz focussed
at the center of the flume and having linear focus amplitude of 2.5 ¢m. Then we use the same input spectrum
to generate higher amplitude waves with linear focus amplitudes A of 5 and 7.5 cm. The resulting waves are
of tree distinct types: weakly non-linear, moderately non-linear and strongly non-linear breaking waves. Their
linearised spectra at x = 0 are shown on figure 1. As can be expected, non-linear defocussing and transformation
of linear spectrum can be observed for higher amplitude waves.

a

5 RESULTS

The numerical Lagrangian model introduced in Sections 2,3 have been used to simulate wave flume experiments
described in the previous section. Parameters of calculations correspond to experimental parameters and lin-
earised experimental records of motion of a wave generator had been used to generate waves in the numerical
wave flume. Figure 2 demonstrates the excellent comparison between experimental and computational results
for amplitude spectrum and time history of surface elevation at the focus point x = 0 for a moderately steep
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Figure 2: Comparison of experimental (solid) and calculated (dashed) results for surface elevation at « = 0 for
a wave group with A = 5c¢m. Left— full amplitude spectrum; right— time history.
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Figure 3: Left: wave profiles for wave groups of different amplitudes at ¢ = —1.7 sec. Right: development of a
micro-plunger at the crest of a breaking wave starting from ¢t = —1.8 sec, time between profiles is 0.01 sec.

wave of A = 5cm. Wave generation process starts approximately 10 sec before the linear focus time t = 0
and the distance between the focus point and the wave generator is 6.25m. We therefore can see that the
model is capable of adequate modelling of propagation of nonlinear dispersive waves for time scales of several
periods and length scales of several wave lengths. For a high amplitude wave (A = 7.5 cm) wave breaking was
observed in the experiment. Modelling of spilling breaking is beyond the capability of the current version of the
Lagrangian solver and the computational process for this wave breaks down at t ~ —1.7 sec. However, as can
be seen from Figure 3 the model generates a realistic near-breaking profile with developing a micro-plunger at
the wave crest. These results can give valuable information on kinematics of pre-breaking wave which can be
used for calculating loads of such waves on structures. To conclude, the Lagrangian numerical model provides
a powerful and effective tool for modelling strongly-nonlinear waves. The model demonstrates good agreement
with experiments. It is efficient in modelling both long-term wave propagation along the flume and developing
of extreme waves including initial stages of wave breaking.
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Extreme wave run-up on a vertical cliff
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The notion of design wave is usually used by engineers to dimension various coastal
structures’, even if there is a difficulty in determining the wave height to be used in semi-
empirical formulas for the pressure field. In general, by considering an idealized simple
monochromatic wave component with amplitude ag, its wave height can be trivially com-
puted to be Hy ~ 2ap, and consequently the design wave. Here we show that even a simple
monochromatic sea state, subject to nonlinear dynamics on the flat bottom, can produce
much higher amplitudes on a vertical wall. This suggests that the concept of design wave has
to be revisited. Moreover, recalling that 89% of reported past freak wave events happened
in shallow waters or coastal areas’, our work can shed some light onto the extreme wave
events in the shallow water regime.

One of the most important questions in water wave theory is the understanding of wave
interaction and reflection. We describe the wave propagation of the free surface of an
incompressible homogeneous inviscid fluid, through the fully nonlinear Serre-Green-Naghdi
(SGN) equations®!2. 'We consider a two-dimensional wave tank with a flat impermeable
bottom of uniform depth d = const, which is filled with an incompressible, inviscid fluid.
The Cartesian coordinate system Oxy is chosen such that the axis Oy points vertically
upwards and the horizontal axis Oz coincides with the undisturbed water level y = 0.

The SGN system reads®*:

Us + (%u2 + gh)z = %h_l |:h3 (umt + Ullgy — Ui):| ) (2)

x
where h(x,t) := d + n(x,t) is the total water depth (n(x,t) being the free surface elevation
with respect to the water level), while u(x,t) is the depth-averaged horizontal velocity, g is
the gravity acceleration. The model has been previously validated by extensive comparisons
with experimental data for wave propagation and run-up®.

In our numerical experiments we consider a flat channel of length ¢, bounded on the
right by a rigid vertical wall and by a wavemaker on the left. Hereinbelow we will use the
dimensionless variables in which all the lengths are normalized with d, speeds with \/gd and
time with \/d/_g. This scaling is equivalent to setting g = 1 m/s2, d = 1 m in the governing
equations (1), (2).

In order to solve numerically the SGN equations we use a high-order finite-volume
scheme®, while for time integration we use the fourth-order Runge-Kutta scheme. The
computational domain is divided into equal intervals (i.e. control volumes) such that we
have N = 1000 control volumes per wavelength. The initial conditions are the state of rest
n(x,t =0) =0, u(x,t =0) = 0. On the wavemaker we generate a monochromatic incident
wave n(x = 0,t) = ny(t) = agsin(wt)H(T — t), where T represent the final generation time
and the amplitude is fixed to the value ap = 0.05, w € [0.01, 0.25], and H(¢) is the Heav-
iside function. We generate only a finite number N,, of waves with period Ty = 27/w, say
T := N,Tp. The length ¢ of the computational domain and the final simulation time 7 are
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FIG. 1. Time evolution of the free surface elevation as a function of space, at three different times,
left column two-wave case, right column three-wave case. The lower panel reports the maximal
elevation at the wall Re¢/ay as a function of time.

chosen adaptively in order to allow all important interactions and to prevent any kind of
reflections with the left generating boundary:

V4
! = (Nw + l)/\0, T = ————x+T, (3)
2 g(d + ap)

Ao being the wavelength corresponding to the frequency w.

We begin our experiments by considering a single sinusoidal wave interacting with the
solid wall. The maximal wave elevation R, =~ 0.10245 on the wall reaches roughly twice
the incident wave amplitude ag = 0.05 (at ¢ ~ 70). This result is in a good agreement with
previous numerical studies on solitary waves interactions'*!% even if the incident shape is not
exactly the same. The maximal relative run-up Rmax/q, =~ 2.34 is achieved for wy,,, = 0.145.
The value of R,.x is slowly decreasing for w > wyax.

The dynamics of two waves injected into the domain is similar to the single wave case,
but the nonlinear effects become even more apparent (see Figure 1). In a certain range of
wave periods (w € (0.01, 0.05)), when the second wave impinges on the first reflected wave,
a so called dispersive shock wave forms and propagates towards the wall%!!. The maximal
amplification is achieved when the second wave hits the wall (cfr. last panel of Figure 1),
an effect due to nonlinear interactions between two counter-propagating waves:

Rmax/ag = 3.8, for w = 0.021. (4)

High run-up values are possible due to the energy transfer between the first reflected wave
and the second incoming wave.

The three regimes (hyperbolic, equilibrium and dispersive) are described on Figure 2,
where we show the space-time dynamics of the three-wave system. The left panel shows the
hyperbolic regime, on the central panel strong dispersive shocks can be observed, while on
the right panel the dynamics is smooth due the dispersion. In the last case the amplification
is mainly produced by the linear superposition of the incident and reflected waves. The
reflection and interaction are clearly observed by smooth secondary peaks in the space time
plots (see Figure 2). Wave interactions described above depend strongly on the frequency
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FIG. 2. Upper row space-time evolution plots for three incident waves case shown for three partic-
ular values of the wave frequency w, lower row Time evolution of the wave run-up on the vertical
wall for the three incident waves case recorded for several values of the incoming frequency w. The
maximum run-up is achieved for wpm.x ~ 0.0315.

w of the impinging waves. The dependence of the maximal run-up R,., on the incident
wave frequency w and the number N, of incident waves is shown on Figure 3, the optimal
energy transfer due to dispersive shocks happens for three incident waves. In this case the
maximal run-up is observed around wp,,x = 0.035 and the amplification is equal to fimax/ay ~
5.43. However, the energy transfer process is saturated for three waves. As the wave
frequency increases, the wavelength shortens and the dispersive effects become gradually
more important. Around wy., the dispersive effects are balanced with nonlinearities to
produce the most pronounced dispersive shock waves. Starting from w ~ 0.11 waves become
smooth due to dispersive regularization.

More general wave groups have to be studied in future investigations to unveil their
potential for focussing on the walls. In addition, we are going to investigate the effect of
the forces exerted by incident waves on vertical obstacles, which can be different from the
purely kinematic amplitude focussing presented in this study. In other words, it is not
clear whether the highest wave will produce the highest dynamic pressure spike on the wall.
The effect of the wave amplitude is to be investigated as well since all the processes under
consideration are highly nonlinear. Some theoretical explanation of these phenomena is
also desireable. However, the difficulty is rather high because of important nonlinearities
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mentioned hereinabove. We claim that no linear theory is sufficient to provide a satisfactory
explanation of the reported phenomenon.
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1 Introduction

Since the pioneering works of von Karméan [1] and Wagner [2], who were originally motivated by the
landing of seaplanes, considerable effort has been made toward the comprehension and formulation of
the physical phenomena which govern the impact of structures onto a liquid surface. It is well-known
that the formal treatment of this problem is embedded in a great variety of difficulties which appear
in both theoretical and experimental approaches. From a practical point of view, the water impact
can be seen as the cornerstone for the analysis of important problems in ship dynamics and offshore
engineering (see [3]). For this reason, interests on the subject are recursively renewed in accordance
with the current necessities of technology and industry. From sixties to present, for instance, the
hydroelastic behaviour of impacting marine structures has received a special attention when regarding
design and safety (see [3], [4], [5]). Likewise, recent advances in modern engineering have revealed
that viscoelastic materials play an important role on dissipation of vibration, active noise control and
stability, particularly of fast boats and floating structures (see [6], [7]). In this sense, the present work
aims at theoretically addressing the impact of a viscoelastic damped system onto a liquid surface.
As analogously pointed out for the elastic case (see [5]), it is believed that the upcoming discussion
might help with the understanding of important features of the structural water impact response when
taking a viscoelastic damper. In this sense, fractional calculus is evoked to model viscoelastic effects
(see [8], [9]). Additionally, physical insights from such coupled dynamics, which appears from the
combination of the hydrodynamic impact force with the fractional-order dissipation term, are to be
exposed. This article presents the preliminary results of an ongoing research which aims at bridging the
water impact problem, as well as the following fluid-structure interaction, to the advances of fractional-
order mechanics of the twentieth century. It was originally motivated by the current studies on the
impact of an elastic system onto the water free surface (see [3], [4], [5])-

2 Fractional-order derivatives and viscoelastic theory

Fractional calculus deals with the uncustomary derivatives of non-integer order, which are named
fractional derivatives (see [8]). In the treatment of mechanical systems, Caputo’s definition is rather
preferable for physical reasons, that is, if 0 < o < 1, the a- order derivative of f = f(t), named D®f,

is given as
o B 1 bdf(r) dr
bep) = I'l—a) /0 dr (t—71) 1)

where I' is the gamma function.

Eq. 1 can be used to model the viscoelastic damping force F;, by means of the constitutive relation

F, =¢D%5 (2)

where ¢ is the displacement, and ¢ and « are constants which depend on the viscoelastic material.

3 Mathematical formulation
Let us consider the vertical water entry of two rigid spheres of radius R that are connect by a viscoelastic
material; that is, 0 < a < 1 applies on Eq. 2 (see Fig. 1(a)). Analogously to [4], [5], the equations of
motion' follow from Newton’s law:

myz1 +cDY6+ Fp, =0 (3)

ma(Z1 —6) —cDY0 =0 (4)

*Corresponding author.
!Note that the mass matrix renders non symmetric due to the adoption of the relative motion as generalized coordinate.
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For the sake of simplicity of such preliminary analysis, the hydrodynamic impact force Fj,, which acts
on the sphere that touches water free surface, is written from the linearized Wagner’s approach,

%(M(znza), M(z1) = 4v3p(Rz1)*? ()

Fi(z1,71) =
where p is the density of the water and M (z1) is the added mass of the impacting body; see discussions
on its proper definition in [10].

4 On energy distribution

As it has been addressed, the distribution of energy during water entry is an important point to be
discussed. The initial kinetic energy of the solid system, that is, T5(0) = %(ml + ma)v3, where vg
is the velocity at the instant of impact, is not entirely transmitted to the bulk of liquid, once it is
partially drained to spray jets and partially dissipated due to the viscoelastic damping. This implies

the following energy balance Ty(t) + Ty (t) + Tj(t) + S (t) = Ti(0), where Ty(t) = 2 M (21(¢))#12(t) is the
kinetic energy of the bulk of liquid, Tj(t) = g %%212(7)0% is the kinetic energy that is drained
to spray jets (see [10]), and (¢) = %C(Da/25(t))2 is the energy that is dissipated by the viscoelastic

connection (see [8]).

5 Numerical simulations

A simple Euler’s numerical scheme was found to be suitable to integrate the system of ordinary frac-
tional differential equations, which is given by Egs. (3) and (4), and so to furnish the time history of
the physical quantities in in the energy balance (see Figs. 1(b) - 1(f)). In nondimensional form, Egs.
(3), (4) and the energy balance are respectively written as

. Y max 1 du(s) .2

rm ) da .
(51— 8) — kyD*5 =0 (7)
Gs+ by + b5 +1p =1 (8)

with the following nondimensional variables and parameterS' w(z1) = (3v3/m) a2, M) = w(z)/B,

K224 (2 5 K
¢S = S/TS(O) = W’ ¢b Tb/T( ) = 772(,3{1) 3/2 1 )

b) = Tj/To(0) = 52555 o A(r)VATT, ¥ = S/T4(0) = 25 (D/25)?

= pi/p, v = (0§ 7%)/(mR*?), k = my/my = p1/p2, 71 = z1/R. § =
(dzl/dt)/vo, 2 = d*5/dt? = R/v3(d?z /dt?), (5—612(5/dt_2 R/v3(d%5/dt?), D

5/R Z1 = dzl/dt =
§ = R~ Ljv§(D26).
p1 and po are respectively the density of spheres 1 and 2.

6 Discussion

This paper presented some initial considerations concerning the inclusion of fractional-order effects
within the study of the water impact problem. A preliminary parametric study was carried out by
varying «, the fractional-order of the derivative, in the range of [0,1] , keeping k = 1, 5 = 0.1 and
~v = 10 as fixed. Fig 1(b) shows the acceleration time history of the impacting sphere, penetrating
the water surface, for six distinct values of a. It is interesting to notice that, despite the nonlinear
nature of Egs. (6) - (7), the acceleration peak exhibits a weak dependence on «, yet decreasing in
intensity as « increases. This is clearer presented in Fig. 1(c), where the acceleration peak is plotted
as function of . However, the oscillatory character of the dynamic response, which occurs just after
the acceleration peak, strongly depends on «. This is physically reasonable since the fractional-order
dissipation can be seen as lying in the transition region from the purely elastic case, a = 0 - strongest
oscillatory character, to the purely viscous case, @ = 1 - non-oscillatory character. Likewise, Figs.
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1(c) and 1(d) show that the peak of the relative acceleration between the connected bodies is weakly
dependent on a. On the other hand, the amplitude of the oscillatory relative motion, which takes
place after the acceleration peak, is greatly affected by the choice of . In fact, the amplitude of the
oscillatory relative motion for a = 0.1 is approximately twice the amplitude of the oscillatory motion
for « = 0.8. This may play an important role for design and safety as well as for further analysis
of the structural response of boat hulls and floating structures. Fig. 1(e) shows the ratio between
the viscoleastic connecting force and the hydrodynamic impacting force. As it can be seen, the ratio
is always much lower than unity, and its peak is attained much after the acceleration peak occurs.
Finally, Fig. 1(f) presents the energy balance during the water impact of this fractionally damped
system, taking o = 0.75. Although taking into account a viscoelastic damper, energy is mostly drained
through the spray jets. In fact, the energy contained in the bulk of the liquid and that dissipated due
to the viscoelastic connection are much smaller. Moreover, the time history of the energy dissipated to
spray jets exhibits, to a very good extent, the opposite behavior of the time history of kinetic energy of
the solid system. Future investigations aim at addressing a more comprehensive parametric analysis,
regarding k, B, 7 and «. Other nonlinear effects following from the coupling between the hydrodynamic
impact force and the fractional-order dissipation term are to be studied. Possible generalizations to
consider the water impact of a fractionally damped plate can also be taken into account.
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Figure 1: 1(a) - Schematic representation; 1(b) - Nondimensional acceleration of the impacting sphere
vs time; 1(c) - Peak of nondimensional acceleration (impact and relative) vs «; 1(d) - Nondimensional
relative acceleration vs time; 1(e) - Ratio between viscoelastic and impact force versus time; 1(f) -
Energy balance vs time.
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1 Introduction

It is the purpose of this study to present a newly developed robust and efficient solution of the wave resistance
problem of immersed prolate spheroids moving under regular waves with constant forward speed. Here the term
“wave resistance” is associated with the coupled forward speed and wave impact problem, the latter being
directed to the spheroid under arbitrary heading angle. Parts of the investigated subject were partly treated in the
past by several authors who, however, isolated the two major contributions, namely the forward speed and the
wave effects. In this context Havelock [1] approximated the wave resistance of prolate and oblate spheroids
using Lagally’s [2] theorem (without mentioning Lagally in this connection) using the axial source distribution
corresponding to the motion of the spheroid in an infinite mass of liquid. Farell [3] expanded the sources
distributed on the surface of the spheroid into series of spheroidal harmonics and reported significant
differentiations compared to Havelock’s [1] predictions. Wu and Eatock Taylor [4-5] used Farell’s [3] approach
to tackle the diffraction (only) problem assuming (only) frontal wave heading.

Here a solution to the complete problem is presented (waves and forward speed) which we achieved by
employing Miloh’s [6] image singularities.

Fig. 1 3D image of a prolate spheroid below the free surface (non-axisymmetric case) with a/b=6.
2 Multipole expansions in curvilinear coordinates for surface waves

The concerned spheroidal body is considered immersed at a distance f below the undisturbed free surface (Fig. 1).
The non-axisymmetric case is considered meaning that symmetrical axis (x-axis) is parallel to the free surface.
Using left-handed Cartesian (x, y, z) coordinates, fixed on the free surface with z pointing downwards we start
with the following well known Fourier expansion for the fundamental Green’s function of the Laplace equation

1 ZLT ]Ee—kz—f+ik(xcosa+ysina)dadk 1)
\/X2+y2+(z—f)2 272'07”
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The common linearized free-surface boundary condition for the velocity potential, in the case of time-harmonic
oscillations with frequency w, including a forward motion with constant velocity U along the x direction, is

2
(—la)+U a) ¢— ga¢ 0, )
to be applied at z=0 Wlth g being the gravitational acceleration. Eq. (2) can also be cast to
(\/?—k\/?cosa)2¢+?= : ®3)
z
where 7 =U 2 /g and K = w? /g . Hence the Green’s function can be written as
G(xy,2) = 1 _ij J‘Q(k'a)e—k(z+f)+ik(xcosa+ysina)dadk , (&)
\/x2 +y?+(z-1)?
where
VK —kyrcosaf +k
Qk.a)= ( roosaf 5)

(\/R —kyr cosa)2 -k

Clearly for z=0 (U=0) we recover the diffraction problem whereas for K=0 (w=0) we get the forward speed
(wave resistance) problem. The former case applies directly to the radiation problem as well by replacing the
Neumann boundary condition on the spheroid by
a¢(') a¢('+3)

an " an
where the index R is used to denote the radiation potential, ¥ is the position vector (with respect to the origin)
and n; denotes the unit vector in the direction i. The boundary conditions involved in (6) describe all six radiation
problems. Finally, in order to satisfy the far-field Sommerfeld radiation condition, the following notation is used
in (4) and in the sequel

=(Fxn),, fori=1,2,3, (6)

j Fk) dk ij F(k) Lk iz (o) )
where the acronym PV is used to denote Cauchy’s Principal Value Integral.

3 Prolate spheroidal coordinates — non axisymmetric case

A prolate spheroidal ({; i, w) coordinate system is defined, with an origin at a depth f below the undisturbed free
surface such that the spheroid is assumed to be fully submerged. We also define {=coshu, u=c0s3, where 0<u<co,
0<9<z and 0<y<2z. The transformation from prolate spheroidal to Cartesian coordinates is x=ccoshucos$,
y=csinhusindsiny, z=csinhusingcosy. Hence, x=cu{ and z+iy=c(¢3-1)**(1-4%)*?%", where c represents half the
distance between the two foci of the spheroid. In terms of the semi-major a and semi-minor b axes of the
spheroid, ¢ is expressed as c=ae where e=(1-(b/a)?)"? denotes the eccentricity. It is noted that in the following
analysis ¢ was taken equal to unity and thus it is used as a reference length scale. For manipulating the original
Green’s function (see Eqg. (4)) in prolate spheroidal coordinates we use a most useful relation which was
originally suggested without proof by Havelock [7] and later rigorously obtained by Miloh [6]. The concerned
relation expresses any exterior spheroidal harmonic in terms of prescribed singularities disturbed on the major
axis of the spheroid between the two foci. In particular Havelock’s formula for the present case may be written
as

P (1)QM ()™ = da ®)

1(3”3}”‘1 - 2" Ry ()
2oz oy _1\/(x—;t)2+y2+22

where P", Q" denote the associate Legendre functions of the first and the second kind with order m and
degree n. Accordingly, using the proposed approach one can readily express the Green’s function as
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. _\mx%
61 ¥,2) = P (QR (€™ ~ S [ yikok™Q(k, a)e Dk ©
T
0
where
T 1
frg (X, y:K) = J' J.(l—/iz)m/Z an (l)e—ik/lcosa(sin a_1)meik(xcosa+ysina)dida (10)
-r-1

It should be noted that the above relations assume that the direction of the vertical coordinate has been reversed
showing upward. To enable feasibility of numerical computations Egs. (9)-(10) should be further manipulated.
To this end exp(-ikicosa) is expanded into a Taylor series and a most useful relation that can be found in
Gradshteyn and Ryzhik [8, p. 772] is employed. Hence the next representation of Green’s function reads

61 (x y,2) = PP (QP )™ ~ LS (i)t 2 (@) [ ka2
q=0 0

(11)
X J.Q(k, a)(cos a)q (sina _1)m ekz*+ik(xcosa+ysin a)dadk
where
1M (q) = A-(D™YDM 2 r@/2+q/2)r @+ q/2) I (L+m+n) @)

g A-m+n) " L+m/2-n/2+q/2)["(3/2+m/2+n/2+q/2)
Note that the dependence on the vertical coordinate was transformed to be expressed in terms of the z* axis fixed
on the center of the body.
In order to allow the employment of the zero velocity condition on body’s surface the exponential term in Eq.
(11) must be cast to spheroidal harmonics. To this end a most useful relation shown by Havelock [9] will be
applied. This is

* _ t)! . =~ .

gk?*+ik(xcosa+ysina) _ ZZ—| t(2s +1)E ;| js (kecosa)PL (u)Pd (;)[Nt(a)cost:,//+ |Nt(a)smt¢,//](13)
s=01t=0 )

where j; is the spherical Bessel function of the first kind and

R t R t . t - t
l1+sina 1-sina ~ 1-sina l1+sina
cosa cosa cosa cosa
The final form of Green’s function now becomes

. © S -~
Gl (x, ¥, 2) = PP QI ™ + 3 e costy + i€ sinty PL (P () (15)

s=01t=0

where

crﬂtz—%g 5t(25+1)(5 Dk Z( )qlm(q)I(cosa)q(5|na )™ N, (a)

(16)
x j kM+ae=2K O(k, a) j (ke cos a)dkda
0

and C”;t is obtained through the former after replacing N¢(a) by N ¢(@) . The calculation of C/ ' and C,?;t

coefficients virtually completes the solution to the problem and the scattered potential is obtalned by the
following multipole expansion in prolate spheroidal coordinates

© N . © S -
sus)=> Y A#{an @WRN Q™ + >3 (Cm costy +iCM sinty P ()P (4)} (a7)

n=0m=0 s=0t=0
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The unknown expansion coefficients A" are derived by employing the zero velocity condition on the wetted

surface of the spheroid. Eq. (17) represents a global formulation that covers all possible cases, namely the
diffraction problem (U=0), the wave resistance problem (»=0) and the complete forward speed and wave impact
problem (U#£0, w+#0). In fact only Q(k,a) need to be changed whilst for the diffraction and the wave resistance
problems is reduced respectively to

K+k k+1/7cos? a
Qlk,a) gt Qk,8) =——— (18)

k—1/7cos? a

The most challenging part as regards the computation of c;;;t and 5,@ is the numerical evaluation of Cauchy’s
Principal Value Integral involved in the infinite series of Eq. (16). However special attention must be given to
the singularity that occurs at a=+x/2. For the diffraction problem this can be easily avoided adopting the
ascending series of Bessel function. This however will make the expressions that provide Ct and (Sr’,';t much
more complicated. In particular the former will be given by

e ML NNCRUL o e AW
ns 4r 2 (s +1)! qiplr(s+p+3/2) "
4=0P=0 (19)
[e¢] T
x Ikm+q+2 prs K+K ot g j(sin a—-1)"(cosa)dt2P+st [(l+ sina)' +(1-sina)' ba
] K —k
-

that allows separate integrations oven a and k. For the coupled forward speed and wave heading problem one
must find the roots of the denominator in Eq. (5). In that case the numerical implementation requires the
calculation of two Cauchy PV integrals in terms of the roots

_ 2JKz cosa+1+ (l+ WKz cosa)ll2

P12
2T 0052 a

The roots p;, must be real regardless a. This condition is always satisfied if wU/g<1/4 and that finding is in
compliance with the requirement for the existence of an upper bound for the critical frequency w.=0.25g/U of
oscillating singularities [10] where the classical linearized solution yields infinitely large wave amplitude.

Some numerical examples for prolate spheroids of different submergence depth and slenderness ratio will be
presented at the Workshop together with a comparison against Farell’s [3] and Havelock’s [1] approximations.

(20)
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INTRODUCTION

With the intensification of the global energy crisis, the development of marine renewable
energy is attracting increasing attention. To achieve the renewable energy targets, a rigorous
approach is required leading to the better design of wave energy converters with increased
efficiency. Wave loading is a key factor to be considered for structural design. Either over-
predicted or under-predicted loading would cause severe consequences. Over-predicting the
loading will lead to overdesign and then very expensive structures. The consequence of
under-prediction may even more dangerous and expensive - leading to under-design and
structural failure.

The use of Computational Fluid Dynamics (CFD) codes is becoming increasing important in
engineering design work. The free, open-source library for continuum-mechanics problems
known as OpenFOAM is suitable for solving complex free-surface motions (Weller et al.,
1998). It has been applied to coastal engineering successfully by Morgan et al. (2010, 2011).
The experimental results for the propagation of monochromatic waves over a submerged bar
have been reproduced in his numerical simulations, with up to 6™ order harmonics correctly
modelled.

This research is focussed on the assessment of how OpenFOAM performs when applied to
non-linear wave interaction with a vertical surface piercing cylinder, a typical representation
of an offshore wind turbine foundation. A few new functions have been developed to advance
wave generation and wave absorbing capabilities of the model. A series of experiments
performed in the Danish Hydraulic Institute’s shallow water basin in 2009 have been
reproduced using OpenFOAM to test the accuracy of the model predicting wave-structure
interaction problems. The decomposition of the measured signals into harmonics has also
been carried out to examine the effects of wave and loading nonlinearity.

VALIDATION AND RESULT DISCUSSIONS

The experiments were performed at the Danish Hydraulic Institute, details were given in
Zang et al (2010). The shallow water basin (35m x 25m) was used for the tests with a water
depth of 0.505m. A cylinder of diameter 0.25m was suspended from a rigid frame, leaving
only a 1mm gap beneath to the bed of the basin. The total horizontal hydrodynamic force on
the cylinder was measured via a load cell, and 19 wave gauges were placed to monitor the
wave-field around the cylinder. The layout for the wave gauges can be seen in Figure 1. The
numerical results for the free surface elevations at wave gauges of 1, 5,9, 13, 17 and 19, and
the horizontal force on the cylinder have been compared with experimental measurements for
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several cases, of which two cases will be discussed in this paper. These two cases correspond
to the same slenderness (ka=0.37) and same kD (1.39) for the cylinder, but have different
steepness (k4,=0.1, and k4,=0.2). Here k is wave number, a is cylinder radius, D is water
depth and A4 is wave crest with 4,=0.035m, 4,=0.07m. For both cases, wave period is 1.22s.

\ | ,
wave paddle =7, = ‘ y P
0 13 17
— —.— -

Figure 1: The arrangement of wave gauges in the wave tank

In the numerical simulations, a few key factors have been examined to ensure accurate
reproduction of the experiments. As the wave generation in the numerical model is via the
flux into the computational domain through a fixed vertical wall, different from wave
generation by piston paddles in the experiments, a careful match between experiments and
numerical models for the first wave gauge (0.77m from the paddle) was made to ensure the
incoming waves in the numerical tank are very close to the waves generated in the
experiments. Wave focus time, focus distance and phase angle are all carefully chosen to
match the experiments. A damping zone is also added in the computational domain to avoid
reflection at the downstream end of the numerical tank.

Time series of experimental and numerical free surface elevations at a few locations along the
central line for the cases with cylinder in place are given in Figure 2. Note that the wave
gauge 19 is placed close to the side wall of the numerical tank for a second check of the
incoming waves. At location of wave gauge 9, which is 2mm in front of the upstream
stagnation point of the cylinder, all wave components are in phase and the wave group
produces a large energetic events. Wave breaking at wave gauge 13, which was observed in
experiments, may lead to a relatively larger discrepancy between the predicted and measured
values of the free surface elevations. A finer mesh would be required to obtain a better match.
Apart from gauge 13, the numerical model appears to have captured all the main physical
features of the nonlinear focused wave interaction with the vertical cylinder, with close
matching of both crest values of the free surface and horizontal forces, and the wave shapes.

In order to extract the harmonic structure of the free surface and wave loading on the cylinder,
both crest focused waves and trough focused waves were performed, both in the experiments
and the numerical simulations. Following Zang et al. (2006), Zang et al. (2010) and
Fitzgerald et al. (2012), our simple phase-based separation method has been applied to
decompose higher order harmonics cleanly without cross-contamination between adjacent
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harmonics. Table 1 shows the comparisons of the crest values of each harmonic of free
surface elevations and horizontal forces for wave amplitudes with the cylinder in place. This
is clear that the 2™ order components for case 2 are much larger than case 1, about 4-5 times
larger than the values in case 1, which is consistent with the expected Stokes-type behavior.
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Figure 2: Time series of free surface elevations and horizontal forces for both cases with
cylinder in place. The experimental data is in thick grey line and the numerical results are in
thin black line.
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Given the good match for all the components, we are confident that accurate predictions of
the free surface elevations in the wave-field and the horizontal force on the cylinder can be
made by using the present model based on OpenFOAM.

Peak free surface elevations (m) Peak horizontal forces (N)
harmonics case 1 case 2 case 1 case 2
kA]ZO.l kA2=O.2 kA]ZO.l kA2:0.2

Exp Num Exp Num Exp Num Exp Num

long wave | 0.0016 | 0.0017 | 0.0050 | 0.0130 1.91 1.80 7.50 7.50

linear 0.0530 | 0.0560 | 0.0930 | 0.1050 40.0 32.0 67.0 57.0

2nd 0.0105 | 0.0104 | 0.0370 | 0.0430 2.20 3.20 9.50 12
3rd 0.0020 | 0.0020 | 0.0080 | 0.0130 1.30 0.70 9.50 4.50
4th 0.0055 | 0.0075 | 0.0057 | 0.0034 1.00 0.20 1.70 2.70

Table 1: Each harmonic of free surface elevations at the location of WG9 and horizontal
forces for both cases with cylinder in place. Exp means Experimental data and Num means
Numerical results.

From the preliminary results, we conclude that the present model based on OpenFOAM can
accurately predict the non-linear wave interaction with a vertical cylinder up to at least the 4™
frequency harmonic. By using the crest-trough phase-based separation method, we can
reproduce harmonic structure in both the free surface and the wave loading on the structure.
Further examples of the validation and the harmonic structure of the free surface and
hydrodynamic loading on a surface-piercing column will be presented at the workshop.
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Theory
The body motion is described by the following displacement vector field:
N
H(z,t) = cHY (2,t) + HP(2,t) = {gg§1>(t) + 52552>(t)} hi(x) (1)
i=1

where h;(x) is the i-th mode shape function vector and &; is its amplitude and N is the number of modes.
The problem is formulated within the classical assumptions of the potential flow theory leading to the
definition of the velocity potential ®(«,t) for which the corresponding Boundary Value Problem (BVP) is
built. Within the second order theory, which is of concern here, the fully non linear potential is formally
written in the form:

B(x,t) =edWV(x,t) + 203 (x, ) (2)

The use of the classical perturbation theory leads to the BVP’s for different potentials. At first two
orders, these BVP’s are composed of the Laplace equation in the fluid domain, zero normal velocity at
the fixed boundaries, radiation condition at infinity and the following free surface boundary conditions:

200 9o

o 9 = O )
9292 P2 199D §B ) o2 op 1)
zF s 0 -z _ (C9] vl
oz T97q; g o apas T g 1TV @)

The corresponding body boundary condition is obtained after careful investigation of the body kinematics:

voen = Hn (5)
von = H%n - [(HOV)VeVn + (HY - vo)n® (6)

where overdot denotes the time derivative, n is the normal vector at rest and nV) its first order correction:

n® = (VHY)n — (VHD)'n (7)

Finally, the total potential at each order is composed of the incident wave potential ®; and the perturbaion
potential ®p which results from the interaction of the incident potential and the body:

O(z,t) = O (@, t) + p(x,t) = e[@) (m, 1) + Y (@, )] + 2[@P (z, 1) + & (. 1)] (8)

The incident potential represents the excitation of the system and does not depends on the presence of
the body. This means that it satisfies the Laplace equation in the fluid domain, zero flux condition at the
bottom and the free surface conditions (3) and (4) where only the incident velocity potential is included.
In order to solve for the amplitudes of the body deformations at each order, we need to further decompose
the interaction potential ® 5 into the part &z which depends directly on the body motion and the part
®p which is independent of the body motion at the corresponding order. In that respect, the radiation
potentials are chosen to satisfy the homogeneous free surface boundary condition and the following body

boundary conditions:

(€]

V@g)n =H 'n , V@g)n = H(Q)n

(9)
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On the other side the potential ®p is chosen to satisfy all the remaining boundary conditions i.e. the
non-homogeneous free surface condition and the remaining part of the body boundary condition. This
leads to the following decomposition of the interaction potential ®p:

N N
1 1 2(1) & (1 2 2 2(2) 1 (2
o (@ 1) = op (@) + Y Vo) . e (@) =¢p) (@0 + ) PR (10)

j=1 j=1
where ®p is usually called the diffraction potential and ®g; the radiation potentials.
Let us also note that the diffraction potential is usually decomposed into two parts: ¢pp satisfying
the homogeneous condition on the free surface and non-homogeneous condition on the body, and ®pp
satisfying the non-homogeneous condition on the free surface and homogeneous on the body.
Once the different potentials evaluated, the pressure is calculated from Bernoulli equation:

o® 1 oo 00 oe

1
i = 4 - 21— _ - (1)y2 (€0)
P olgz + 5 + 2(V<I>) ] o{gz+¢ 5 5 + 2(V<I> )+ (H'WV) 5 1} (11)

+ &7

Frequency domain

The above defined problem is now formulated in frequency domain. We start by defining the incident
wave potential:

o/ (z,t) = R{p\V (@)e ™} + R{p\? (x)e 2"} (12)
where:
igA cosh k D) . jwy A? h 2k, D) .
@gl) __igAcos o(z + )62,%90 7 (pgg) _ ?sz; oS : 0(22 + )GZkDI (13)
w cosh koD 2sinh” kgD  4v sinh® koD

The boundary conditions for other potentials follow straightforwardly and we end up with the fact taht
all the potentals, at any order, satisfy one of the two types of the BVP defined below:

AyYg =0 Ag =0 r>a,—-D<z<0
ovp g B
—ap + 9 0 —atpg + 5, = Q(r,0) z=0
op g B 14
o =v(z,0) o =0 r=a (14)
Np g —
0z =0 0z 0 z=-D
Y — 0 Yo — 0 r — 00

The potential g is called body perturbation potential and g free surface perturbation potential and
they can be calculated either numerically or semi-analytically for vertical circular cylinder (e.g. see [1]).

Hydrodynamic forces and body motions

The forces are obtained by integration of the pressure over the wetted body surface:

F- / /S pHRIS (15)

where p is the pressure calculated from Bernoulli equation (11), S, is the instantaneous body surface
and n is the instantaneous normal vector. Special attention should be given to the proper separation of
different terms in order to write the final motion equation:

{~w2([M] + [AW)]) — iw[Bw)] + [C]HeWY = {F) (16)
{~4w?([M] + [A(2w)]) — 2iw[B(2w)] + [CIHEP} = {FY)} (17)

where [M] is the modal mass matrix, [A] is the associated added mass matrix, [B] is the damping matrix,
[C] is the stiffnes matrix (including both hydrostatic and structural parts) and {F%)} and {Fg)} are the
first and second order excitation forces. Note that the added mass and damping matrices are obtained
by integrating the pressure associated with the radiation potential ¢r; while the excitation forces are
obtained after integration of all the remaining pressure components.
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Vertical circular cylinder

General solution for 15 and 1¢g can be written in the following form [1]:

YB (Ta = 9) = Z [f ( )ﬁmOH k‘OT + Z fn ﬂmn m(knr)] e'm? (18)
1/)@(7”,2,0) = Z m0+z.fn Amn e (19)
m=—oo n=1

where the most complex terms which invloves the infinite integration over the free surface are given by:

2Co [, Hun(kop)Qum (p)pdp 2C0 f, Ko (knp)Qu (p)pdp
koaH,, (koa) ’ knaK), (kna)

and the detailed expressions for all the other terms can be found in [1].

In order to solve for g and g we need to express the boundary conditions in cylindrical coordinates.
First we assume that the column is free to bend only and we define the deformation modes:

AmO = - Amn = -

(20)

0 0 sinf 0
h; = hi,(2)1 j + Ok , h;V = hiy(2)=— = hix 0—— —— 21
(2)e+05 +0 \Y (2) 5 (2)(cos o . 89) (21)
We also assume that the normal vector is pointing out of the fluid domain and we write:
QNLY
n = —cosfi —sinfj + 0k = —e, + Oeg + Ok , n) = E §§1)a—;w cos Ok (22)

where (e, eg, k) are the unit vectors of the cylindrical coordinate system.

Body boundary conditions

After applying the described theory we end up with the following body boundary conditions (only non-
zero terms are presented):

(1)
Oy _ _opf) O¢;
o o , o ;T hjq cos @ (23)
2 2
a‘P(DEB’ _ 7890(1 : (24)
on 6n
+= Zf(l)h ) cosf — 1 ) - = Z (1)3hm &D cos (25)
i r 898T
890(2)
o = h;n = —hj;cosl (26)

Free surace boundary conditions

All the free surface conditions are homogeneous except the one for @gg. The non-homogeneous term

gg can be written as follows:

(2) _ W
D

1 ({92@(1) 8 ()
AV Ve 129 V) el )8 e ) e (S el )

2

(1 can be written in the

In the case of the vertical circular cylinder, the first order interaction potential ¢
following form:
o0 oo o0
o5 = 3 | fol2)rmoHm(kor) + Y ful)tmn K (k)| €™ = 3" fo(2)moHum(koR)e™  (28)
m=—o0 n=1 m=—oo

where the second expression is valid at large radial distance R only.
With this in mind, we can calculate Qggm and subsequently the second order diffraction potential 9053233-
Special attention should be given to the evaluation of the free surface integrals in (20) which are highly
oscillatory and extend to infinity. In this work we use the numerical integration close to the cylinder and

the semi-analytical method [1] in the far field.
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Numerical example

We chose the example proposed in [2]. The following modes of deformation are defined:

n

hie(2) = ¢*Pic1(q) , ¢=1+2/D , Pu(q) = Z(_l)mm!

m=0

(4+2n—m)!
(n—m)!l(4+n—m)!

" (29)

The deformation modes and the linear RAO results are shown in Figure 1. These results are the same
as the numerical results given in [2]. This validates the present approach for linear case.

The preliminary second order results are shown in Figure 2. They concern the non-homogeneous term in
the second order free surface condition and the difference in between the results, when full and asymp-
totic expressions for first order potential are used, is shown. We can see that the results converge quickly
to asymptotic solution which is good point which means that the classical procedure for second order
diffraction [1] can be used very quickly. Knowing that the pure second order diffraction problem for
vertical circular cylinder is already solved [1], this ensures the efficiency of the proposed method. More
detailed results will be presented at the Workshop.
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Figure 1: Deformation modes and linear RAO of the motion of the column top.
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Figure 2: Original and asymptotic second order forcing term on the free surface.
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Introduction

This abstract is concerned with the development
of an efficient and scalable hybrid-spectral model for
a fully nonlinear numerical wave tank with finite di-
mensions, which is used for simulation of nonlinear
free surface waves generated by a moving wavemaker.

The approach pursued here is based on the Ocean-
Wave3D strategy established in [1, 6, 7], replacing
the horisontal high order finite difference approxima-
tions used in OceanWave3D with a Fourier Colloca-
tion method based on cosine modes. This is com-
bined with a modal Chebyshev Tau method for the
potential in the vertical, which by applying an effi-
cient strategy for solving the discrete Laplace equa-
tion yields a new attractive and accurate Dirichlet-
to-Neumann operator, recently established in [4].

The application of hybrid-spectral methods in the
context of the OceanWave3D strategy is motivated
by the comparative study of two serial implemen-
tations of nonlinear water wave models carried out
in [5], which demonstrated that the high-order finite
difference model (OceanWave3D) requires approxi-
mately an order of magnitude larger computational
effort than the high order spectral model (HOS) in
order to solve highly nonlinear water wave problems
to the same level of accuracy. Compared to the
HOS model, the main advantage of OceanWave3D
is a relatively straight-forward introduction of non-
rectangular geometry, in particular varying bottom
bathymetry and the generation of waves by a mov-
ing wavemaker. These attractive properties, associ-
ated with the OceanWave3D solution strategy, are
retained in the presented hybrid-spectral method.

In this abstract the governing equations for the
fully nonlinear free surface potential wave problem
are derived in curvlinear coordinates on a fixed com-
putational domain, which allows the fully nonlinear
wavemaker condition to be satisfied directly. The
hybrid-spectral discretization strategy and iterative
solution of the resulting discrete Laplace problem
are detailed, and it is described how the wavemaker
can be modelled by the introduction of additional
potentials following the line of [2], which with the
present discretization strategy can be obtained es-
sentially free of cost.

*The authors wish to thank the Danish Agency for Science,
Technology and Innovation (grant # 09-067257) for funding,
and the Danish Center for Scientific Computing for supercom-
puting resources.
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Problem Formulation

A Cartesian coordinate system x; = (x1,z2,x3) is
adopted with the x;xo-plane located at the still wa-
ter level and the x3-axis pointing vertically upwards.
Indicial notation is invoked and the summation con-
vention applies to repeated indices, with latin indi-
cies i = 1,2, 3 accounting for all spatial dimensions,
while greek indicies o = 1,2 only apply to the ho-
risontal dimensions. The still water depth is given
by 3 = —h(zs) and the position of the free surface
is defined by x5 = ((z4,t). The wave tank is assumed
rectangular in the horisontal plane with dimensions
L1, Ly and vertical walls, and the gravitational ac-
celeration g is assumed to be constant. Assuming an
inviscid fluid and in irrotational flow, the fluid veloc-
ity u; = Oy, ¢ is defined by the gradient of a scalar
velocity potential ¢(x;,¢). The position of the free
surface in an Eulerian frame of reference is captured
by the usual kinematic boundary condition, while the
dynamic free surface boundary condition follows from
Bernoulli’s equation,

at( = 8ac3¢ - aocu(ﬁaxag (13)
atd) =—g¢— %ax1¢axz¢ (1b)

To evolve these equations in time requires solving
the Laplace equation for ¢ in the fluid volume 2. A
well-posed Laplace problem is achieved by specifying
a known ¢ at the free surface (, together with kine-
matic boundary conditions at the solid boundaries to
the domain, i.e. the wave maker, walls and seabed,

8x,z,gz5 =0, =z; € Q, (2&)

ni(Op, ¢ — Vi) =0, x; € 9N, (2b)
The free surface is a time-dependent moving bound-
ary with an a priori unknown position, practi-
cally resulting in a time-dependent domain which
may handled efficiently using the well-known o-
transformation in the vertical [1]. Further introduc-
ing a wavemaker as a moving solid boundary, with
an a priori known position x; = F(x4, x3,t) provided
by a paddle signal, yields the requirement for a more
general mapping between the physical domain €2 and
a fixed, time-independent computational domain Q¢,

zi = zi(¢,t)

where ¢ = (£1,£2,€3) is a set of general curvlinear
coordinates. The mapping z; = z;(£7,t) from com-
putational to physical space is done using transfinite
interpolation with linear blending of the boundary

& Y=g, e ()
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faces, i.e. the free surface, seabed, wavemaker and
the fixed walls of the domain [8], while the inverse
mapping & = &7 (x;,t) is not established explicitly
though it formally indeed does exist. Taking the
derivatives of the mappings Ogiz; and 9,,&7 yield
the Cartesian components of the covariant and con-
travariant basis vectors g; and g7, which also defines
the co- and contravariant metric tensors g;; and g%,

9" =g"-¢g. (4b)

(9)); = s i,
9ij = Gi * 95,

Via the chain rule, these co- and contravariant ba-
sis vectors provide the relationship between spatial
derivatives in the physical and computational spaces.
For example, derivatives of { and ¢ with respect to
x; and & are related by

O0r (= aﬂcafj 8@'( = (gj)ot (95,'(7 (5a)
O, = 02,8 00 = (97)i 0 & (5b)

Note that 0,,¢( = 0 and hence only 0, ( are eval-
uated. Similarly the temporal derivatives of (, ¢ in
physical and computational spaces are related as fol-
lows, due to [8],

(8t<)xi = (atC)gj - (atxa)gj 9z.C (6a)
= (8tC)§.7' — Wq (gj)oz a.fj ¢,
(5t¢)zi = ((at¢)5j - (37593@')5]‘ 02,9 (6b)

= (0:9) s — wi(g)i Des &,

where ()¢s, ()2, indicates the spatial coordinates be-
ing kept fixed under partial time differentiation, while
w; = (&gxi)gj denotes the transport velocity of the
transient physical reference frame due to the motion
of the boundaries.

The covariant basis vectors g; are immediately
evaluated from the mapping function z; = ;(¢7,t)
at any instance in time by application of the differ-
ential operators Jg: in computational space. From
these the contravariant basis vectors g/, which are
required to evaluate (5)-(6), are computed by cross
products of g; as,

-1
9" = (V9) ek gi X g5, VG =1/det (gij).  (7)
in which /g has been introduced as the Jacobian of
the mapping and ;5 is the permutation operator.
Similarly the contravariant metric tensor g% follows
from the covariant tensor g;; as its inverse,
g , g .
97gi; =06, = (97)=(95) (8)
where (5? denotes the Kronecker delta.
Inserting (5)-(6), the free surface evolution equa-

tions (1) may be cast in computational space as,

0:¢ = wq (gj)a 3ng + (gj)B a§-f¢ (9a)
— ((97)a 9ei9) ((")a 0exC) .
= (93)3 afjd) - ((gj)a 85J'¢ - wa) ((gk)oz 65’“() ,
0rp = w;i(g’)i O¢id — 9¢ (9b)
— 3 ((97):0c:0) ((")i 9r0) ,
= —g9C—2((g7)i 06 — wi) ((g")i Oex0)
which shows that the transient physical domain is
captured by recasting the free surface equations in
arbitrary Eulerian-Lagrangian form in computational
space. As a remark the widely used Zakharow form
of the free surface equations, applied e.g. in [1], may
be derived from (9) simply by taking the mapping
x; = x;(£7,1) to be the inverse of the o-transform.
The Laplace equation and the kinematic solid

boundary condition (2) are similarily expressed in
curvlinear coordinates as follows, due to [8],

(V)0 (Vg 0s0) =0 € € Qc,
ni ((97)i O ¢ — vfo“d) =0, & e Qi

(10a)
(10Db)

in which it is assumed that the normal vector n; to
the physical solid boundaries and the solid boundary
velocity v3°%¢ are expressed in computational space.

Numerical Methods

A method of lines approach is adopted for the dis-
cretization of the governing equations stated above.
For the time-integration of the free-surface equations
(9), the classic four-stage, fourth-order Runge-Kutta
scheme is employed as it is not subject to any severe
stability constraint on the choice of time steps.

The governing equations are discretized in the
computational space using a hybrid-spectral collo-
cation method detailed in [4], combining a nodal
Fourier collocation method on a horisontal grid of
M = (N1, N3) grid points with a modal Chebyshev
Tau method in the vertical truncated to the first
N3 = N + 1 Chebyshev polynomials, where N is the
polynomial order. Due to the finite dimensions and
rectangular shape of the numerical wave tank (with
the wavemaker at neutral position), it was suggested
by [2] to employ a tensor product of cosine modes,
i.e. real-and-even Fourier modes, as the basis for the
horisontal Fourier collocation method, since they are
the natural modes of the tank. Hence (, ¢ have the
global representation in the computational domain,

M-1
CE ) =D Cmlt)lm (£%), (11a)
o
SE ) =D bmn()lm (€%) Tu(£%),  (11D)

where Gm(t) = ((€m,t) and ¢mn(t) = on(Em.t)

are the solutions at the collocation nodes &, =
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(m + 3)/Mm, while T, (%) = cos (narccos (£?))
are the Chebyshev polynomials and l,,, (£%) are glob-
ally defined nodal Lagrange interpolation polynomi-
als, which may be formally derived from the cosine
modes Py, (§¢) = cos (mlfl) cos (mng). Finally
m = (my,mse) is a multi-index where the two com-
ponents of m are allowed to vary independently.

The horisontal derivatives ¢« are approximated
by their discrete counterparts in computational
space using the Fast Fourier/Cosine Transform
(FFT/FCT) to evaluate the derivatives in the col-
location nodes. The Chebyshev Tau method pro-
vides an efficient, spectrally accurate Dirichlet-to-
Neumann operator for the evaluation of the gradient
of the velocity potential at the free surface. Based on
orthogonal truncation rather than interpolation (as
used e.g. in finite difference methods), the Cheby-
shev Tau method seeks to satisfy the Laplace equa-
tion (10a) over the depth for each vertical set of collo-
cation nodes in weak form by requiring the residual
to be orthogonal to a set of test functions T (53)
for ¢ = 0,...,N — 2. The remaining two equations,
required to obtain a square system of N, equations
with the N, unknowns ¢y, for each vertical set of
collocation nodes, arise by imposing additional con-
straints on the coefficients in order to satisfy the free
surface and bottom boundary conditions. For further
details on the Chebyshev Tau method see e.g. [3].

Applied to the Laplace equation (10a) the Cheby-
shev Tau method yields a set of convolution sums,
which for relatively simple mappings between the
physical and the computational domain, such as the
o-transform, may be evaluated efficiently in modal
space. The costs associated with the evaluation of the
Laplacian in such cases by direct convolution sums
are comparable to those of applying a sixth order fi-
nite difference method. However, as demonstrated
in [4] the Chebyshev Tau method introduces signif-
icantly lower dispersion errors than comparable fi-
nite difference methods. For more general mappings
it may be advantageous to evaluate the convolution
sums by pseudo-spectral products in the correspond-
ing nodal space trough application of the FCT, which
applies to Chebyshev polynomials.

The resulting discrete Laplace problem can be
stated as a rank n = N;N5N3 linear system of
equations A® = b, where A is a large dense, non-
symmetric matrix (in case the FFTs are replaced
with matrix-based discrete Fourier transforms), &
is a vector of values for the unknown scalar ve-
locity potential, while b is a vector accounting for
the inhomogeneous boundary conditions. Since the
discrete Laplace problem is one spatial dimension
O(N,) larger than the free surface problem, the solu-
tion of this linear system at every time step is conse-
quently the computational bottleneck of the model.

The discrete Laplace problem can be solved effi-
ciently (i.e. with optimal scaling of the computa-

tional effort and memory footprint) by a iterative left
preconditioned defect correction (PDC) method, as
detailed in [4]. Evaluation of the residual r = b — A¢
and hence the matrix-vector product A¢ does not
require A to be formed explicitly and may be eval-
uated in O(nlog N1) and O(nlog N3) operators by
application of the FCT horisontally.

The action of the preconditioning problem in the
PDC method is to compute the correction § to the
current solution by solving the linear system of equa-
tions M¢ = r, where M ~ A is the preconditioning
matrix. For the present problem and hybrid-spectral
discretization method, the corresponding constant
coefficient Laplace problem (i.e. neglecting bottom
variations, free surface elevation and wavemaker mo-
tion) provides an attractive efficient and sparse pre-
conditioning strategy. In order to avoid assembling
and factorizing the full dense preconditioning matrix,
the residual r is first transformed to a modal cosine
representation horizontally by use of the FCT, while
the modal Chebyshev representation is retained in
the vertical. This decouples the preconditioning step
into a inhomogeneous constant coefficient Helmholz
equation in the vertical for each horizontal cosine
mode, since r # 0 and V2, (%) = —mm by, (€%).

Applying the Chebyshev Tau method in the verti-
cal to each of the Helmholz equations yields NiNg
sparse systems of N3 equations at each horisontal
collocation point. These systems are primarily quasi-
pentadiagonal as each row contains only three non-
zero entries in diagonals (—2,0,+2) in addition to
two dense rows enforcing the boundary conditions,
see [3]. Using a tailored Gaussian elimination solu-
tion strategy, each of these systems is solved in just
18 N3 operations, only around twice the cost of the
classic tridiagonal matrix algorithm, and with the
same 2p memory footprint, making this precondition-
ing strategy well suited for parallel implementation.

Wave Generation by Additional Potentials

The wavemaker is modelled as a solid moving
boundary with a known position x1 = F(x2,xs,t),
which gives rise to the following free slip condition,

O F = az1¢ - 8m2F6m2¢ - angazs,Qb = 8n¢7 (12)

where 0,, denotes the derivative normal to the wave-
maker with normal vector nY“" = (1, —0,,F, =0y, F).
The velocity potential (11b) defined in terms of co-
sine modes implicitly satisfies homogeneous Neu-
mann boundary conditions, hence it cannot account
for the inhomogeneous Neumann boundary condition
introduced by the wavemaker motion. This was also
noted by [2], who suggested the use of additional po-
tentials to account for the inhomogeneous Neumann
condition by splitting the potential into two,

¢=9¢r+oa, (13)
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where ¢p is the propagating spectral potential de-
fined in (11b) and ¢¢ is the generation potential
accounting for the inhomogeous Neumann condition
(12) at the wavemaker, while the total potential ¢ is
advanced by the free surface equations (9).

In this work we seek to establish the generation
potential ¢ by exploiting that the Laplace equation
and boundary conditions (10a) are solved directly in
discrete form in the fluid domain, and not—as was
done in [2]—by constructing the velocity potential
such that satisfies the governing equations identically
in the domain. Casting the Laplace problem in phys-
ical space for clarity, this approach can be illustrated
by considering a piston type wavemaker with position
x1 = F(t),i.e. atranslation of the wall. The inhomo-
geneous Neumann condition at the wavemaker (12)
must be satisfied by the generation potential,

BtF = 6I1¢G, Il = F, (14)
while ¢ at the same time may not introduce inho-
mogeneous Neumann terms on the other walls of the
domain. However, ¢¢ is not required to satisfy the
Laplace equation, bottom or free surface boundary
conditions, suggesting that ¢ can be expressed as,

d)G(xiat) :atF(.%'Q,.T{;,t) @G(xlat)a (15)
where the function ¢g(x1,t) must satisfy
a$190G|m1:F(t) = 1 and a$1<pG|-T1=L1 = 0 in or-

der to reflect the Neumann conditions at these
locations. These conditions may be satisfied by the
third order Hermite polynomial,

G (x1,1) = (L= F(8)* (21— F (1)) (Li—a1)", (16)

which further satisfies 0G|z,—r) = ¥Gley=1, = 0.
Inserting the splitting of the velocity potential (13)
in (2) yields a Poisson equation for the propagation
potential ¢p with homogeneous Neumann boundary
conditions at the wavemaker and all fixed walls,

op=9¢— ¢, x3 = ¢, (17a)
Oz, 0P = —Or,2,9G, x; € Q, (17b)
Oz, pp =0, r1 = F, (17¢)
nl9, ¢p =0, x; € 0Qwall (17d)
nt'0,,0p = —nl"0s,6a, i € O, (1Te)

This Poisson equation may be discretized using the
presented hybrid-spectral method and solved effi-
ciently with the PDC method. The generation poten-
tial is thus essentially obtained free of cost, as only
the action of the discrete Laplace operator on the
generation potential must be evaluated in order to
form the right-hand-side vector to the Poisson prob-
lem. The approach generalises to other types of wave-
makers such as flaps, in which case it is necessary to
express the generation potential and Poisson equa-
tion for the propagation potential in computational

space. Further the idea of additional potentials may
be used to introduce Sommerfeld type, radiation out-
flow conditions at the opposite end of the wave tank.

Results & Future Work

The presented hybrid-spectral model provides an
efficient and accurate tool for simulation of fully
nonlinear free surface waves. Compared to the
OceanWave3D finite difference based model, prelim-
inary studies considering highly nonlinear propagat-
ing waves indicate both improved accuracy and a
50% reduction of the computational costs for iden-
tical problem sizes, see [4].

At the 28" TWWWFB we will present results ob-
tained with the fully nonlinear numerical wave tank,
including the wavemaker model by introduction of
additional potentials essentially free of cost.
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1 Introduction

Within the framework of incompressible, homogeneous and inviscid flow modelling of water waves,
the pressure plays an important role in establishing various qualitative properties of traveling
waves. The pressure is also essential in quantitative studies because often in practice the elevation
of a surface water-wave is determined from pressure data obtained at the sea bed, see e.g. [6].
Indeed, measuring a free surface wave motion without intrusive probes is of most importance for
practical applications, and one way to achieve this is to use pressure gauges at the sea bed. From
these pressure measurements, the question is how one can reconstruct the free surface.

A standard approach consists in assuming that the hydrostatic approximation is sufficiently
accurate. However, already for waves of moderate amplitude, prediction errors exceeding 15%
frequently occur [1]. These inaccuracies are due to the fact that the hydrostatic approximation
ignores even linear wave effects. Within the linear regime of water waves of small amplitude in
finite depth, one can derive a better approximation [4], but its benefit is offset by the fact that,
for waves of moderate amplitude, it often overestimates the wave height by more than 10% [6].
These considerations motivated the quest for a reconstruction formula that accounts for nonlinear
effects and that is thus applicable to waves of moderate and large amplitude. Nonlinear nonlocal
equations relating the dynamic pressure on the bed and the wave profile were obtained without
approximation from the governing equations [3, 5]. The entangled character of these equations is
a considerable impediment in the pursuit of an in-depth analysis and for practical applications.

Very recently, new exact tractable relations have been obtained [2]|, allowing mathematical
analysis and a straightforward numerical procedure for deriving the free surface from the pressure
at the bed. However, in [2], only relations leading to procedures where convergence and unicity
could be rigorously proven were included. It is nonetheless possible to derive several other exact
relations that are of major practical interest, though the efficiency of the procedures based on
these relations have not yet be proven (i.e. convergence and unicity is theoretically unknown). The
present paper is devoted to the derivation of these new relations and to the numerical illustration
of heir efficiency.

In section 2, the hypothesis and notations are introduced for steady irrotational surface waves
on constant depth. In order to make the present paper self-contained, the main results of 2] are
given in section 3. A new, purely local, expression for the free surface is then derived in section 4,
which is the main result of the present paper.

2 Hypothesis and notations

In a frame of reference moving at the constant wave speed c, the flow beneath a traveling wave
reduces to a steady motion with respect to the moving coordinate system. Let (x,y) be a Cartesian
coordinate system moving with the wave, x being the horizontal coordinate and y the upward
vertical coordinate. Let {u(x,y), v(z,y)} be the velocity field in the moving frame. The wave is
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(27 /k)-periodic in the z-direction, and we denote by y = —d, y = n(z) and y = 0 the equations
of the horizontal bottom, of the free surface and of the mean water level, respectively. The latter
equation expresses the fact that (n) = 0 for the smooth (27/k)-periodic wave profile 7, where (-)
is the Eulerian average operator over one wavelength,

k w/k
(n) = 5 3 /kn(-%') dz = 0. (1)

Let ¢ and % be the velocity potential and the stream function, respectively, such that u =
g = Yy and v = ¢, = —1p,. It is convenient to introduce the complex potential and the complex
velocity f = ¢ + i and w = u — iv, respectively, that are holomorphic functions of the complex
variable z = z + iy, with f = f(z) and w = df/dz. The equation of mass conservation for
a homogeneous fluid and the irrotational character of the flow are identically fulfilled with the
requirement that f and w are holomorphic functions throughout the fluid domain. The Euler
equation can be expressed by means of the Bernoulli condition

>+ 0v® = B, zeR, —-d<y<n), (2)

2p + 29y + u

for some Bernoulli constant B, where p = p(z,y) is the pressure divided by the density. From (1)
and (2), we get

B :<u52+v52>:<ub2>, (3)

where ug and vs denote the restrictions of u and v to the free surface, respectively, while u;, denotes
the restrictions of u at the bed. (The second equality in (3) derives from the irrotationality.) The
relations (2) and (3) yield

(pb) = gd, (4)
where py(x) = p(x, —d) is the normalized relative pressure at the bed.
Finally, we define the wave phase velocity ¢ such that ¢ = — (uy,), so that the wave travels with

phase speed c in the frame of reference where the mean horizontal velocity is zero at the bed, and
where ¢ > 0 if the wave travels toward the increasing x-direction.

3 Equations for the surface recovery

Instead of dealing with the complex potential f or with the complex velocity w, it is advantageous
to use the holomorphic function w?. Indeed, the function P defined by

P(z) = 3B + gd — 3w’(z) = 3B + gd — 3(u®—2%) + iuv, (5)

is holomorphic in the fluid domain and its restriction to the flat bed y = —d has zero imaginary
part and real part py, i.e., pp(x) = P(x —id) = gd + %(B —u?). Thus py, determines P uniquely
throughout the fluid domain, i.e., P(z) = py(z + iy + id). Note that p coincides with the real
function Re{P} only on y = —d because p is not a harmonic function in the fluid domain.

Using the surface impermeability and (2) on the free surface y = n(z) where p = 0, we have

(us —ivg)? = (L—ine)?ul = 1 +n))ul (1 —in,) /(1 +in,)
= (ul+vl) (1 —iny) /(1 + ing) = (B —2gn) (1 —ing) / (1 +ing).

Multiplying this relation by (1 + in,) and using (5), we obtain at once

gn (1 —inz) + iBn, = [Pz +in) — gd] (1 +ins). (6)
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The real and imaginary parts of (6) give two equations for #:

gn = Re{Ps} - gd - Nz Im{Ps}v (B - 977)77:13 = [Re{Ps} - gd]nx + Im{Ps}7 (7)

where, as above, the subscript ‘s’ denotes the evaluation at the free surface y = n(x). Using (5),
we can see that equations (7) are precisely

agn = %[B _u52 - USQ]v

(B —gn)ne = %[B+us2+vs2]"7x- (8)
Thus, both are ensured by the validity of the Bernoulli condition (2) on the free surface. Since
ne # 0 between consecutive crests and troughs, not only does (8a) imply (8b), but also (8b)
ensures the validity of (8a) between consecutive crests and troughs, and by continuous extension
everywhere.

For the recovery of the surface wave profile n, given the function py, one can proceed as follows.
For periodic waves, the pressure p at the bed y = —d can be approximated, e.g., by a N-th order
Fourier polynomial and the function P is obtained at once, i.e.,

N N

pp(x) ~ Z pn exp(inkzx) = P(z) ~ Z pn exp(inklz +i(y + d)]), (9)
n=—N n=—N

with p_,, = p,, since py, is real, and pg = gd. Note that (9) is not the only possible approximation
and, e.g., elliptic functions could also be used, specially in shallow water.

The wave amplitude 79 is obtained evaluating (7a) at the wave crest located at x = 0 (where
1. = 0 and 1 = 1) leading to the implicit equation

m = Re{P(in)}/g — d. (10)

The crest height 7 is obtained as the unique solution to (10), as proven in [2] and where numerical
examples are provided. With 7y determined by solving (10) iteratively, 1 is subsequently obtained
re-expressing (7b) as the ordinary differential equation

Ne = Im{PS}/[B - gn — Re{Ps} + gd]? (11)

with initial data 1(0) = ng. The right-hand side of (11) being smooth, the solution can be obtained
by a standard iterative procedure, as proven and illustrated in [2]|. It is however possible to derive
a local simpler expression which does not require the resolution of a differential equation.

Note that the surface reconstruction procedure described here is valid for all waves, except per-
haps for the highest ones with an angular crest and for waves with different crests, as demonstrated
in [2]. Note also that the inclusion of surface tensions is straightforward, but this generalisation
has little practical interest.

4 New equation for the surface recovery

Let be yet another holomorphic function Q such that

Q(z) = /Z [73(2') — gd] dz = /Z% [B - w(z')Q] d7, (12)

20 20

where zq is an arbitrary constant. Taking zg at the origin of the free surface —ie., x =0, y = ng
thence zyp = iny — and choosing the surface as integration path, the definition (12) yields

Qs(x) = /O:E [P(x'—l—in(a:')) — gd] [1 + ing(2))]da’, (13)

Page 43 /236



thence, substituting (6), after some elementary algebra

Qs(x) = /Oxgn(x’)dx' + i[n@) —no][B — 39m0 — 59n(x)]. (14)

The imaginary part of this relation yields an implicit equation for #:

ki = 1 — /(L—rm)? — (2x/B) Im{Qs}, (15)

where kK = ¢g/B is a parameter introduced for convenience. The relation (15) is algebraic (i.e.,
neither differential nor integral) and local. n can be obtained via functional iterations once Q is
known. Once the pressure at the bottom is known, it is trivial to obtain P as indicated above and,
subsequently, Q is easily obtained too, for example from the approximation (9)

Qz) ~ Z i—nk [exp(inkz) — exp(—nkny)]exp(—nkd). (16)
n#0

The remaining open question is whether or not the iterations of (15) converge. Preliminary nu-
merical investigations suggest that converge occurs, but a more thorough analysis is required as
formula (15) is potentially very useful for practical applications.

Note that solutions of (15) are also solutions of (11). Indeed, using (13), the derivative of (15)
gives

Ny = (1/B) [Im{ Qs _ Im{P} + (Re{Ps} — gd) s an
’ Vv (1 —kmo)? — (25/B) Im{Qs} B — gn ;

and solving this equation for 7, yields equation (11) precisely, of course.

5 Conclusion

We have derived some exact relations for the reconstruction of the free surface wave profile from
pressure measurements at the bed. In particular, we obtained a new local relation for the free
surface that is potentially very attractive for practical applications.

More insights of the method, including mathematical proofs and numerical examples will be
presented at the workshop.
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The present work is developped under the usual assumptions of linear potential flow theory. We
consider a source point Q' (acl,y/,z/), and a field point Q(z,y,z) both lying in the lower half-plane
(z < 0,2 < 0). 7 is the relative horizontal distance, Z = z + 2’ the vertical distance between the field
point and @ the image of the source point relative to the free surface (fig.1). R is the distance |QQ’|

and Ry = vr? + Z2 the distance |QQ)|.

Az

image [source point

Q'1(zy',-2")

i/() (x'y',2°)

source point

Figure 1: source and field point - layout and notations

1 Time and Frequency domain Green functions

Frequency-domain - Let us first recall the expression of the complex Green function of the diffraction-
radiation problem in water of infinite depth in non-dimensionalized variables.

1 1 <k
Go(r, Ziw)=|=—— | + 2PV/ — " Jo(kr)dk — 2imsgn(w)koe®Z Jo(kor) (1)
R Ry o k—Fko
or
Goo(Ta Z, ZUJ) = GO(Qa Q/) + G(Ta Z, Zw)
where ky = w?, and PV J means principal value of the integral.
This expression can be shown to be equivalent to Wehausen [6] formulation:

Goo(r, Z,iw) = % + PV/ %eszg(lﬁ)dk — 2imsgn(w)koe®? Jo(kor) (2)
0o k—Fko
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by using the identity :(R;)~! = (r? + Z?) 3 Jo° € Jo(kr)dk [4]. Eq (1) gives the velocity potential
at point () generated by a pulsating source of unit strenght located at point @'. The G4 function (1)
is the basic mathematical tool used to solve diffraction-radiation problems in regular waves of frequency
w, and period T = 27 /w.

Time-domain - when the source strength is no longer a cosine function of time but a simple impulse,
namely ¢(t) = §(t) a Dirac function, then the Green function is given by

Pl 20 = (= ) 300+ 2) [ VB sl sine /B G

Foo(r, Z,t) = Go(Q,Q")d(t) + H(t)F(r, Z,t)

with H(¢) the Heaviside step function. Considering the velocity potential as the output of the fluid system
with source strength as the input, it is established that the Green function of frequency domain eq.(1)
can be derived as the Fourier transform of the time-domain Green function eq.(3), with the following
convention and notations:

Coo(r, Z.iw) = Foo(r, Z,iw) = F{Foo(r, Z,8)} = / Fao(r, Z,t)e—tdt (@)

—00

In [2] [1], we have shown the integral part F'(r, Z,t) of the above time-domain Green function to be the
solution of an exact fourth order linear ordinary differential equation with polynomial coefficient,

(r2+2%) FW — ztF® 4 Gt? - 4Z> F@ 4 ZtF(l) + %F =0 (5)

where the notation F(™ holds for the n*" derivative of F with respect to the time variable t. Among other
applications, this ODE has been shown [3] to provide a good mean to speed up the inline computations
of the Green function in time-domain BEM computational codes.

In this paper, we will show how to derive from eq.5 a similar ODE, but in the frequency variable, for
the frequency domain Green function G(r, Z,iw).

2 Fourier transform of the time-domain ODE

Let us first introduce the auxiliary function S(r, Z,t) = H(t)F(r, Z,t) with H the Heaviside step function.
Taking into account the differential relation between the Heaviside and Dirac functions, i.e §(t) =
dH(t)/dt = HM(t), we establish the following relations by successive differentiation

S —HF
SW = §F + HFW
S@ =W 4 25F® L HF®)
SG) = §@F 4 36 FM) 4 3672 L HFG)
SW = §OF 1+ 45 FO) 4 650 FO 4 45FC) 4 Fp@
The time domain homogeneous ODE (5) obviously still holds when both sides are multiplied by H(t),
leading to:

(r2+2%) SW — 7zt5®) 4 GR - 4Z> 5@ 4 ZtS(l) + 95 = (6)

o

r2+72) FB) — 3ZtF<2>+2(1t2 4Z) FO 4+ 2tF)

(
+6W [6 (r2 + Z2) F®) —32tFW + (312 — 42) F]
+6@3) [4 (r? + Z2) F — ZtF]
+6®) (r2+ 2% F
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2.1 Left-hand side

As expected, the left hanfd side of (6) is the same as eq.5. Let’s now take its Fourier transform
_ 2 2\ o(4) (3) Lo @, 7o 9
L=F(*+2°) 8 = 2187 + (17 —42 ) 8 + 715 + 28 (7)

By using the basic rules of Fourier transform for a derivative F { f )} = (iw)" f(iw) , and for the
product by a polynomial F {t"f(t)} = imﬁ f(iw) 5], and after re-ordering we get:

2
22%5(2)—w<w2Z+%> S 4 (w? (r2+Z2)+w2Z+1)S (8)

2.2 Right-hand side

For developping the Fourier transform of the right hand side of (6), we then apply the following relations
derived from the fundamental property of the Dirac delta function, and integration by parts:

+o0 .
FLo@)f(t)} = / 3(t)f(t)e™™" = f(0) (9)

F{avwrw} - [ @) e = —F0(0) +f(0)
+o0o

Flo®wrw} = / 82 (1) f(t)e ™" = fP(0) — 2iw fM(0) — w?£(0)

—0o0

F{aPwrw} = / "0 f(1)e ! = —19(0) + 31w O(0) + 3027 (0) — i F(0)

—0o0

+

Then, after simple calculations and simplifications, the Fourier transform of the right-hand side R, is

found to be expressed simply as:
2 (14 Zw?
R = 2(1+207) (10)
(r?+22)

2.3 The complete frequency-domain ODE

From (1) and (3) is is clear that S(r, Z, iw) is nothing but the frequency dependent part G of G oo (r, Z,iw).
The ODE for G(r, Z,iw) can thus be formed now from its left hand and right hand sides, derived above,
giving:

2 (2 2 3\ (1 4,2 2 2 _ 201427
GO —w (w2Z +3)GY + (Wt (r +Z)+wZ+1)G—7m (11)
So, for the frequency domain complex Green function G(r, Z,iw), the ODE is of order 2, logically,
due to the maximum order 2 of the polynomial coefficients of the time domain ODE (5). Similar 2nd
order ODE can be derived for the gradient %—f and g—g by applying straightforwardly the same method
to the time domain ODE derived in [1] respectively for the gradient ZEand %Zof the time domain Green
function.

The initial conditions for the ODE eq.11 can be easily deduced from the developped expression of G

in (1), leading to:
— 2 g
{ G(T7 Z7 0) - (T2+Z2) 7/(0)

lim { 2.G(r, Z,i)} = 0+i(0) (12)

The results of a numerical check of this ODE (11) are shown on fig:2 and fig:3 were we have integrated
it by a standard Runge-Kutta algorithm from w = 0 to 4. (test case parmeters: r=2, Z=-1). Here all
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3 terms of the differential equation are plotted independently, together with their sum, real part on the
left, imaginary part on the right. The isolated dots show the same quantities (real and imaginary parts
of the LHS of eq:11) calculated from the usual Green function routines of the BEM code AQUAPLUS
[8] based on the classical series and asymptotic expansions for this function [7]. An excellent agreement
is observed for both real and imaginary parts.

77777 Irst term
10 - 2nd term
[T —-—-—=-—=-= 3rd term
Real(LHS)
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P Trst term
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10 T i I
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I
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\
!
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(=}
«

4
®
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Figure 2: components of the ODE - Real Figure 3: components of the ODE -
part imaginary part

3 conclusion

The Green functions of free surface hydrodynamics were shown to be solution of exact linear ordinary
differential equations. This result, uncovered at the IWWWFB in Marseille (1997) for the time-domain
Green function, is extended here for it’s sister function in the frequency-domain. In both cases, theses
results can be exploited to speed-up the computations of BEM based seakeeping codes. A lot of other
applications will probably be discovered in further research works. The extension of these results to the
case of finite water depth is still an open challenge.
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The gas-cavity problem with initially high pressure, evolving in a surrounding liquid, and interacting with a near body,
is a very interesting research topic because it involves several physical phenomena and is of practical interest in different
contexts. For instance, underwater explosions represent an important issue for ships and offshore structures. Therefore it
is necessary to predict structural effects and try to improve vessel design. To this purpose, physical tests were performed
along the years and theories were developed (Cole 1948). Another important application is in medical field. Implosion
of micro-bubbles with ultrasound in biological flows is used within a noninvasive technique to remove calculi in human
bodies (Lingeman et al. 2009).

Here we first focus on the first application. When an underwater explosion occurs, a chemical reaction and a detonation
process cause the formation of a hot gas with high pressure and the release of a shock wave traveling in the surrounding
fluid. Then a superheated, spherical, bubble is formed which will first expand while the high pressure reduces in time
and propagates in the surrounding liquid. Eventually the bubble starts to oscillate and affect the local pressure. In the
first stage (shock wave) both the gas and the surrounding liquid behave as compressible, in the later stages (gas bubble)
the acoustic wave will disappear and the water can be considered incompressible. The interaction of this two-phase fluid
with a body will then depend on the vicinity of the body from the explosion zone and by the presence or not of other
boundaries, e.g. the sea floor, the free surface.

The solution strategy: a time-space domain decomposition

We first assume that the explosion occurs very far from other boundaries and that hydrostatic pressure does not affect
the explosion phenomenon leading to a radial symmetry of the bubble evolution. Initial values of bubble radius, density
and pressure, can be obtained from physical tests. A compressible 1D’ solver along the radial direction 7 is then used to
simulate the flow evolution until the first shock wave from the explosion becomes close to the bottom of a vessel assumed
infinitely extended within the local analysis. This can be done because the problem equations are hyperbolic and so the
presence of the structure will not affect the fluid behind the shock wave. As the shock wave becomes close to the body,
a time-space Domain-Decomposition (DD) strategy is switched on, where a compressible 3D solver is initiated by the
simplified 1D’ solution in an inner region affected by the body and used to investigate the fluid-body interactions. The
’1D’ solution is still applied far from the structure and provides the boundary conditions to the 3D solver along a control
surface bounding the inner domain. This implies a one-way coupling. The DD limits the computational costs which are
quite high if a compressible 3D solver is used for the whole simulation and everywhere due to the limits in the time step
connected with the local speed of sound in the fluid. In case of an explosion very close to boundaries, this DD cannot be
applied. The main features of the methods involved in the DD are briefly described next.

’1D’ compressible solver for multi-phase flows Assuming radial symmetry, the problem (in general governed by the
later equation (3)) can be studied as one-dimensional in the r direction with formal Euler equation

oU OF
— 1
5 T oy S, (1

with U = [p, pu, E|T, F = [pu, pu?, (E + p)u]T and S = 2[pu/r, pu®/r,u(E + p)/r]T. Here u is the radial velocity, p
the pressure and E the total energy p(e+u?/2). For the closure of the problem we need an equation of state (EOS) for the
specific internal energy e. Here this is assumed of the form pe = f;(p)p+ g (p) , with the functions f; and g, depending
on the fluid properties. In particular, the JonesWilkinsLee EOS is used for the gas (Dobratz and Crawford 1985) and an
isentropic Tait relation for the water (Cole 1948), i.e.

fo=1/w 99 = [—A,(1— ng/(RIPO.q))e_Rlpog/p - Bg(l - ng/(R2P09))6_R2p0g/pg]/w 2)
Jo=1/% Gu = (Bw — Aw)Yw/(Yw — 1)

Here the subscripts g and w stand for gas and water, respectively, po, is the initial gas density, y,, is the ratio of specific
heats for water and the other parameters are given later. The problem is solved in time with a first order scheme using
the HLL approximate Riemann solver (Toro 1999) to estimate the fluxes F' in each fluid and enforcing a two-shock
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approximation to the Riemann problem at the interface as proposed by Liu ef al. (2003). The latter provides an exact
solution when a shock wave is reflected and is reliable for gas-gas or gas-water flow. The related equation system is
nonlinear and is solved iteratively with a Newton-Raphson method giving u;, p;, pF and pf, respectively, the radial
velocity and pressure at the interface and the left and right density. To avoid possible instability of the solution, the
left and right densities are corrected by enforcing an isobaric condition across the interface. This interface algorithm is
inserted into a ghost fluid method (Liu et al. 2003) providing the conditions across the interface to each fluid. In particular,
say that the interface is between node i and i+1 of the computational grid and that we need to solve for the fluid on the
left. Here we consider that for nodes > i the density, velocity and pressure are, respectively, pL , u; and p;, and the other
needed quantities are obtained subsequently. Similarly is done for the fluid on the right. At this stage the fluxes F' can be
calculated in each fluid and the problem can be stepped forward in time. The location of the interface is updated using the
velocity u;. The solver has been satisfactorily verified against several numerical solutions, for fully 1D problems (in this
case S = 0 in equation (1)) and problems with radial symmetry.

3D compressible multi-phase solver In 3D, the compressible inviscid flow is represented by the equation

oU OF, OF, OF.
- -

ot + Ox Oy 9z 0, )

with U = [p, pu, pv, pw, E|*, Fyy = [pu, pu® + p, puv, puw, (E + p)ul™, Fyy = [pv, puv, pv* + p, pvw, (E + p)u]”,
F. = [pw, puw, pwv, pw? + p, (E + p)u]’. Here u, v, w are the velocity components. As in *1D’, these equations are
completed by the equations of state described in the previous paragraph. The equations are integrated with a 3¢ order
Runge-Kutta scheme in time and they are discretized with a 2"¢ order finite differences scheme in space. A level set
function ¢ is used to represent implicitly the interface between the two fluids and it is advected in time using the equation

o¢

at+VZ-V¢—O 4
where V/; is the interface velocity calculated as in Liu ef al. (2003). To make the solution efficient in time, an adaptive
mesh refinement is used according to MacNeice ef al. (2000). The grid is halved either close to the interface between the
two fluids or in proximity of high gradients of the fluid variables U. An example of mesh refinement is shown in figure
1, at the starting time of the explosion, close to the interface, the grid size is extremely refined. The refinement grades to
a coarse mesh far from the interesting region.

Figure 1: Example of adaptive mesh refinement close to the gas-water interface.

Fluid-structure interaction problem To estimate the local effects on the bottom of a vessel, as first attempt this has
been modelled as an infinitely extended orthotropic plate, see e.g. Faltinsen (1999). The stresses and strains will be
first evaluated using a quasi-static approach, then the structural and hydrodynamic problems will be coupled to assess
excitation of hydroelasticity.

Preliminary results
The underwater explosion documented by Smith (1999) has been used as a test case to develop and assess the DD ap-

proach. The initial radius of the gas cavity is 79 = 0.16 m and the parameters for the EOS of the fluids, using SI system,
are: po, = 1630.0, po, = 8.381 - 109, A, = 3.712 - 10", B, = 3.23 - 10%, Ry = 4.15, Ry = 0.95, w = 0.30,

Page 50/ 236



pPow = 1025.0, poyy = 1.0 - 106, A, = 1.0- 10%, B,, = 3.31FE8 and Yw = 7.5. First the problem has been studied fully
by the 1D’ solver within the radial-symmetry assumption. A convergence analysis has been performed using a compu-
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Figure 2: *1D’ solution in the radial direction for the studied underwater explosion: pressure distributions at different
time instants. The empty circles indicate the instantaneous radial location of the interface. The triangles are the numerical
results by Smith (1999). For sake of clarity, in the left plot only the Smith’s solutions at 25, 96 and 257 us, are shown.

tational domain long 10 m and a uniform discretization Ar. The order of accuracy OA (Colicchio 2004) was adopted
as measure, which involves the time integral of the selected variable calculated with three discretizations and should be
one for a solver accurate to the first order. In our case, using Ar = 0.00125 m, 1.5Ar ant 2.25Ar and studying the
evolution up to 0.05 s, at a location r ~ 44ry, O A was found 1.45, 1.44, 1.32 and 1.56, respectively for u, p, p and E. At
the interface, where very complicated phenomena occur, O A is more limited and was found 0.39, 0.80 and 1.10, for the
position of the interface, r;, and for u; and p;, respectively. The evolution for the finest grid is shown in figure 2 in terms
of pressure distribution and interface location at different time instants during the initial shock-wave phase. This stage
involves a cavity expansion and is typically associated with a release of more than 50% of the energy from the explosion
(Keil 1961). In this example, at first (left) a primary shock wave is caused by the detonation and moves rightwards while
an expansion wave moves toward the bubble center and is later reflected from it leading to a low pressure at the core of the
cavity. Later on the inner pressure rises and moves as a shock wave towards the interface. There, it is partially reflected
and partially transmitted into the liquid phase (center). As a consequence of these repeated reflections, the intensity of the
involved shock waves is reduced bringing toward an incompressible behavior (right). The described results fit well those
by Smith (1999), based on an arbitrary Lagrangian-Eulerian version of the advective upstream-splitting shock-capturing
scheme, also given in the figure. On a longer time scale the cavity reaches a maximum radius of about 2.2 m (~ 13.8r)
at about 0.066 s, this is consistent with the values reported by Smith (1999). Then, within the gas-bubble phase, the cavity
starts to oscillate with smaller amplitudes as shown in the left of figure 3. Both pressure and velocity at the interface
(center and right plots) are highest at the beginning. When the bubble is compressed the pressure tends to a peak and the
velocity becomes negative, the magnitude of both of them decreases in time. According to studies by Keil (1961), most
of the remaining energy from the explosion is released during the first bubble pulsation.

300 |

300 |

ThE o8] CHES CF] T i) 10; ThE o8] CHES CF] T i) ThE o8] CHES CF] T i)
Figure 3: *1D’ solution in the radial direction for the studied underwater explosion: location (left), pressure (center) and
radial velocity (right) of the interface as a function of time. The results were obtained using a computational domain long

100 m, with constant Ar = 0.00125 m within 10 m and then stretching exponentially outwards.

The positive verification of the 1D’ solver represents the first step of the solution strategy. The 3D method has also
been built as compressible solver with one fluid and the exchange of information from the 1D’ domain with the evolving
cavity to the 3D domain with the compressible water is presently under assessment. This part of the research activity and
the further developments, including the possibility to have the gas-water interface in the 3D solver sub-domain and the
structural analysis, will be discussed at the workshop.
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1. INTRODUCTION

The prediction of the runup and free surface
elevation is of great interest for the offshore industry,
e.g. to determine the air gap. Air gap is the vertical
distance from the underside of the platform deck to
the wave crest. This clearance must be sufficient
that the wave does not strike the lower deck. At the
same time, it must also be minimized in order to
avoid raising the centre of gravity and exposed
vertical surface area of the platform, which may
affect the wind loading and will increase the wind
overturning moments.

An important influence on the determination of
air gap is the phenomenon known as near-trapping.
For a multi-column structure this has been shown
theoretically to occur at critical frequencies
dependent upon the geometry of the structure.
These phenomena can cause the local wave
elevations to be significantly greater than that of the
undisturbed incident wave. Considering arrays of
vertical bottom mounted circular columns, the
scattering of water waves by arrays of columns was
solved exactly by Linton and Evans (1990).
Subsequently Evans & Porter (1997) made a
detailed investigation of near-trapping by circular
arrays of vertical cylinders. Malenica et al. (1999)
extended the studies of near-trapping in an array to
the second-order and suggest that second-order
near-trapping occurs when the frequency of the
second-order components is equal to the frequency
of first-order near-trapping. However predicted by
theoretical study, the near-trapping phenomenon has
rarely been experimentally verified.

In the present study the diffraction of regular
waves by an array of four vertical cylinders is
investigated by a model test. The test was
undertaken in a wave basin at Dalian University of
Technology and designed to measure the free
surface elevation 7 at multiple locations close to the
body surface subjected to regular waves of the
steepness kA varies from 0.06 to 0.10, where £ is
the wave number, 4 is the incident wave amplitude.

Ohl et al. (2001) has carried out a similar
experiment and outstanding results are obtained
from the experiment. Due to model and facility
constraints the experiment was conducted for 6
frequencies in the range 0.449<ka<0.555, where a
is the cylinder radius. In the present test, a wider
range of frequencies 0.408<ka<1.966 were
employed and over this frequency range the
near-trapping phenomenon both at the first- and the
second-order can be investigated. As the
near-trapping phenomenon is sensitive to the
change in ka, tests were conducted for totally 30
frequencies and the frequencies are distributed
densely in the range where near-trapping
phenomena are theoretically predicted to occur.

First- and second-order terms of wave elevations
are computed from the measured time series. It can
be found that high localized wave elevations were
observed at both the first- and second-order. The
large increases in free surface elevations are found
to occur over a range of frequencies, close to the
near-trapping frequency. The results are then
compared with those obtained by QTFDUT, a
hydrodynamic analysis program developed in the
frame of potential flow theory. It’s found that the
potential flow theory can be effective at predicting
the first- and second-order qualities. At most
frequencies satisfying results can be obtained by
using the linear diffraction theory alone. However,
at some crucial frequencies, the magnitude of local
free surface is affected by significant nonlinear
interactions, and the second-order qualities make a
considerable contribution.

2. SET-UP OF THE EXPERIMENT

Test was undertaken in a wave basin at Dalian
University of Technology. The basin has a plan area
of 55m X 34m. The water depth for testing is 0.5m.
A wave generator with 70 computer controlled
individual paddles is arranged at the basin’s
upstream end. In the procedure of the experiment
these paddles generated unidirectional regular
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waves, with the wave crests parallel to the wave
paddles. At the downstream end of the basin, a
wave absorbing beach is arranged, which can
prevent significant reflection of wave energy. Along
the side walls wave absorbers are placed. To obtain
a sufficient long period for data acquisition without
spurious harmonics all these precautions are
necessary.

Fig.1 is a plan view of the model placement in
the basin. The four cylinders are arranged at the
corners of a square. The diameter of each cylinder
is 400mm and the gap between cylinders is one
diameter. The origin of the coordinate system is at
the center of the cylinders and on the undisturbed
free surface. The z-axis points vertically upwards,
the x-axis is in the direction of incident wave
propagation and the y-axis is parallel to the wave
paddles. Four wave gauges are placed in the
vicinity of the four cylinders as described in Fig.1.
All gauges are 18mm away from the cylinder
surface and the wave gauge positions are shown in
Table 1.

P .
3 Incident Waves

Fig.1 plan view of the model placement in the basin

Table.1 The wave gauge positions

Gauge x(mm) y(mm)
Gl 618.00 0.00
G2 -182.00 0.00
G3 554.15 154.15
G4 -245.85 154.15

Tests were conducted for 30 regular wave periods.

For each wave period, three waves with steepness
kA of 0.06, 0.08 and 0.10 were chosen. Minor
difference was found during the experiment
between the measured incident amplitude 4 and the
target value.

3. NUMERICAL PROGRAM

The hydrodynamic analysis program QTFDUT is
used to compare with the experimental results. This
program is developed in the frame of potential flow
theory and utilizes the higher order boundary
element method to solve the diffraction and
radiation problem. First- and second-order velocity

potentials can be computed for wave incident upon
fixed and floating bodies of arbitrary shape.

Prior to the present study, the program has been
used to investigate wave diffraction for various
geometries. Through comparisons with analytical
solutions, semi-analytical solutions and published
data, the validation of the program has been
rigorously verified. Teng et al. (2012) has verified
the program in a study, which considered the wave
interaction with fixed arrays of bottom mounted
cylinders. The second-order wave elevations
generated by QTFDUT agree remarkably well with
the Malenica et al’s (1999) semi-analytical
solutions.

4. SOME RESULTS OF THE EXPERIMENT

The results from the regular wave tests are
presented in this section. Firstly, the time history of
measured data is shown for two typical conditions.
From Fig.2 it can be observed that the measured
data is stable and reaches their intended height. It
also can be seen that the data used to be analyzed
contains more than 15 steady-state waves, is of
sufficient length to fully capture subtle features in
the test. At 7=0.68, the contribution from the
nonlinear quantities is insignificant which implies
that the results can be well predicted by linear wave
theory. At 7=1.36, nonlinear interactions have a
strong effect on the local free surface (7=5.742cm
and 7¥=6.627cm) and can’t be accurately predicted
by using linear wave theory alone. Band pass
filtering method is used to analyze the measured
data series and the measured data are decomposed
into the first- and the second-order quantities.

The results are then discussed with reference to
linear and second-order wave theory. The results for
the 4 gauge positions are presented in Figs. 3~4.
For each gauge position, amplitude versus test wave
period 7 is plotted. The validation of higher-order
diffraction theories has primarily conducted on
forces or moments which are integrated quantities.
In present study, more rigorous comparison is
carried out based on the free surface elevation.

7(cm)

A b M A o 2N w s o
- e

P S .
20 25 30 35 40

t(s)

(a) A=1.184cm, T=0.68s, k4=0.103
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(b) A=3.890cm, T=1.36s, k4=0.099

Fig. 2 Measured time history of the free surface elevation
at G1 for two conditions

Numerical Results
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Fig. 3 The first-order wave elevation at gauge positions

Fig.3 shows the numerical and experimental
first-order quantities. The plotted quantities are
non-dimensionalized with A. It can be seen that the
experimental results and theoretical results are in
good agreement. There is also little difference
between the results with different wave steepness.
Above observations indicate that the potential flow
theory can be effective at predicting the first-order
elevation. Then at G2 large increases in free surface
elevations occur over a narrow range of frequencies
can be observed. The behavior of the experimental
results in the range is close to the corresponding
behavior described by the numerical results. Which
implies that the near-trapping phenomenon indeed
exist in the practice. While the match between
experiment and theory is close, there are discernible
differences in the magnitude and wave period of the
maximum amplitude. The highest first-order
elevation 7"/4 is equal to 3.63 and occurs at
7=0.68s at G2. At the same time the corresponding
highest numerical value occurs at about 7=0.69s
and is greater than the maximum experimental
value. The reason for the shift of the period
corresponding to the maximum value needs further
investigation. It is also meaningful to note that the
magnitude of the diffracted first-order amplitude at
G2 never drops below that of the incident wave
amplitude.

Fig.4 shows the numerical and experimental
second-order quantities. The plotted quantities are
non-dimensionalized with k4°. It can be seen that
overall trends of the experimental results are similar
and all experimental results seem to correspond to
the numerical prediction in general. The highest
second order elevations 7”/kA” is equal to 14.90
and occurs at the gauge G2 when 7=1.36s. As wave
period approaching 1.36s, the magnitude increases
rapidly and the resonance like phenomenon occurs
over a broader range than that of the first-order.
Shift of the period corresponding to the maximum
value is also observed at the second-order. The
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geometry used in the present test is identical to the
case studied by Evans & Porter (1997) and
Malenica et al. (1999). Malenica et al. (1999) found
that near-trapping of the second-order wave occurs
when its frequency coincides with the linear
near-trapping frequency. In the present study, for
the first-order component high localized wave
elevations are observed at 7=0.68s and for the
second-order component the corresponding
phenomenon occurs at 7=1.36s. This finding
coincides with the conclusion of Malenica et al.
(1999).
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Fig. 4 The second-order wave elevation at gauge
positions

5. CONCLUSION

Though analyzing the results of a model test it is
found that the potential flow theory can be effective
at predicting both the first- and the second-order
qualities. The resonant like phenomena were
observed in the model test. When the important
phenomenon occurs at the second-order, significant
nonlinear interactions can be observed and it makes
a considerable contribution to the free surface
elevation.
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We present this paper, in memory of Professor Fritz Ursell, which contains an exercise following
his work on the generalization of steepest descent method in 1960, 1964 and 1968. The potential
flow generated by an impulsive point source at the free surface with surface tension is analyzed
and different asymptotic expressions have been obtained. They include a series expansion for small
time, asymptotic expansion for very large time and uniform asymptotic expansions including Airy
function and its derivative for intermediate and large time.

1 Introduction

The surface tension and fluid viscosity are neglected in the classical potential theory. Green function repre-
senting the velocity potential due to an impulsive disturbance presents a perplexing peculiarity - the surface
elevation in a region approaching to the disturbance is found to oscillate with indefinitely increasing ampli-
tude and indefinitely decreasing wavelength as pointed out in Lamb (1932), Ursell (1960), Clement (1998)
and Chen & Wu (2001). The investigation of Chen (2002) and Chen & Duan (2003) shows that the introduc-
tion of surface tension in the formulation of ship waves eliminates the singularity of ship waves in the region
near the track of the source point at the free surface. This stimulates our study on numerical evaluation of
time-domain capillary-gravity Green function.

We study the potential at the point P(x,y, 2) and time instant ¢', generated at the point Q(&,7,¢) and
time ¢ by a source of unit impulsive strength 6(¢). The time-domain capillary-gravity Green function is the
sum of an impulsive term and a memory part. The memory part is given by Wehausen & Laitone (1964,
eq.24.28) and expressed by a wavenumber integral :

G(Pt',Q,t) =2 / MO T (kR) y/gk + (T )P sinly/gh + (T] ) (¢ — )]dk (1)
0

where R = /(z — £)2 + (y —n)? is the horizontal distance between the two points P and Q, g is the
acceleration due to gravity, p water density and T surface tension on the air-water interface. Jo(-) is the
zeroth-order Bessel function of the first kind. If we use L as a reference length to write the non-dimensional

quantities as
7= ({t—t)\g/L; (c,;h)=(2+C R)/L; o=+/T/(pgL?)
the memory part G is written as
G(P,t,Q,t) =2/g/L3F(c,h,T) (2)

such that the Green function is written in its dimensionless form :
F(e,h,7) = /ekcJo(kh)w(k:) sinjw(k)7]dk  with w(k) = Vk + 02k3 (3)
0

If we take o = 0, the expression (3) keeps the same form as that of pure-gravity waves.

2 Contour integrals passing through the saddle points

By using the identity Jo(kh) = H{ (kh) + Hy (kh) with the Hankel function HE (kh) = Jo(kh) & iYo(kh)
in (3), we may decompose F' = F* + F~ with F* and F~ associated with H(T and H{ , respectively. At
large values of w(k)T and kh, the integrand of F'* and F~ is of highly oscillatory. The phase function in the
integrand of F'* is ¢ = w(k)7 + kh while that of F~ is )~ = w(k)T — kh, identified by using the asymptotic
expression of HE (kh) for large kh.

The phase function ™ = w(k)7 + kh does not present any saddle point for R{k} > 0. The integration
path along the real axis of k& for F'T can then be deformed to the path along the imaginary axis of k since
the arc integral linking both axis at infinity can be shown to be nil.

Following the work by Chen & Duan (2003) there are two saddle points k, and kr associated with the
phase function ¥~ = w(k)r — kh in the integrand of F'~ :

kg =1/(4v*) +O(c/v*) and kr = 40*/(90%) + O(c/v?) for v> /o (4)
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Figure 1: Integral contour for v > vy Figure 2: Integral contour for v < vy

where v = h/7 is the wave velocity. When v is of the same order as /o, the wavenumbers k, and kr become
close and in particular, k; = k7 = ko =~ 0.393/0 for v = vy ~ 1.086y/c. When v < vy, the wavenumbers kg
and kp are complex. At the limit v = 0, we have ky, = —i0.577/0 = —k7.

For v > vy, the double derivatives 9?1~ /0k*(k = k,) < 0 and 8%¢~ /0k?(k = kr) > 0 so that the steepest
paths through k = k, and k = kr should be those with increments Ak = |Ak|e™""/4 and Ak = |Ak|et™™/4
assuming |c¢| < 1, respectively. At very large k > kp, any path in the first quadrant is good although the
best is that with increment Ak = |Ak|et"™/3 for k — oo. Furthermore, the contribution from the end point
at k = 0 is taken account by an integration on a limited segment along the imaginary axis. The integration
paths are depicted on Figure 1 and Figure 2 for v > vy and v < vg, respectively. The Green function
computed along the paths defined above is used to compare the asymptotic expansions in the following.

3 Series expansions for small 7
By expanding the sine function and vk + 02k? for small 7 and o, we obtain

F(c,h,7) = /e’wJo(kh) Vk + o2k3 sin(rVk + 02k3)dk
0

oo m+1 m 2m+1 1) [ee]
Z Z (m + ) 0_2m+272n / ekCJO(kh)k3m+372ndk
== 2m+1 nl(m+1—mn)! 0

Using the identity (6.621) in Gradshteyn & Ryzhik (2007) :
/ " To(kh)E*™ 372 dk = (3m + 3 — 2n)! P30 (cos §) p~ (B F4=2n) 5)
0

where
r=+vh?>+c¢? and cosf = —c/r

we find that F(c, h,7) is expressed in the form

oo m+1

)T (m 4+ D)N(Bm 43— 2n)! 500 i
(e k1) 2m +1)! nl(m+1—n)! 7 Pymiz—an(cosf)r™ (6)

which can be used for small 7.

4 Expansions for very large 7

At very large time of 7, the behaviors of F(c, h,7) depend on the contributions of integration in the vicinity
of end points and saddle points. To estimate the contribution from the end points, we change the integral
variable k to w and rewrite F'(c, h,T) as

F(e,h,7)=2 /OogkcJo(kh)w2/(1 + 30%k%) sin(wr)dw  with ¢ =1~ /7 = w(k) — kv (7)
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in which the amplitude function of the integrand is expanded at w — 0 as
eFeJo(kh)w? /(1 + 302k?) = w? 4 cw* + (=302 — h? /44 2 /2)wb + O(w®) (8)
Introducing (8) into (7) and using the identity
(o)
/ w" sin(wr)dw = cos(nw/2)n! /7"t 9)
0
we have

F(c,h,T) = —4/7% + 48¢/7° + 5!(360° + 3h% — 6¢2) /77 + O(17?) (10)

The expression (10) representing the contribution from the end point at k& = 0 for very large 7 should be
added to the contributions from saddle points which are now developed below.

5 Uniform asymptotic expansions

For the large value of h and 7, the dominant contribution comes from the saddle points in the integrand of
F~(c,h,7) and we write (3) in the complex form :

00 wekc+7ri/4
V2rkh

To develop an uniform asymptotic expansion, we use the method of Chester, Friedman & Ursell (1957) and
define a cubic transform of the variable of integration k to u

F(e,h,7) = F~ = %{ e”‘P(k"”)dk} with  7p(k,v) = ¢~ (7,h, k) (11)
0

ip(k,v) = i(w — k) = —(u*/3 = v%u) + p (12)
it follows that )
oedmi/3
F(e,h,7) =S {eTp/ Go(u,v)eT(“3/372”)du} (13)
coe2mi/3
where .
Golu,v) = /(1 + 02k2)/(2rh) et/ 4 (dk /du) (14)
We then construct a Bleistein sequence to replace the integrand Go(u, v)
Go(u,v) = by + byu + (u* — v?)Hy(u,v) (15)

We obtain the uniform asymptotic expansions of F'(c, h,7) for large 7

Fle,h,7) ~ S {2mie [Ai(r/392)bo /7% + AT (723921 /7] | (16)
where
p = i(p(kr,v) + ¢(kg,v))/2 (17)
exp(7i/2){[(kg,v) — p(kr,v)]3/4}/3 for v > vy
7y=10 for v=uwg (18)
exp(mi){S[p(kr,v) — p(ky,v)]3/4}/3  for v < vy
and
by — e"”'/4/\/87rh (, /14 02k2eksc (dk/du)|u:1,; + 1+ 02kFebre (dk/du)lu:'y) for v # wo (19)
e N 2mhn /T + 02KZ (2/ 114 1. (Ko, v)) / for v=uwg
b — e/t | (y\/8h) (\/1 + o2k2.ekre (dk/du)|,—, —/1+ o2k2ekoc (dk/du)|u:77) for v # v (20)
0 for v=uy
with
dk B e’”/2\/2|'y/gogk(kgj,v)\ for v > v (21)
du u=TFv o e_i[ﬂ—iarg(i/soxk (kTﬂ)))]/Q \/2 |P)//Spgk;<kg,T’ ’U)‘ for v < UO

The resulting expansion (16) is uniformly valid for a large zone |v — vg| < M, independent of 7 and more
details can be found in Dai and Chen (2012). The pure gravity waves on finite depth due to an impulse have
the similar situation and studied in Clarisse et al. (1995).
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Figure 3: Comparison of asymptotic expansions with contour integrals for (¢, h) = (—0.01,0.5)

6 Summary and conclusions

Based on the above study, F'(c, h,T) can be evaluated by the contour integration along the steepest descent
paths passing through the saddle points. The results by contour integrals are useful to check the asymptotic
expansions. An example of numerical results for 7 varying from 0 to 12 at (¢, h)=(—0.01,0.5) is depicted on
Figure 3. The results of contour integral are represented by solid lines while those of the uniform asymptotic
expansions (16) by the symbol of empty circles. The results of series expansions (6) are depicted by the
symbol of empty triangles and those of (10) by the symbol of empty squares. For small and moderate
values of 7, the series expansion (6) gives excellent results. For large values of 7 the asymptotic expansions
(10) representing the contribution from the end point at & = 0 and the uniform asymptotic expansion (16)
corresponding to the contribution of saddles points at k = k, and k = k7 are very good as well. Finally, at
very large values of 7, the uniform asymptotic expansion (16) is of exponentially small O(e~7171°2/3) so that
asymptotic expansions (10) becomes dominant theoretically but the absolute value remains very small.

References

[1] Lamb H. Hydrodynamics, 6th Ed. Dover Publications, New York, 1932.

[2] Ursell F. (1960) On Kelvin’s ship-wave pattern. J. Fluid Mech. 8, 418-31.

[3] Ursell F. (1964) The decay of the free motion of a floating body. J. Fluid Mech. 19, 305-19.
[4]

4] Ursell F. (1968) The expansion of water-wave potentials at great distances. Proc. Cambridge Philos.

Soc. 64, 811-26.

[5] Clement A. H. (1998) An ordinary differential equation for the Green function of time domain free
surface hydrodynamics. J. Eng. Math. 33(2), 201-17.

[6] Chen X.B. & Wu G.X. (2001) On singular and highly oscillatory properties of the Green function for
ship waves. J. Fluid Mech. 445, 77-91.

[7] Chen X.B. (2002) Role of surface tension in modeling ship waves. Proc. 17th Int. Workshop on Water
Waves and Floating Bodies. Cambridge (UK).

[8] Chen X.B. & Duan W.Y. (2003) Capillary-gravity waves due to an impulsive disturbance. Proc. 18th.
Int. Workshop on Water Waves and Floating Bodies. Le Croisic (France).

[9] Wehausen J.V. & Laitone E.V. (1960) Surface waves. Handbuch des Physik pringer-Verlag.

[10] Gradshteyn I. S. & Ryzhik I. M. (2007) Table of integrals, series, and products. Seventh edition. Aca-
demic Press.

[11] Chester C., Friedman B. & Ursell F. (1957) An extension of the method of steepest descents, Proc.
Cambridge Philos. Soc.53, 599-611.

[12] Dai Y.Z. & Chen X.B. (2012) Uniform asymptotic expansion of Capillary Gravity Waves. Proc. MMM:-
XIII Conference, Shanghai (China).

[13] Clarisse J.M., Newman J.N. & Ursell F. (1995) Integrals with a large parameter: water waves on finite
depth due to an impulse. Proc. R. Soc. Lond. A, 450, 67-87.

Page 60/ 236



The Limits of Applicability of Shallow-Water Wave Theory

Lawrence J. Doctors
The University of New South Wales, Sydney, NSW 2052, Australia
Email: L.Doctors@UNSW.edu.au

Summary

The shallow-water wave theory of Tuck (1966) provides a remarkably simple set of formulas for the
sinkage, trim, and wave resistance of a slender vessel traveling at a steady speed. Tuck (1967) later
extended this work to include the case of a channel of finite width. In the current study, we compare
these predictions of Tuck with the exact finite-channel-width finite-water-depth linearized theory based
on the disturbance of the free surface, as detailed by Doctors (2008). It is shown that the shallow-water
theory provides a good approximation for all three abovementioned quantities at speeds up to those
corresponding to a depth Froude number of about 0.6. However, the shallow-water theory always
provides underpredictions, compared to both the exact theory and with experiments in a towing tank.

1 Introduction

We consider the problem of a ship with length L,
beam B, and draft 7', advancing with a steady
speed U in water of finite depth d in a channel
of width w. Principal matters of interest are the
sinkage s, trim ¢, and resistance R of the vessel.
Of particular concern is whether the vessel will
“ground” or contact the bottom in very shallow
channels. Thus, it is useful to compute the keel
clearance ¢, when the vessel is underway. Details
of this geometry are shown in Figure 1(a).

Michell (1898) was the first to analyze the hydro-
dynamics of a ship, although his work was limited
to the case of water of infinite depth and with
infinite lateral extent. His essential assumption
regarding the physics is that the vessel should
be “thin”; that is, B/L is to be small. Many
comparisons of the theory with experiments in a
towing tank confirm that the predictions possess
engineering validity for vessels with B/L < 0.25.

Regarding wave resistance, this theory has since
been extended to include the case of a channel
with a finite width, by Sretensky (1936). Finite
water depth was considered by Lunde (1951).

If one is concerned with sinkage and trim, then
it is necessary to also compute the rather more
complicated near-field integrals, as described by
Doctors (2008). Thus, it is of interest to compare
the efficacy of the simpler shallow-water theory
with that of the complete finite-depth theory.

2 Finite-Water-Depth Wave Theory

A summary of the inviscid linearized theory
predicting near-field disturbance created by a
steadily advancing ship was provided by Doctors
(2008). The wave elevation is given by:

17 & .
C(z,y) = ﬁ/deZEAky k2 exp(ikyx)
0

i=0
-cos(kyy) - U —1V)/f

. 00 ’
- Z € Aky kk, exp(ikgx)
Tizo
o df
-cos(kyy) - (U — 1V)/@ , (1)
where the dispersion relationship and its deriva-
tive are

f = k*— kkotanh(kd) — k] , (2)
% = 2k — ko tanh(kd) — kkodsech?(kd), (3)
and the fundamental circular wave number is

ko = g/U>. (4)

Here, g is the acceleration due to gravity, k. is
the longitudinal wavenumber, £, is the transverse
wavenumber and k is the circular wavenumber.
Finally, the finite-depth wave functions in Equa-
tion (1) are given by the formulas

Pt + exp(—2kd) P~

u = 1+ exp(—2kd) (5)

QF + exp(—2kd)Q~
1+ exp(—2kd)

v
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Figure 2: Three Theories for Sinkage

in which the Michell (1898) deep-water monohull
functions depend on the local beam b(x, z):

PE4iQ* = /b(:):,z) exp(ikzx £ kz)dS. (7)

So

3 Shallow-Water Wave Theory

The approach here is to assume that the water-
depth is sufficiently small, so that the Laplace
(field) equation,

¢:cz + ¢yy + ¢zz =0 ; (8>
can be replaced by the simpler
(1= ED)¢ue + by = 0, (9)

where the depth Froude number is

Fy = U/\gd. (10)

Standard Wigley hull

Figure 1: Definition of Problem
(b) Wireframe View

Tuck (1967) showed, by applying the z-wise
Fourier transforms to Equation (9), that the wave
elevation could be expressed as

o0

2
v / exp (ikx)|k|

47rgd\/1—Fd2 e
~ 1
3(k) coth <2w|k|,/1 —F3> dk, (1)

where the Fourier transform of the sectional-area
curve is

<<$7 0) - =

S(k) = / S(x)exp (—ikz)de.  (12)
L

The pressure at the local section is directly re-
lated to the wave elevation, so that one can com-
pute the relevant contributions to the longitudi-
nal x force, the vertical z force, and the moment
about the transverse y axis. The resistance, sink-
age, and trim directly follow.

4 Sinkage

The subject of the experiments was a “sim-
ple” model possessing parabolic sections and
parabolic waterlines, as suggested by Wigley
(1934). The model is shown in Figure 1(b).

Figure 2 is a comparison of the theoretical dimen-
sionless sinkage s/L for this model, plotted as a
function of the depth Froude number Fy. Curve 2
through Curve 5 represent the finite-width pre-
dictions, based on Equation (11). It is seen that
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Figure 4: Trim
(a) d/L=0.1

the theory approaches the expected limit of the
hydraulic theory (Curve 1) for a narrow channel
w/L = 0.5. Similarly, the desired limit of the
wide-channel theory (Curve 6) of Tuck (1966) is
closely achieved for the case of w/L = 4.

A comparison of the predicted and experimen-
tal sinkage is presented in Figure 3(a) for a
relatively low depth-to-length ratio d/L = 0.1.
Finite-width shallow-water theory represents an
improvement over the wide-shallow-water theory.

Both theories are a good indication of the sink-
age. Nevertheless, the more traditional finite-
width finite-depth (exact theory) is better still.
The case of deeper water, namely d/L = 0.25, in
Figure 3(b) shows that the shallow-water concept
is much less valid in this case.
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5 Trim

The trim is depicted in the two parts of Figure 4
for the same two water depths. The shallower
case in Figure 4(a) is particularly interesting,
because both shallow-water theories indicate no
trim, for these subcritical speeds, for this vessel
with fore-aft symmetry.

This is indeed reasonably true in practice, at least
up to Fy =~ 0.8. The exact theory does provide
a positive trim at higher speeds, in keeping with
observation.

At the greater depth of d/L = 0.25 in Fig-
ure 4(b), the trim is certainly nonzero for F,; >
0.7; the exact theory provides a good prediction
for values of Fy up to about 0.9.

Page 63 /236



160

%10-3 Curve Data w/L = 2367
14040 ©o o o Exp 1 d/L = 0.1
0O 0 O O Exp 6|fr = 1.2
N Wide
£100-{ 7777770 Finite w
X —_— Exact
R 80 | ship = Wigley
60 L = 15 m
B/L = 0.1
40 T/L = 00625
20 —
Y T
0 0.2

Figure 5: Total Resistance
(a) d/L=0.1

6 Resistance

Finally, the resistance for the lesser of the two wa-
ter depths is shown in Figure 5(a). Curiously, the
shallow-water theory predicts no wave resistance,
so the only contribution to the total resistance
Rr is through the frictional resistance, which was
computed using the 1957 International Towing
Tank Committee (ITTC) formulation, together
with a frictional form factor fr = 1.2.

The resistance is rendered dimensionless by the
vessel weight W. The exact formulation provides
a nonzero wave resistance in Figure 5(a). For the
greater depth in Figure 5(b), the “exact” theory
gives a good indication of the total resistance at
speeds corresponding to almost Fy = 0.9.

7 Concluding Comments

The lowest depth corresponded to a depth-to-
draft ratio d/T of 1.6. It would be instructive to
conduct experiments at lower depths, where the
shallow-water theory will be more applicable.

This study has been confined to the subcritical-
speeds. The nature of the theoretical formula-
tions is substantially different for the supercriti-
cal case — another fruitful area of research.

The tests were performed in the Towing Tank at
the Australian Maritime College (AMC) under
the supervision of Mr Gregor Macfarlane.
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In the past years there has been much research work on ”cloaking”, whereby some object is made ”invisible”.
From electromagnetics the topic has been extended to other fields such as acoustics, structural mechanics and,
more recently, hydrodynamics. In the water wave context, ”invisibility” means that the diffracted wave field
is nil in the far-field at all azimuthal angles. This can usually be achieved only at one wave frequency. At the
26th IWWWFB Porter (2011) presented an application to the case of a vertical cylinder, rendered invisible by a
local modification of the bathymetry in an otherwise constant depth ocean. This case was further investigated
by Newman (2012).

In this paper we report a similar study, where a vertical dihedral, at the end of the ECM wavetank, is at-
tempted to be rendered invisible.

Experimental set-up

Our wave flume is about 15 m long and 65 cm wide. In the reported experiments the waterdepth was set at
40 cm. The beach at the end of the tank was removed and a rigid vertical plate was installed, from wall to
wall, at an angle of 60 degrees, thereby achieving a dihedral. In this configuration a first series of regular wave
tests was run, with wave number k& mainly in the range 7 /b through 27 /b (b being the tank width), meaning
the reflected wave system, in the far-field, consists of two modes: the inline mode and the first sloshing (plus
progressive) mode. The two components were separated by an array of 5 wave gauges over the width of the
tank, set at different inline positions (the same experimental case being run as many times as different positions
were used).

In a second stage an ”invisibility carpet”, consisting in 18 vertical poles, with trapezoidal cross-sections, was
set in front of the dihedral. The same regular wave tests were run, and the reflected inline and sloshing modes
were separated from the wave gauge measurements. Successful ”invisibility” implies that the sloshing modes
vanish and only the inline reflected mode remains.

Numerical determination of the reflected wave system

The problem was formulated within the frame of linearized potential flow theory, and solved numerically
with the COMSOL Multiphysics software. In the dihedral alone case (without the ”invisibility carpet”) a
semi-analytical method, described below, was also used to validate COMSOL’s results.

Due to the wall-sided geometry the linearized velocity potential writes

B . Arg coshk(z+h) ot
B t) =R {-i 2L R o) e )

where Aj is the amplitude of the incoming waves, h the waterdepth, w the frequency and k the wave number.
The reduced potential ¢ satisfies the Helmholtz equation Ag + k% ¢ = 0 in the fluid domain, no-flow conditions
at the solid walls and appropriate ingoing and outgoing conditions at x — oo.

Dihedral alone
Figure 1 shows the geometry at the end of the tank. It consists in two overlapping rectangular sub-domains:
— the angular sector 0 < R <2d; 0 <6 < x/3 (inside the green contour in figure 1).
~ the semi-infinite strip d < 2 < 00 ; 0 <y < b with d = b+/3/3 (inside the red contour).
Within the first sub-domain the reduced potential ¢ takes the general form:

kel J3m(kR)
R,0) = A, ————=~ 3mb 2
¢1(R,0) mZ::O Tom (25d) cos 3m (2)
with J3,, the Bessel function of the first kind.
Within the second sub-domain it can be written as:
o0
@2(1” y) =e 1hT + Z B, cos Ay e m (2=d) (3)

n=0
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Figure 1: Sub-domains 1 and 2 and control points.

where A, =n7/b and

anp =—1 VkZ—=XA2 for n < N

N5 being the largest integer n such that A, < k.

The unknown coefficients A,, and B,, can be determined by enforcing that the two expressions coincide in the
common region. To this end the series are truncated at orders M and N, Nyt (with Nyt > M + N +2) control
points (shown as blue square symbols) are distributed over the common region, and the following quantity

an =/ A2 — k2 for n> Ny

(4)

2.5

coefficients Bo, B
o

Npt
2
B = Z)‘Pl(%”yi) — p2(@i, ys) (5)
i=1
is minimized.
- T T T T - T T T
— Bo semi-analytical
3.5 - Bi1 semi-analytical
= Bo FEM
3T * Bi FEM i

1.5+ -
1 = a2
0.5+ -
0 i . — i X i i :
0.6 0.8 1.2 1.4 1.6 1.8 2 2.2 2.4
kb/m

Figure 2: Coefficients |By| and |By| vs kb/m.

Figure 2 shows the moduli of the non-dimensional amplitudes By, B; of the propagating modes for 0.5 <
kb/m < 2.3, as obtained semi-analytically with this method and as obtained numerically with the Finite Ele-
ment Method of COMSOL. The agreement is excellent.
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Invisibility carpet

The trapezoidal end part of the wave-flume is covered with vertical poles of prismatic cross-sections, as shown
in figure 4. The void fraction is close to 50 %, and the ”carpet” extends 1.5 m from the end point of the tank.
These choices are somewhat arbitrary. Keeping constant the void fraction and extension of the carpet, the
number of inclusions in the inline and transverse directions are varied in COMSOL computations.

An efficiency function is defined from the quantity

2

F= Z/Ob ‘«p(xn,y) —o(wn,y)| dy (6)

where a number of reference abscissas x,, are taken, from the edge of the carpet toward the wavemaker. When
there is no carpet F' takes the value Fy. The efficiency is then defined as F/Fy. An efficiency equal to zero
means that the dihedral has been made ”invisible”.

1.5 --- 72 inclusions, (nx=12:ny=6)
--- 72 inclusions, (nx=24:ny=3)
i J— “, --- 6 inclusions, (nx=3:ny=2)
. N |- 18inclusions. (nx=6:ny=3) 2

0.5 |

0.8 1 1.2 1.4 1.6 1.8 2 2.2 2.4 2.6
kb/mn

Figure 3: Efficiency function F/Fy, for different numbers of inclusions.

Figure 3 shows the obtained efficiencies for 4 different arrangements, and for kb/m in the range 0.8 to 2.2.
It is somewhat puzzling that the most efficient carpet, in the range 1.4 < kb/7 < 2.2, is the carpet with the
intermediate number of inclusions (18). This is the carpet that was modeled experimentally. A photograph is
shown in figure 4.

HIT
\ e A7

o
o 2 g

Ikb/n=0.635 kb/n=1.041 kb/n=1.6075

uu

NHABTAY
&
v

Figure 4: Photograph of the invisibility carpet (left). Calculated wave patterns in the end part of the tank for
3 kb values (right).

Figure 4 (right) shows calculated patterns of the free surface elevation, with and without the invisibility car-
pet, for 3 values of kb/m. The first value (kb/m = 0.635) is below the cut-off frequency, so the wave pattern is
unidirectional in both cases.
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Results for the non-dimensional amplitudes By and Bj, from COMSOL computations, for the 18 inclusions
arrangement, are shown in figure 5, and compared with the dihedral alone case. With the carpet the inline
coefficient By takes values very close to 1 all over the kb range, while the By coefficient is strongly decreased.

3 T T T T T T T T i
— Bo FEM dihedral
2.5 —— B:1 FEM dihedral
-=== Bo FEM carpet
- ---- Bi FEM carpet
@
=)
a 1.5
1L 1
0.5+ -
0 I

Figure 5: Results from COMSOL computations: By and By without (full lines) and with (dashed lines) the
carpet.

3 T T T T T T T I
— Bo dihedral
2.5 1 dihedral
---- Bo carpet
-=== B1 carpet
9L 3 : il
@
=]
] 1.5
1L e o
0.5+ -
0 - e N L
0.8 1 1.2 1.4 1.6 1.8 2 2.2 2.4
kb/nr

Figure 6: Results from experiments: By and By without (full lines) and with (dashed lines) the carpet.

Finally figure 6 shows the experimental By and Bj coeflicients, as derived from the wave gauges measure-
ments. The agreement with the results in figure 5 is fair in the dihedral alone case. In the carpet case it is only
qualitative. In particular the experimental By coefficient, in the low kb range, is much lower than 1, suggesting
that appreciable energy dissipation takes place in the carpet, most likely through viscous effects. Another reason
for discrepancies might be that at low kb values, the wave flume being only about 15 m long, with no active
absorption mechanism, the steady state window is rather short.

Acknowledgement
SG wishes to thank ERC for supporting this work.

References

PORTER R. 2011 Cloaking of a cylinder in waves, in Proc. 26th Int. Workshop Water Waves € Floating Bodies,
Athens.

NEWMAN J.N. 2012 Scattering by a cylinder with variable bathymetry, in Proc. 27th Int. Workshop Water
Waves € Floating Bodies, Copenhagen.

Page 68 /236



Capture width for arrays of wave energy converters
F.J.M. Farley

Energy and Climate Change Division, University of Southampton, Highfield, Southampton SO17 1BJ

In this paper I use the ~optical theorem for wave power” to calculate the capture width for arrays of
wave energy converters. The optical theorem (in analogy with the optical theorem in atomic physics [1])
relates the capture width (CW) for a wave energy converter (WEC) to the polar diagram f(0) of the total
wave generated by the device due to its unmoving presence in the sea together with its motions and the
forces it exerts,

[Rf(0)?
JZ1£(8)[7d®

Here f(0) gives the complex amplitude of the wave generated by the device as a function of the angle
0 relative to the propagation direction of the incident waves, (the forward direction). Equation (1) has
been derived independently by many authors and reviewed recently by Farley [2] with references to
previous work. In [2] it is established that the relevant angular distribution f(8) is for the total wave
generated by the device and the forward amplitude f(0) is required in the numerator of (1) rather than
the backward amplitude f(m). (Not to be confused with the backward amplitude f(7) required in the
theorem of Newman [3] using waves from the device motions alone omitting the waves generated by the
device’s unmoving presence). The formula gives the capture width in the best case, when the motions of
the WEC have been optimised in amplitude and phase.

CW =»A (1)

It was pointed out in [2] that equation (1) can be applied not only to a single machine but also to
calculate the capture by any combination of reasonably localised WEC’s in any pattern or array. One
only needs to compute the overall polar diagram f(6) and then apply (1).

In an array of identical WECs there are two effects to be considered:

a) The wave generated by each WEC propagates to the neighbouring WECs and adds to the incident
wave. This is important if the array is closely packed. For an array of heaving point absorbers Mei [4]
shows that the radiation damping is increased and the resonance is broadened.

b) At a distance the waves generated by each WEC combine to give the overall polar diagram f(0)
which determines the capture width. If the array spacing is large compared with the size of the individual
elements this is the main effect and the direct interactions (a) can be neglected, as argued for example by
Garnaud and Mei [5] who consider a long linear array parallel to the direction of wave propagation.

Here I assume that the components of the array are widely spaced so the modification of the incident
wave by radiation from neighbouring elements can be neglected. All effects on the capture width arise
from (b). In computing the overall angular distribution the polar diagram of each element should be
included. The frequency response of the array will be just the same as the frequency response of the
individual elements with no broadening. If all the elements are close together the polar diagram will be
the same as that of a single element and the capture width
will be unchanged. As the components are moved further
apart the polar diagram changes and the capture width rises.

r a
Array theory _Dwaves /
: : AR : :

Consider an array which is symmetric about a central point 0 X
O and compute f(0) as from this origin. The incident
monochromatic waves propagate in the direction OX and 6
is the angle of the generated wave relative to OX. The wave
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generated by a WEC element at point P, distance » from O at angle W, has a relative phase advance
O =kr{cos(y—0)—cos(W)} =2k rsin(y—06/2). sin(6/2) (2)

As the array is symmetric about O, imaginary parts of the generated waves will cancel. The overall
amplitude at angle 0 is given by the sum over the array of

f(8) =Z cos(9) 3)

For an array symmetric about O the overall phase will be the same as that from a WEC element at O. In
the forward direction with 8 = 0, ¢ = O for all elements, so their contributions all add up.

Linear arrays

Results for heaving buoys in a linear array perpendicular to the wave direction, buoy spacing d, are
shown in figure 1 for a line of 11 boys and a line of 41 buoys. The CW rises to a peak when kd = 4.8
followed by a steep drop when buoy spacing is one wavelength !! The best result gives a factor 2.25
improvement over the simple sum for 41 buoys, a factor 2.35 for 11 buoys. For larger array spacings,
the CW continues to be periodic but is generally smaller . The average improvement factor is close to 41
for 41 buoys, close to 11 for 11 buoys, as one might naively expect. With a wide spectrum sea the result
will be some average over adjoining values of kd. In 1976 Budal [6] computed the energy balance in the
far field for a line of 10 buoys and obtained a graph similar to figure 1. Mclver [7] found essentially the
same for a line of 5 buoys.

Two parallel lines of buoys, both parallel to the wave crests, have been recommended. The same
calculation gives a poor result if the line spacing is one or two wavelengths. Optimum line spacing is
about 0.75 A which gives figure 2 with an improvement factor 188 for 82 buoys, a ratio of 2.29 per buoy.
Comparing with figure 1, it seems that a single line is very nearly as good.

The result for a linear array oriented parallel to the wave direction is given in figure 3, again for
lines of 11 and 41 buoys. In this case there are pronounced minima when the buoy spacing is some
multiple of A/2, but on the whole the CW increases as the buoy spacing is increased. However the best
results are disappointing: the improvement factors over the same number of independent buoys is only
0.7 for 11 buoys and 0.55 for 41 buoys.

Circular arrays

The polar diagram for a circular disc-shaped array can be obtained in the same way, (but in this case
neglecting the hydrodynamic modifications of the incident wave [4]). The improvement ratio for a
ring of 6 buoys with another at the centre, was caculated as a function of ring diameter. For very small
diameters the ratio is 1, so the capture width is the same as that of a single buoy. The ratio rises to a
maximum of 7.2 when the radius is 1.64 A, hardly better than 7 separate buoys. A disc is a collection of
rings, so will be no better. It seems that the compact arrays studied in [4] will have a broader resonance
because of the close interactions but the peak response will hardly justify the extra expense.

A paradox

The array captures more power because on average the radiation to the far field is reduced by destruc-
tive interference. The radiation damping of each buoy will be correspondingly reduced. To capture
more power each device must move more. Why should it do so when I have assumed that the incident
wave at each device is unmodified? This is a mystery. Theorem (1) is valid only if the device motions
have been optimised, which must imply less internal damping than for an isolated buoy. However less
damping implies a narrower resonance; so in a wide-spectrum sea the gains predicted by figures 1 etc
may prove illusionary.

Page 70/ 236



Conclusions

1) A line of WECs perpendicular to the wave direction is the best shape for the array.

2) Spacing should be of order 3/4 times the wavelength, a bit smaller for a wide spectrum sea; one
wavelength spacing is bad.

3) The total CW is then about a factor 2 more than for the individual elements deployed separately.

4) Two parallel broadside lines do not offer much improvement.
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INTRODUCTION

In the real ocean, density of sea water is actually
changing with the depth due to the variations in
salinity and temperature. The two-layer fluid system is
the simplest model to investigate the internal wave. In
this system there exists a density discontinuity at the
interface between the upper and the lower layers, and
the density is constant in each layer. The internal
waves will be generated on the interface such as
solitary wave and periodic wave. For internal solitary
wave, the wave length is much longer than the
characteristic length of structure. So the internal
solitary wave forces acting on ocean structures can be
simulated by Morison formula (Song, et al. 2011). For
the harmonic internal waves, the wave length is over a
wide range. The diffraction/radiation theory should be
adopted when the characteristic length of structure is
relative large.

The multipole expansion method is utilized by
Cadby and Linton (2000) to investigate wave radiation
on a submerged sphere. Ten and Kashiwagi (2004) and
Kashiwagi et al. (2006) developed a linearized 2-D
diffraction/radiation model, in which boundary
integral-equation method is implemented in
frequency-domain. In this model, the Green function
which satisfied the free surface and interface boundary
conditions is derived. Nguyen and Yeung (2011)
derived the unsteady 3-D sources for a two-layer fluid
of finite depth.

Teng and Gou(2009) and Gou et al. (2012)
developed a time-domain numerical method by
boundary element method to study the diffraction
problem in a two-layer fluid. In this numerical model,
the simple Rankine source is used, and the
complicated wave Green function is avoided to be
calculated. As the continued work, the wave radiation
problem in a two-layer fluid is simulated by this
time-domain method here. The forced oscillation of a
truncated cylinder in finite depth is considered.
Comparisons are made with an analytic solution
derived by Shi and You (2009), which the
eigenfunction expansion method is used. The
examination shows that the model gives very steady

results and has good agreement with the analytic
solution, and some significant results can be drawn.

NUMERICAL MODEL

A Cartesian coordinate system is defined with the
origin in the plane of the undisturbed free surface, and
the z-axis positive upwards. The densities of the fluids
in the upper and the lower layers are p, and p,,
respectively. Other notations are shown in Fig.1. The
fluid in each layer is assumed to be inviscid and
incompressible, and the flow irrotational. Furthermore,
the motions of the body are relatively small so that the
linear potential theory is applied.

Sk | X

h;

h2

Fig.1 Definition Sketch

The radiation velocity potentials ®® and @@ in the
fluid domain ©,; and Q, satisfy Laplace equation, and
the linearized boundary conditions are satisfied as
follows:

@ +gd", =0,  onz=0 @

CD(l)Z — Q(Z)Z, on z=-h, (2)

7(¢(l)tt + g¢(1)z) = ¢(2)tt + gdj(Z)z , 0N z=-hy )
ooV

ny 4

= i 4)

@(2)2 =0, on z=-h;-h, Q)

where y = p, / p,, V, is the velocity of the body.
In order to avoid the reflection of scatter waves, an
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artificial damping layer must be utilized to absorb the
scattered wave. For the two-layer fluid system, a
damping term is added to both the free surface and the
internal surface boundary conditions on the outer part.

on™ ™ .
= —v(r m=12 6
o o~ (Nn (6)
(m)
ait =—gn™ —v(n@™  m=1
5 (7)
§ =1-7)gn™ -v(r)p m=2
where
Q= 7@(1) _@(2) (8)
oza)ﬂz (r,<r<r,+pA4)
V(F) = A e 9)
0 (r<r)

Here, damping coefficient « and beach breadth
coefficient 3 are equal to 1.0.

The structure considered here is located in the upper
fluid. Applying the Green’s second identity to Green
function and radiation velocity potential ®® and ®®
in each layer respectively, we can obtain the integral
equations:

av? - [ G [[6, % s 6, 22 s

Sg S S

@
?QGﬁ%dH g@w%m H@m%ds (10)

S

op? oG
G ds = [ @@ =2ds — q@®
_[_I“ 2 on S J;.I[ an S— (11)

where

! ,g--1t_1 (12)
4zr  Anr,

Here, r is the distance between the field and the source
points, and r, is the distance between the field point
and the image of the source point about the sea bed.
The direct method is used to calculate the solid anglea
(Teng, et al, 2006). The computational field is divided
by second order isoparametric elements, and two sets
of linear equations are obtained after the discretization
to Egs.(10) and (11).

a; @, aj S, S
aq)(l)

3 8, Ay {(D(l)}SB =1Sn S» Sy { 6n} (13)
8y a; 85 5 o Sy S; Sy {(D(l)} %

on S 5

aq)(z)
[b]{ ~ } =[t]{e}, (14)
s,

Applying the interface conditions Eg.(2) and the
velocity potential function ¢ defined by Eq.(8), we can
get a single set of linear equations as follows:

i 1 ]l edY
a, 4, 6113+;513t1b {an .
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Sy S —Sa {‘P}s,

From the above equation, we can find that the velocity
potential & and @@ on the interface have no need to
be solved in the time matching procedure, and they
have been replaced by ¢. It makes the time matching
process easier. The 4™-order Runga-Kutta approach is
used, basing on boundary conditions Egs.(4), (6) and
(7). In order to avoid the initial effect a ramping
function is utilized.

1 7t
Z(l—cos(==)) t<T
R, () = 2" COS(Tm» =l (16)

1 t>T

where T is the wave period, and T,=2T in this
simulation. Then, all the time histories of wave
elevations on free and internal surface and wave forces
acting on the body can be calculated.
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NUMERICAL RESULTS

The forced oscillation of a truncated cylinder in a
two layer fluid of finite depth is considered. The
sketch is also shown in Fig.1l. The cylinder has a
radius of a=1.0m, and a draft of T =1.0m. The water
depths of the upper and the lower layers are h; =1.4m,
h,=0.6. The densities of the fluids in the upper and the
lower layers are p,=998.2kg/m® and p,=1027.2kg/m?,
respectively. That means y=0.972.

In this numerical method, both the free surface and
internal surface should be meshed. The radius of
computed field is about 3 in this case, and the length
of the damping layer 1.5 is included. Here, A is the
wave length relative to the internal wave mode. The
computational meshes on the body surface, the free
surface and the internal surface are shown in Fig.2

Fig.2 Mesh of the computational field.

Surge motion

The truncated cylinder is forced to oscillate in surge
direction by the function of &=Asinat. A is the
amplitude of the surge oscillation, and ® is the
oscillation angle frequency. So the velocity of the
truncated cylinder V,=Aw® coswt. When the unknown
velocity potentials over truncated cylinder surface are
obtained, the pressure can be derived from the
Bernoulli equation, the forces and moments acting on
the body can be calculated by integrating the pressure
over the mean body surface. In order to compare with
the analytical result derived by Shi and You (2009),
the radiation force of unit oscillation was divided into
added mass and damping coefficient. In order to
investigate the hydrodynamic forces in two-layer fluid
system, the results of single-layer is also shown.

Fig.3 and Fig.4 show the added mass and damping
coefficient of surge oscillation. It should be note that
there are two possible scatter waves with a prescribed
frequency in a two-layer fluid, which so called the
surface wave mode and internal wave mode. The

results presented here are the total action of both the
two modes. From the comparison with analytic results,
we can see that the present numerical model by
time-domain  method have good precision.
Furthermore, the results indicate that the results of
two-layer fluid are significant compared with the
results of single-layer in relative lower frequency
range. The interface elevation at t=9T is shown in
Fig.5. It can be seen that the wave profile is smooth
enough, and demonstrated the steady of this numerical
model.
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Fig.4 Damping coefficient of surge motion

Fig.5 The interface elevation at t=9T
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Pitch motion

The truncated cylinder is also forced to oscillate in
pitch direction by the function of o,=Asinat. Here, A
and o are the amplitude and angle frequency of the
pitch oscillation, respectively. The rotation center is
located on the origin center.

Fig.6 and Fig.7 show the added mass and damping
coefficient of pitch motion, respectively. Consistent
with previous conclusions, the numerical results have
good agreement with analytic solutions, and the results
are significant in the relative lower frequency range
compared with the sing-layer solutions.
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Fig.7 Damping coefficient of pitch motion

CONCLUSIONS

A boundary element method was developed to solve
the linearized wave radiation problem in a two-layer
fluid system. The simple Rankine source is used to
form the boundary integral equation in time-domain,
so the present method can be applied to study the
instant wave diffraction and radiation problem.
However, more computational cost is needed in this
method, because of both free and internal surface must
be meshed.

As an example of the computed results, the forced
oscillations of a truncated cylinder in surge and pitch
directions were considered, respectively. From the
comparison with the analytical solutions, it was
confirmed that the present numerical model can be
applied to investigate the wave radiation problem in a
two-layer fluid. By the comparison with single-layer
fluid, the results show the significant in relative lower
frequency range.
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1 Introduction

A careful modeling of the 2011 Tohoku-oki tsunami generation and coastal impact [2,3], using
the latest generation dispersive/non-hydrostatic models [6,7,10] shows that its devastating coastal
impact cannot be fully explained by a co-seismic source alone, even when assimilating all available
geodetic data [3,8,9]. Indeed, such tsunami simulations fail to reproduce the elevated tsunami
runup heights of up to 40 m along the (Sanriku) coast of northern Honshu, and the large amplitude
higher frequency dispersive waves (of 3-4 min. period) recorded at offshore buoys (both GPS and
DART).

Here, we identify and parameterize an additional source of generation of the higher-frequency
tsunami waves, in the form of a large rotational Submarine Mass Failure (SMF'), which we source
north of the main rupture, based on travel time of the higher frequency waves. Using the three-
dimensional (3D) (sigma-layer) non-hydrostatic model NHWAVE [7], we simulate tsunami genera-
tion triggered by a time and space dependent seafloor motion, due to the combination of: (i) a new
co-seismic source based on a detailed 3D Finite Element Modeling (FEM) of the heterogeneous
subduction zone, with geodetic data assimilation, that updates our earlier source [2,3]; and (ii)
the additional tsunami source from the SMF, triggered with a 2 time delay, whose kinematics is
specified based on earlier scaling and modeling work [4].

After 5 min. of simulations, tsunami waves are reinterpolated onto the nonlinear and disper-
sive model FUNWAVE two-dimensional grid, in Cartesian coordinates for near-field simulations
[10] and in spherical coordinates for far-field simulations [5]. Various levels of grid nesting are
used, both in near- and far-field, with bathymetric/topographic data of commensurate accuracy.
In results, briefly summarized below, we show that the multi-source tsunami simulation results
agree well with all the available near-field observations, both onshore (runup/inundation) and off-
shore (GPS and DART buoy data), as well as far-field observations (DART buoys), as far as South
America. It should be stressed that this good agreement is achieved without assimilating any of
the tsunami observations in the source (which most of the models proposed to date have done).
Hence, our simulations are robust.
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Figure 1: (a) Tohoku 2011 M9.1 earthquake seismotectonics (rupture is red polygon) and FEM
domain (“model domain”); large symbol is the epicenter; yellow dots show M > 4 aftershocks (11
March — 06 May 2011); the Pacific-Okhotsk plate convergence is about 8 cm/yr. (b) Computational
domains for FUNWAVE simulations: (i) near-field (regional 1000 m resolution, 800 by 1200 km,
and coastal 250 m, large/small red boxes) Cartesian grid (large one also for NHWAVE); and (ii)
far-field (Pacific basin scale) 2’ spherical grid from 132° E to 68° W and 60° S to 60° N), with
marked location of 18 DART buoys (yellow/red dots) and nearshore GPS buoys (white dots).

2 Methodology and results

Fig. 1 shows the seismotectonic context near and around the Japan trench relevant to the Tohoku-
Oki tsunami as well as computational grids used in NHWAVE and FUNWAVE simulations. The
co-seismic and SMF sources are first modeled for 300 s (5 min.) in a 1 km mesh regional grid, using
NHWAVE, as a time- and space- varying bottom boundary condition (Fig. 1). Results are then
re-interpolated into the fully nonlinear and dispersive Boussinesq model FUNWAVE for further
modeling. Bathymetry/topography data bases are used, from ETOPO1 in deep water to 50 m
accurate data (and model grids) nearshore and onshore. Simulations are compared to GPS and
DART buoy time series (Fig. 3) and maximum runup (Fig. 4) and flow depth/inundation.

Although there are not yet any direct geological observations of the proposed SMF, its location
and kinematics were identified and validated by travel-time analysis of higher-frequency waves
recorded at GPS and DART buoys, and many direct SMF tsunami simulations. Additionally the
proposed SMF source is justified from both the known geology of the Japan Trench, slope stability
analyses, and tsunami runups and inundation limits recorded during post-tsunami field surveys
[1,5]. Finally, a difference bathymetry map between post- and pre-earthquake data (not shown
here for lack of space) shows large vertical seafloor deformations at the right location, consistent
with our proposed SMF mechanism and kinematics.

Results in Fig. 2a show, at time ¢{ = 5min., the generation of both two long and nearly
parallel leading co-seismic tsunami elevation waves to the south and a series of shorter (and hence
dispersive) crescent shape SMF tsunami waves to the north. At ¢t = 15 min., Fig. 2b shows that
while the co-seismic waves do not develop a dispersive tail, the SMF waves develop into a train of
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Figure 2: NHWAVE-FUNWAVE simulations using the combined co-seismic/SMF source, showing
instantaneous surface elevations at t = (a) 5; (b) 15; (c¢) 30 min., in 1 km FUNWAVE grid (Fig.
1b). Labeled black dots mark locations of GPS buoys and of DART buoy #21418 (Fig. 3). Note
the highly dispersive nature of waves generated by the SMF source triggered to the north (135 s
after the co-seismic source), as compared to the longer non-dispersive co-seismic tsunami waves
generated to the south.

concentric shorter waves, whose maximum elevations (both on- and offshore) are narrowly focused.
Fig. 2c¢ shows at t = 30 min., that the leading offshore co-seismic tsunami wave reaches the nearest
DART buoy #21418, and is closely followed by at least 6 of the shorter oscillatory waves generated
by the SMF. Fig. 3d shows the time series of both the simulated and observed waves at this DART
buoy; their agreement is very good. Onshore, Fig. 2c shows that the same waves impact the 3
GPS buoys (Nb. 4,5,6) off of the Sanriku coast where maximum runup was measured at or slightly
before the same time. Figs. 3a-c show the time series of both the simulated and observed waves
at these GPS buoys; their agreement is also very good. Fig. 3 also shows that simulations of the
co-seismic tsunami without the SMF waves do not reproduce the observed shorter/dispersive waves
at the GPS and DART buoys.

Having been able to accurately match observations at the various buoys, with results of the
simulations for the combined co-seismic/SMF tsunami source, we now compare in Fig. 4 simulated
runups and inundations along the coast of northern Honshu. We see that simulations with the
combined co-seismic/SMF tsunami source accurately simulate observed runups and inundations,
including the 40+ m values along the Sanriku coast. By contrast, simulations with only the co-
seimsic source underpredict the latter by a factor of 3. Additional results showing a comparison
of far-field simulations with observations at DART buoys as well as a discussion of dispersive and
Coriolis effects in the far-field tsunami will be presented during the workshop.
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Figure 3: Surface elevations at buoys near Japan as a function of time, for 4th-6th GPS stations
(marked in Figs. 1,2): (a) North Iwate; (b) Central Iwate; (c¢) South Iwate; and (d) DART buoy
#21418. Field measurements (black), and computations for the co-seismic source alone (red), and
for the latter plus the SMF source (blue). The abscissa is time ¢ in minutes from the start of the
earthquake rupture.
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Figure 4: Comparison of simulated runup (a) and inundation (b) with measurements (black dots),
for: co-seismic source alone (red), and combined co-seimsic/SMF source (blue).
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A nonlinear calculations of interfacial waves generated by a moving ship
and evaluation of the forces in the dead water problem
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Fridtjof Nansen (1897) was the first to give a sufficiently precise, physical description of dead
water so that the phenomenon could be given a scientific explanation. The initial systematics
of the additional resistance on a ship moving in layered waters is credited to V. Wagnfrid
Ekman. He was, by his supervisor Vilhelm Bjerknes, put to perform laboratory experiments
on ship generated internal waves and measure the resulting force, and was able to explain
the observations made by Nansen, see Ekman (1904). Recently, Ekman’s experiments have
been reinvestigated using modern techniques, see Mercier et al. (2011).

Linear theories of internal waves made by a moving point source have been derived, see
Hudimac (1961), Crapper (1967), Keller and Munk (1970) and the references cited in these
papers. They all consider the supersonic case where the source is advancing so fast, that
the internal wake behind the source is a narrow v-shaped pattern. Avital and Miloh (1999)
studied linear internal waves trapped by a moving vessel, basically the dispersion relation
of the wake. Waves generated by a moving source in a two-layer ocean of finite depth have
been studied by Yeung and Nguyen (1999). The dead water problem was also discussed
in Miloh and Tulin (1988). Miloh et al. (1993) gave numerical solutions for the case of a
semi-submersible slender-body (prolate spheroid) moving steadily on the free-surface.

Nonlinear calculations of dead water are scarce. What exists are calculations of the motion
caused by singularities or pressure distributions. Nonlinear calculations of the wake and force
on a realistic body seem to be nonexistent. We note that a nonlinear theory of interfacial
waves generated by moving pressure distributions in super and subcritical conditions has
been explored by Parau et al. (2007) with results presented at the 21st Workshop in 2006.

We shall here present calculations of the dead water problem using a truncated version of
a fully nonlinear method of a two-layer fluid. The interfacial motion is driven by a realistic
body geometry and the force on the body is evaluated. Results are obtained for subcritical,
critical and supercritical motion.

Nonlinear two-layer theory

In three dimensions, we consider fully nonlinear interfacial motion of a two-layer fluid. The
interfacial waves are generated by the motion of a geometry moving along the upper boundary
of the upper fluid. Rigid lids are assumed at the top and bottom of the fluid layer, so there is
no coupling to eventual free surface motion, which, however, can be evaluated subsequently.
We assume potential flow in each of the layers. Let horizontal coordinates be denoted by
x = (z1,72) and y be vertical coordinate with y = 0 at the interface at rest. Let the
parameters and functions describing the upper fluid be indexed by 1 and the lower fluid
indexed by 0, where p1,h1, 1 denote density, layer depth at rest and velocity potential in
the upper fluid, respectively, and pg, hg, ¢o the corresponding quantities in the lower fluid.
Thus, the upper boundary of the upper fluid is located at y = hy and the lower boundary of
the lower fluid located at y = —hg. The potentials are assumed to be Laplacian.
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The interfacial motion is driven by a body moving horizontally along the top of the upper
fluid. The geometry is given by y — hy — d(x,t) = 0. Assuming a forward motion of the body
with speed U(t) along the x;-axis the kinematic boundary condition reads

_3(;51 2 ﬁ
VB—an\/1+|V(5| _U8x1

where n denotes the normal pointing out of the body and V = (9/0x1,0/0x2) horizontal
gradient.

The interfacial elevation is determined by y — n(x,t) = 0 giving as kinematic condition at
the interface I: 1y = Vi = d¢1/0n /1 4+ |Vn|? where n is the unit normal along the interface
pointing into the upper fluid 1. Balance of the pressure along the interface provides the
dynamic condition obtained by (¢o.r — pud1,1)t + ¢'n+ n.l.t. = 0 where ¢ denotes the value
of the potential in the lower fluid at the position of the interface I and ¢ ; value of the
potential in the upper fluid at I. Further, ¢’ = g(1 — ) denotes the reduced gravity and
w = p1/po. With n.l.t. we denote all the nonlinear terms which appear from the Bernoulli
equation.

Integral equations

The Laplacian potentials are obtained by use of integral equations. In the upper layer,
and for a position on the body surface B, we obtain the potential on the body surface,
QZ)B = ¢1(X7y = hl + 5(Xat)at)a

/ (1 + 1) Vde+/ <1 + 1> Vidx
B ' T I T 1
; o (1 1 5 0o (1 1 5
=2m¢p+ | dbpa— |-+ — | VI+|VPdx+ | dr1— -+ — ) V1+|Vn2dx, (1)
g On\r 7 I on\r r

which connects ¢p, ¢1,7, Vi and Vp where the latter is given by the body motion. In (1)
a prime in ¢5; means ¢p(x’,y = hi + §(x/,t),t). The distances r and 7 are given by
r? =|x—x?+(y—y)?and r} = |[x —x'|? + (y +¢)? where in (1) (x/,%') is on B and (x, )
along I and B.

The function 1/r 4+ 1/r; is expanded in the vertical coordinate. For the integral over B we
obtain 1/r +1/r; = 1/R+ 1/Ry + (6’ + 6)(9/0(2h1))(1/R1) + ... where R? = R? + (2h1)2.
The expanded integral equation is inverted by use of Fourier transform (Clamond and Grue,
2001, §6) where R% =g! [%’re*ik'x/*%hl} is used, F denotes Fourier transform, F~! inverse
transform, k and k = |k| wave numbers. Following Fructus and Grue (2007) studying free
surface motion we obtain the potential on the body geometry by successive approximations
by ¢p = ¢g) + ¢g) + ... where

(1), _ F(¢1,1)  tanhkh F(Vp)
Fop') = cosh khq k
(1) .
@, _ JFnV;”7) iktanhkh; . B
.‘T(QZ)B ) = osh Ty + 2 3'(5V¢>B) SF((SVB)

The integral equation with the evaluation point on the interface I gives similar expressions
for V; = V" +v® 4 .

My _ _ F(VB)
F(VY) = —ktanh khyF (61 1) cosh
F(V,?) = ktanh ki F (v V) — ik - F(nVr 1) — ik - ii‘if /ffl)
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Similar expressions are obtained for the normal velocity W7 in the lower layer along I, solving
an integral equation for the potential ¢ ;. The interfacial motion is obtained integrating
the Fourier transformed kinematic and dynamic conditions at the interface, i.e. F(n); =
F(Vr) and F(por — pd1,1)e + ¢'F(n) = n.l.t. where right hand sides are obtained solving
Vl(l) + VI(Q) + ... = WI(l) + WI(Q) + ... and using the Bernoulli equation. In the present
calculations p1/pp = 1 is used and all velocities are scaled by the linear long wave speed cg.

Calculations
The body is represented by the submerged part of an ellipsoid given by (§/b)% + (x1/a1)? +
(v2/a2)? = 1 with § < 0. Calculations of the interface are obtained with a horizontal

resolution of 500 by 500 nodes in the critical condition (U/¢p = 1) and 1000 by 250 when
U/co = 6 (figures 1 and 2). All computations show a region of depression ahead of the body,
an uplift of the interface at the aft of the body and then a wake of waves. Calculations of the
wave resistance are obtained by integrating the pressure force obtained from the Bernoulli
equation over the body surface. A drag coefficient Cr is obtained dividing by % pSU? with
S = majay. Figure 2 (right) shows a Cg of about 4 times the skin friction (with Re ~ 2x 107).

0
5 0
-0.05
a 10{ J 2!
-0.1
15 -0.15
0 10 20 30 40 50 60
X
1

Figure 1: Interfacial elevation n/hy with ay = 2.1hy, ay = 0.7hy, b = 0.7hy, U/co = 6,
ho/hy = 6, horizontal domain of 70h, by 17.5hy; final time 10h; /¢o. Final body position
at .’171/h1 = 60.6 £ 4.
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Figure 2: Interfacial elevation n/h; (left) and wave resistance (right) with a; = 4h;,
as = 1.5hy, b = 0.3hy, U/co = 1, ho/hy = 6, horizontal domain of 35h; by 35h;; final
time 17hy/co. Final body position at z1/h; = 20.4 + 4. Black curve in right plot:
domain 50h; by 50h;.
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Introduction

The modification of the classic Neumann-Kelvin (NK) theory of ship waves, called Neumann-Michell
(NM) theory, expounded in [1] is considered. A main difference between the NK and NM theories is that
the NM theory does not involve a line integral around the ship waterline. This waterline integral, a well-
known prominent feature of the NK theory, is eliminated in the NM theory by removing an inconsistency
in the linearization that underlies the NK theory (which does not correspond to a consistent linear flow
model) and, furthermore, by using a mathematical transformation (essentially an integration by parts).

A notable property of the NM theory is that it defines the flow around a ship hull (steadily advancing
in calm water) as a correction to the classic slender-ship approximation proposed by Hogner. Specifically,
the NM theory of ship waves given in [1] expresses the (nondimensional) flow potential qg at a flow field
point X as the sum of the Hogner slender-ship approximation QEH, which is defined explicitly in terms
of the Froude number and the hull geometry, and a correction potential YW that modifies the waves
contained in the Hogner approximation ¢z. A main property of the NM correction "W is that it
involves the flow velocity components ¢4 = 9¢/dd and ¢, = 0¢p/0t along the two orthogonal unit
vectors d = (0,—v% 1Y) and t = (v, —n®VY, —n®v?) that are tangent to the ship hull surface 2.
Here, n = (n®,nY,n?) is a unit vector that is normal to ¥ and points outside the ship (into the
water), (v¥,v%) = (n¥,n")/v and v = \/(n¥)?>+ (n*)?. Within the NM theory given in [1], the flow
potential QS at a point X of the hull surface EH is then determined by the solution of an integro-
differential equation ¢ = qzﬁ "+ ww(qﬁt, ¢q) with x € X . A straightforward iterative solution procedure
d)k"'l ~ ¢H + 1/)W(gbt ,¢%) with x € £#, 0 < k and ¢0 = 0 is used. The first approxunatlon qul in the

sequence of approximations d)k to the NM potential d) ¢>°° is the Hogner potential (Z) g - Thus, the NM
theory provides a way of correcting the classic Hogner approximation.

An important aspect of the NM theory is considered in [2], which gives a highly simplified analytical
approximation for the local flow component in the Green function that satisfies the radiation condition
and the Kelvin-Michell linearized boundary condition at the free surface. Another important element,
indeed a critical one, of the NM theory is considered in [3]. There, the dual basic tasks of evaluating the
wave potential &ZVHV + {/;W at the free surface zZ = 0 and of removing unrealistic or inconsequential short
waves is considered. Briefly, within a thin layer bordering the mean free-surface plane z = 0, waves are
evaluated in [3] using a physics-based filter, based on parabolic extrapolation in the vicinity of the free
surface, that accounts for fundamental differences between a ship bow wave and waves aft of the bow
wave. A third basic aspect of the NM theory, considered in [4], is the evaluation of the derivatives ¢,
and ¢4 that appear in the NM wave potential JW( ¢+, dq). This issue is important because the solution
of the NM integro-differential equation is significantly affected by the numerical approximation of the
derivatives ¢; and ¢4, particularly within the framework of a low-order panel approach and for full
hull forms. Numerical implementation of the NM theory, within the practical framework of a low-order
panel method, is considered in [4], where illustrative applications to eight ship hulls are also reported.

Comparison of independent numerical predictions for the Wigley hull

Numerical predictions given by the NM theory are reported in [1,3] for the Wigley hull and the
Series 60 model. Fig.1 compares these numerical predictions (obtained by the first author at GMU)
for the Wigley hull and the numerical predictions (obtained by the second author at HEU) using an
independent numerical implementation of the theory. The two numerical implementations are based
on the same mathematical expressions. Furthermore, both use a low-order panel approach and an
iterative solution procedure that iteratively improves upon the Hogner initial approximation. Thus, the
numerical results can be expected to be close, but not necessarily identical due to differences in the
first two authors’ independent numerical implementations. Fig.1 shows good agreement between the
independent numerical implementations for the sinkage, trim, and drag predicted by the NM theory
for the Wigley hull. Thus, Fig.1 provides a useful verification of the numerical results given in [1,3].
However, significant discrepancies can be observed in Fig.2 for the wave profiles along the Wigley hull.
These discrepancies, due to differences in the evaluation of the flow velocity V¢, illustrate the fact that
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mathematical expressions like those given in [1-3] are not sufficient to fully determine a theory. Indeed,
precise information about the numerical implementation of mathematical expressions is also required,
and this important aspect of the theory is considered in [4].

Illustrative applications to four ship hulls

Numerical predictions given by the NM theory are reported in [4] for eight ship hulls. Here, we
consider the four hull forms depicted in Fig.3. These hulls are the Wigley hull (top row), the Series
60 (Cy = 0.60) model (second row), the DTMB-5415 model (third row) and the KCS model (bottom
row). Experimental measurements for these four hulls are reported in [5-8]. Fig.4 compares experimental
measurements of the wave drag, reported in [5-8], and predictions of the nearfield wave drag (determined
via integration of the flow pressure at the ship hull surface) and of the farfield wave drag (determined via
the Havelock formula) for the hulls in fixed position (no sinkage or trim is considered in the calculations).

Conclusion

A positive and encouraging finding, at this stage of the development and application of the NM
theory, is that a straightforward low-order panel implementation of the theory yields robust predictions
for a broad range of ship hulls, and that these theoretical predictions are reasonable and realistic. The
finding is notable in view of the remarkable simplicity of the theory, which is based on linear potential
flow, does not involve a line integral around the ship waterline, amounts to the addition of a simple
correction (the wave potential 9" mentioned in the introduction) that modifies the waves predicted
by the classic Hogner slender-ship approximation, uses a highly-simplified Green function, and only
involves staightforward Gaussian integration of elementary continuous functions. The short-wave filter
and the numerical smoothing of the derivatives ¢4 and ¢; given in [4] are critical elements of the theory.

Much work evidently remains to be performed before the merits and limitations of the NM theory
can be fully ascertained. This work includes (i) evaluation of the flow (notably wave patterns) outside
the ship hull, (ii) consideration of elementary nonlinear corrections that can be incorporated to improve
the predictions given by the NM linear theory, (iii) account for sinkage and trim effects, ignored so
far, which are particularly important to predict the sinkage and trim experienced by a moving ship
hull, (iv) account for the viscous boundary layer and wake in accordance with the classical theory of
high-Reynolds number flows around streamlined bodies, and (v) applications to a much broader set of
ship hulls than the four hulls considered here and the eight hulls considered in [4]. This ongoing work
will be reported as it is completed.
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Figure 1: Experimental measurements (Exp.) and theoretical predictions, based on the NM theory
(NM) and obtained at George Mason Univ. (GMU) and Harbin Engineering Univ. (HEU), of the sinkage
(top left corner), trim (top right), nearfield wave drag (bottom left) and farfield wave drag (bottom right)
for the Wigley hull.
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Figure 2: Experimental measurements (Exp.) and theoretical predictions, based on the NM theory
(NM) and obtained at George Mason Univ. (GMU) and Harbin Engineering Univ. (HEU), of wave
profiles along the Wigley hull at six Froude numbers F = 0.25, 0.267, 0.289, 0.316, 0.354 and 0.408.
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Figure 3: Side views, with meshes over the mean wetted hull surfaces, of the Wigley hull (top row), the
Series 60 Cp, = 0.60 model (second row), the DTMB-5415 model (third row) and the KCS model (bottom
row). The positive halves of these four hull surfaces are approximated using 8,000 flat triangular panels
for the Wigley hull and the Series 60 model, 9,600 panels for the DTMB-5415 model, and 18,960 panels
for the KCS model (fewer panels are shown in the figure for clarity).
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Figure 4: Experimental measurements (Exp.) of the wave drag, and nearfield (Near) and farfield (Far)
wave drags predicted by the NM theory, for the Wigley hull (top left corner), the Series 60 C;, = 0.60
model (top right), the DTMB-5415 model (bottom left) and the KCS model (bottom right). For the
experimental measurements shown here, the Wigley hull and the Series 60 model are held fixed (no
sinkage or trim is allowed), but the DTMB-5415 and KCS models are unrestrained (sinkage and trim
are allowed). No sinkage or trim is considered in the NM calculations.

Page 88 /236



Numerical and experimental studies of plate ditching
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SUMMARY

The present paper deals with the water entry of a flat plate with a high horizontal speed. The activity is motivated by
the need of achieving a better comprehension and more reliable simulation tools for the aircraft ditching phase. This
first part of the study is focused to the ditching of a flat, rigid, plate. The problem is analyzed both numerically and
experimentally. Numerically, the problem is studied in two dimensions and the self-similar solution is derived within the
potential flow approximation of an ideal fluid. The problem is also addressed experimentally with the aim of building
a dataset to be used for validation of computational tools. Due to the difficulties in scaling all the relevant physical
parameters, experiments are performed at (almost) full scale velocity, with vertical component of 1.5 m/s and horizontal
velocity in the range 30 to 50 m/s. The experimental campaign is starting soon and results will be shown at the Workshop.
Here the experimental setup and the instrumentation adopted are presented. Numerical results are reported in terms of
pressure distributions and free surface shape. The dependence of the pressure peak on the horizontal/vertical velocity

components and on the plate inclination over the free surface is briefly discussed.

1. INTRODUCTION

In order to assess the ditching capabilities of an aircraft,
the industry needs simulation tools which can model, with
reduced computational effort, the fluid structure interac-
tion taking into account the elastic/plastic structural behav-
ior, including failure. However, simulation tools commonly
adopted in the modelling of the aircraft ditching phase dis-
play strong limits in the accurate description of the complex
phenomena such as highly localized pressure distributions,
air cushioning, hydroelastic coupling, cavitation and venti-
lation (Climent et al., 2006).

For the development and validation of those simulation
tools a reliable dataset is needed. Due to the difficulty in
achieving a correct scaling of all the physical parameters
involved, a full scale experiment is needed. Experiments of
such kind are going to be performed at CNR-INSEAN under
the SMAES-FP7 project. To this aim, a large high speed
ditching facility has been built and installed at the end of
towing tank # 1 of CNR-INSEAN. Tests will be carried
out on aluminum plates 0.50 m wide, 1.00 m long. Similar
experiments were already done in the early fifties (Smiley,
1951). Differently from past experiments, this experimen-
tal campaign is planned for higher horizontal components
(from 30 to 50 m/s), and more detailed measurements, in-
volving pressure, accelerations, strain and loads. The aim
is to study the role played by the horizontal/vertical veloc-
ity ratio, plate incidence, shape, material and thickness on
pressure distributions, acceleration and fluid structure in-
teraction. The experimental campaign is starting soon and
preliminary results for a rigid flat plate are expected by the
beginning of the Workshop. In the following a description of
the facility and of the experimental setup is provided only.

The design of the facility required estimates of the so-
lution in terms of free surface shape and loads generated
during the impact. As a water entry problem, a jet develops
beneath the plate together with a pressure peak occurring at
the root. The jet propagates along the plate until reaching
the leading edge when the flow separates and the pressure
and loads drops suddenly. Beside providing the loads to be
used for the structural design of the guide, additional infor-
mation on the time and space needed for the ditching phase

to be completed can be also derived.

Due to some uncertainties in the more complex three-
dimensional simulation tools, it was decided to derive those
information also from a two-dimensional potential flow so-
lution. Assuming a constant velocity and neglecting the
finite length of the plate, the solution is self-similar and can
be derived by using the same numerical procedure adopted
in Iafrati & Korobkin, 2005. Note that the water entry
problem of a wedge with a horizontal velocity component
was already investigated in Faltinsen and Semenov (2008)
and in Judge et al. (2004). However, in those cases the
horizontal /vertical velocity ratio was much lower than that
characteristic of aircraft at ditching. The incidence of the
plate is also lower than that adopted in those papers.

In the following the numerical procedure is briefly re-
called and results are presented in terms of free surface
shape and pressure distribution. Comparisons between nu-
merical solution and experimental results will be established
as soon as the experimental results become available. Of
course it is expected that load and pressures are overesti-
mated by the two-dimensional solution as important three-
dimensional effects related to the outflow at the sides are
missing.

Figure 1: View of the CNR-INSEAN guided ditching
facility. The guide is supported by bridges which can
be varied in height in order to get the correct U/V
velocity ratio. The main trolley can be also seen on
the right.
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2. FACILITY AND EXPERIMENTAL SETUP

In order to perform guided ditching tests, a new facility
has been designed and installed at CNR-INSEAN, at the
opposite end of the towing tank # 1, which is 470 m long,
13.5 m wide and 6.5 m deep.

The guide, which has a total length of about 64 m, is
supported by five bridges which can be positioned at dif-
ferent heights, thus allowing the variation of the horizontal
velocity keeping constant the vertical component, the latter
being 1.5 m/s according to aircraft regulation. The model is
supported by a main trolley which keeps it always attached
to the guide. The main trolley is accelerated by a catapult
which is designed to reach a final speed in a range 30 to 50
m/s (Fig. 1). The total mass to be accelerated is about 900
kg, whereas the mass which undergoes the impact is about
750 kg. The acceleration system is composed by a total of
six elastic cords which can be elongated up to 250%.

Figure 2: Picture of the main trolley which brings the
model and specimens.

The trolley run on the inner side of the beam wings (Fig. 2).
In order to get a measure of the forces acting beneath the
plate, the model with the specimens to be tested is con-
nected to the trolley by four Kistler 9343 for the z compo-
nents and two 9363 load cells for the z component. As the
cells can only undergo forces along their axes, the installa-
tion is done in such a way that transversal components and
moments do not act on the cell. Attention is also posed in
avoiding possible coupling in the measurements of loads in
x and z directions. The load in the y direction is not mea-
sured but it is transferred from the model to the trolley by
two articulated rods (Fig. 3).

Figure 3: Picture of the trolley with model at the touch
of the free surface. Note that the specimens is not
installed yet.

For the first part of the test campaign, which is the one con-
sidered in this paper, a 15 mm thick, aluminum flat plate
is considered. The plate is clamped to the frame which is
75 mm wide, thus leaving a free space of 350 mm by 850
mm (Fig. 4). In order to measure strains, six biaxial strain
gauges are stick to the internal side of the plate. Pressures
at 18 points are also measured through Kulite XTL123B
pressure transducers. The position of the transducers is cho-
sen in order to get information about the longitudinal and

transversal pressure distributions, as well as about the sym-
metry in the impact. Velocity and displacement of the trol-
ley are measured by a non-contact optical sensor, Correvit
LFII. The acceleration components in the three directions
at different positions are measured, for a total of 6 accelera-
tion channels. Accelerations are measured by piezo-resistive
Kistler M101A and M301A accelerometers.

All the data are acquired on-board by four Sirius Dewe-
soft modules and one Dewe 43, for a total of 40 channels.
In order to correctly capture the pressure variations, data
are acquired at 200 kS/s. The five acquisition systems are
connected to a Sbox Dewesoft PC which communicate in
wireless mode to an external PC. All the electronics is in-
stalled in a waterproof box which is positioned inside the
model. Also the latter is sealed against water penetration.

Tests will be done at three different values of the hori-
zontal component 30, 40 and 50 m/s, with the vertical com-
ponent always equal to 1.5 m/s. The plate incidence with
respect to the free surface will be varied from 4 to 10 de-
grees.

Figure 4: Instrumented aluminum plate. The strain
gauges and the holes for the pressure probes can be
seen. The two rows of bolts can be also recognized,
which clamps the plate to the frame.

3. NUMERICAL MODEL AND RESULTS

The flow generated by the water entry of a plate with hori-
zontal velocity component can be studied within the poten-
tial flow approximation. The fluid is assumed to be ideal
and incompressible, and the action of gravity is neglected.
In this conditions the problem is self-similar and the solution
can be derived by using a pseudo-time stepping approach,
similar to that used in Iafrati & Korobkin (2005). The prob-
lem is formulated in terms of the self-similar variables

x oy ¢
§ =

Zﬁ Y= 7735, (1)

U2t

so that the initial boundary value problem in the physical
variables can be transformed into the following boundary
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value problem for the self-similar velocity potential:

Vo =0
= sin +Kcos on *—K—i—(g—l)tan
Pv = Y U Y n= U Y
1
@ — (Epe +1ey) + 5 (V2 +¢7) =0 on h(&n) =0

2
—(&he +nhy) + (hepe + hypy) =0 on h(&,n) =0
p—=0 as €2 +n* — oo

where (2 is fluid domain, h(€,n) = 0 is the equation of the
free surface and v is the unit normal to the boundary, which
is oriented inward the fluid domain.

As discussed in Iafrati and Korobkin (2004), the free
surface conditions are strongly simplified by introducing a
modified velocity potential defined as

p=VE+n?

in terms of which the kinematic and dynamic boundary con-
ditions become

1
S=p—30

Sp=0 Sigu=EV-25, (2)
respectively. In the above equation, 7 denote the arclength
along the free surface, which grows moving toward the pos-
itive &-axis. It can be shown that the sign in front of the
dynamic boundary condition is always negative on the part
of the free surface which is ahead of the leading edge whereas
it change from negative to positive when moving along the
free surface from £ = —oo up to the trailing edge.

Additional conditions are enforced at the trailing edge
of the plate, according to which the free surface is always
attached at the edge of the plate and leaves the plate tan-
gentially. These conditions are similar to the ones used for
the plate entry problem (Tafrati and Korobkin, 2004; Iafrati,
2007). The conditions are expressed as:

h(1,-V/U)=0 hy, = —hetan~y .

The first condition is enforced by assigning that the vertex
of the first free surface panel one is at the trailing edge of the
plate. The condition that the free surface leaves the plate
tangentially is enforced by varying the point along the free
surface where the sign in the dynamic boundary condition
changes from negative to positive (see Iafrati and Korobkin,
2004).

In order to reduce the computational effort needed for
the description of the solution within the thin jet layer, the
thinnest part of the jet is described by a simplified shallow
water model, similar to that used in Korobkin and Iafrati
(2006).

In Fig. 5 the free surface profiles obtained at the same
plate incidence, v = 10 deg, and different horizontal veloc-
ity components U = 30,40 and 50 m/s, are shown. Due to
the different values of the ratio V/U, the plate is positioned
at different heights. In terms of the non-dimensional vari-
ables, the root of the jet moves forward when reducing the
horizontal velocity component. Note that, because of the
difference in U, this does not reflect what occurs in physical
variables. Behind the trailing edge of the plate there is a

wake region and the free surface forms a corner with the
angle between the two sides of the free surface of about 60
degrees.
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Figure 5: Free surface shapes obtained for a plate inci-
dence v = 10 at different horizontal velocities. For the
sake of the clarity, on the right hand side of the plate,
the thinnest part of the jet, described by the shallow
water model, is not depicted.

The solutions for the thinnest part of the jet, described by
the shallow water model, are plotted in Fig. 6. According
to the definition of the self-similar variables, the position of
a point in the self-similar plane gives an indication of the
velocity of that point in the physical plane being u = £U
and v = nU. From the results presented it is found that the
position of the tip is & = 3.33,3.11,2.97 for U = 30,40 and
50 m/s, respectively. Hence, for the three cases in Fig. 6 the
horizontal velocity of the tip is about 100, 124.4 and 148.5
m/s.
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Figure 6: Free surface shapes of the jet regions ob-

tained for a plate incidence v = 10 at different hori-
zontal velocities.
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The most interesting aspect in terms of applications con-
cerns the pressure distributions. For the three cases dis-
cussed above, the distributions of the self-similar pressure
1 = p/(oU?), o being the liquid density, are shown in Fig. 7.

1.6 . : : : : :
30 m/s
40 m/s

4T 50 m/s

Figure 7: Pressure distributions for a plate incidence
~v = 10 at different horizontal velocities.

It is seen that the non-dimensional pressure diminishes when
increasing the horizontal velocity, with the peak values lo-
cated at ¢, = 1.40,1.22 and 1.11 for U = 30,40 and 50
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m/s. However, the physical value of the pressure grows due
to the quadratic term U?2.

In Fig. 8 and 9, the role played by the incidence of the
plate on the free surface configuration and on the pressure
distribution is shown for the case with U = 30 m/s. The
results indicate that, when reducing the incidence of the
plate, there is an increase of the wetted length as well as an
increase in the intensity of the pressure peak.
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Figure 8: Free surface shape for U = 30 m/s, and
different values of the plate incidence.
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Figure 9: Pressure distributions for U = 30 m/s, and
different values of the plate incidence.

The analysis of the solution is still in process and a much
deeper discussion on the dependences will be presented at
the Workshop. Hopefully, comparisons with experimental
results will be established as well.
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1. Introduction

Wave trapping in an array of floating bodies has been one of the main topics in the recent
workshops. It is a scientifically interesting phenomenon, but also it has practically important
implications in that wave trapping could entail large free-surface displacement and/or large
forces on the bodies.

Other than first-order wave trapping, some of the recent works are focusing on the second-order
free-surface dynamic elevations, e.g. Murakami and Yoshida (1994), Sanada et. al (1997),
Malenica et. al (1999), Wang and Wu (2008), Teng and Cong (2012). The arrays subjected to
these works are mostly composed of 2~4 cylinders and they all conclude that second-order
free-surface displacement could sometimes be relevant and could not be neglected in the design
of corresponding structures such as TLPs. Some of the above mentioned works compare their
theory with experimental results (Murakami and Yoshida (1994), Sanada et al. (1997)), but they
do not necessarily refer to the results from the viewpoint of wave trapping.

On the other hand, in theoretical works (Malenica et. al (1999), Teng and Cong (2012) ) it is
suggested that second-order wave trapping takes place at half the wave frequency at which the
corresponding linear near-trapped mode occurs.

In the present study, we show that the second-order resonance of dynamic free-surface
displacement could in some cases be quite relevant among an array of two rows of vertical
cylinders not only in theory but also in real phenomena. Discussion is also made if the
second-order wave trapping is manifested at half the wave frequency at which the

corresponding linear near-trapped mode occurs as suggested by the works mentioned above.
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2. Experiment

Water-tank experiments were conducted using an array of two rows of vertical truncated circular
cylinders as shown in Figure 1. Four kinds of cylinder arrangement, that is, 2 x 9 cylinders, 2 x
7 cylinders, 2 x 5 cylinders, 2 x 3 cylinders were used. (Figure 1 is the case of 2 x 9 cylinders.)
The cylinders were fixed in regular head waves and the water-surface displacements at the

origin of the coordinate system were measured.

3. Theory

The theory used in the present calculations is not a new one but that presented by Sanada et. al
(1997), which extended the theory of Linton and Evans (1990) for the analysis of second-order
wave diffraction. The theory is applicable only to bottom-mounted vertical cylinders and
therefore, in a strict sense, can not be used for the present cases, in which the cylinders were
truncated, but we confirmed through the comparison of first-order free-surface displacements
obtained by the theory with those obtained by a theory applicable for truncated cylinders that
the theory used in the present calculations give results with acceptable accuracy within the

context of the present experiments.

4. Results and Discussion

Figures 2 show the experimental and theoretical results on the free-surface displacement at the
origin of the coordinate system in 2 x 9, 2 x 7, 2 x 5, 2 x 3 arrays. The horizontal axes of the
figures are the period of the incident wave. From these figures, the following facts are observed.
(1) Second-order free-surface displacement could be manifested significantly at certain wave
frequency range.

(2) The theoretical results on the second-order surface elevation agree quite well with the
experimental results. The second-order peak value can be really as high as that predicted by the
theory.

(3) The peak value of the second-order free-surface displacement is enhanced as the number of
the cylinders involved increases. It is also observed that the peak period of the second-order
free-surface displacement becomes closer to one of the peak periods of the first-order

free-surface displacement as the number of the cylinders increases.

In many of resonant phenomena, the peak value of the response could be quite large
theoretically, while in reality the peak value is attenuated due to unaccounted damping forces,
but in the present case it is surprising that the peak value in reality can be as high as that
predicted theoretically, which only accounts for radiation damping as the damping.

As for the suggestion made by some of the former works that the second-order wave trapping is
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manifested at half the wave frequency at which the corresponding linear near-trapped mode
occurs, it seems that it is not the case in the present cases.

The free-surface displacement at two other places (at (-0.165, 0.0), (-0.165, 0.165)) were
calculated for the case of 2 x 9 cylinders. The distinct differences from those shown in Figures 2
are:

1. The peak of the first-order free-surface displacement observed in Figures 2 at around
T=0.6sec totally disappears at (-0.165, 0.0), (-0.165, 0.165).

2. Though the peak of the second-order displacement observed in Figures 2 also appears at
(-0.165, 0.0) and (-0.165, 0.165), the peak values at these two points are not as distinct as that

observed in Figures 2.

References

1. Linton, C.M. and D.V. Evans: The interaction of waves with arrays of vertical circular
cylinders, Journal of Fluid Mechanics, Vol.215, 549-569, 1990

2. K. Murakami and A. Yoshida: Second-order wave interaction with arrays of vertical cylinders
of arbitrary cross section, Coastal Engineering Proceedings, Vol.24, 1469-1483, 1994

3. T. Sanada, N. Mizutani and K. Iwata: Second-order approximate solution of nonlinear wave
diffraction due to vertical cylinder array, Intl. Journal of Offshore and Polar Engineering, Vol.7,
No.3, 1997

4. Malenica, S., Eatock Taylor R., Huang, J.B.: Second order water wave diffraction by an array
of vertical cylinders, Journal of Fluid Mechanics, 390, 349-373, 1999

5. C.Z. Wang and G.X. Wu: Analysis of second-order resonance in wave interactions with
floating bodies through a finite-element method, Ocean Engineering, 35, 717-726, 2008

6. B. Teng and P.W.Cong: Simulation of nonlinear wave elevation around a square array of
truncated cylinders, Proc. 27th International Workshop on Water Waves and Floating Bodies,
2012

Page 95/ 236



Incident 0.165m
Y 0.33m
wave
'@ @ O @ O
oo X
(o,ﬁ
Figure 1 A 2 x 9 array of cylinders
4.5 T T T 4.5 T T
: : ! —Cal.-1st i 4 —Cal.-1st
4 rTTT ! Cal.-2nd % ~ +++Cal.-2nd
35 [~ r g e Exp-lst 35 oo oEe oo e Exp-lst
N ! 3 oo L o Exp-2nd
| | | |
| |
32.5
=2
1.5
-r—-— 1
: 05
M, | g 0 AL
0O 02 04 06 08 1 12 14 0 02 04 06 08 1 12 14
Period [s] Period [s]
2 x 9 cylinders 2 x 7 cylinders
as . . : as . :
: : ! —Cal.-1st ! ! —Cal.-1st
4 I -+ Cal.-2nd S B R I S -+ Cal.-2nd
35 |- S T T T ® Exp-1st 35 - B It A ~—~ e Exp-1st
3 ~———f———fp————p---- ©Exp-2nd =
| | | I ]
] I 1 | | I
32.5
=2
15
1 %
05 |k 4
p 2 A N
0 02 04 06 08 1 12 14 0 02 04 06 08 1 12 14
Period [s] Period [s]
2 x 5 cylinders 2 x 3 cylinders
Figure 2 Numerical and experimental results on the 1-st and 2-nd order free-surface

displacement among cylinder arrays at (0,0)

Page 96 / 236



Abstract for 28 IWWWF B, Marseille, France, 2013

Time-domain Hydro-elastic dynamic analysis of a large floating body

including second-order wave loads

H.Y. Kang and M.H. Kim
Ocean Engineering Program, Dept. of Civil Eng, Texas A&M University
College Station, Texas, USA
Email: hykang@tamu.edu and m-kim3@tamu.edu

INTRODUCTION

With increasing demands for energy and goods, various types of floating structures face expansion of
scale and working environment, i.e. extended spar or TLP for ultra-deep water, various offshore platforms
for arctic, very large container ships, multiply connected floating breakwaters and wave energy
converters. Corresponding to the expansion of scale and environment, the floating structures are exposed
to various problems including resonance, which is induced by deformation of the body and it’s interaction
with waves or any other offshore loadings such as iceberg impact.

To resolve the elastic floating body interaction, several methods were suggested: modal expansion
method for linear waves and direct simulations using FEM-BEM or FEM-FEM combinations.
Considering that resonance normally occurs at a couple of lowest elastic modes, second order analysis
may be required to account for the resonance induced by sum-frequency wave force. Contrary to full
coupling effect by direct simulation, the corresponding computing cost and accuracy issue could be
drawbacks of the direct simulation.

As an initiating work to achieve complete second order hydroelastic analysis on time domain, a fully
coupled time-domain hydro-elastic dynamic analysis is addressed, based on modal expansion method to
couple with elasticity and Volterra series method to apply second order wave induced loading. The
methodology can be extended to various applications for irregular waves such as additional coupling with
mooring system or impact loadings, even with dramatically reduced computing cost. In addition, it can
generate instantaneous irregular wave-induced loadings acting on the floating body as time series, which
can be used for global and local stress analysis.

FORMULATION

To account for interactions of body deformation, a finite series of elastic modes is regards as sufficient
basis to represent the deformation. In further, the elastic modes are applied to a general boundary value
problem as additional modes to solve with rigid body’s six degree of freedom. For the extended modes of
elasticity, inertia and stiffness components can be obtained by modal analysis, based on diagonalization
by eigenfunction.

Assuming a pontoon type floating body as Euler-Bernoulli Beam in Eq. 1, analytic solution of mode
shapes is given and one can get diagonalized modal inertia, stiffness, and excitation for the modes. A few
simple geometries have analytic solutions of mode shapes. For arbitrary body, one may get approximate
modal results from a FEM program.

0 o’w o’w
67(E| WJ + m? = q(X)I’(t)

w(x,t) = Zak O (%) where ¢, (x) is k" mode shape function. ()
k=1

"

Ixm¢k2(x)dx-ék(t)+IXEI¢k (x)(pk(x)dx-ak(t):qu(x)¢k(x)dx-r(t) where k =1,....e

With the additional elastic modes, boundary value problem is extended for body surface boundary
condition to the elastic modes €.
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K
where ¢D(1) :¢|(1) +¢s(l)a and ¢R(l) :Z§k¢k(l)a K=6+e

M ) (2)
825 —xp = onz=0, and 6;5 =0 onz=-h,
z
) )
%:ia)n-(§+axr+(p), ag’; =0 on§S,

Based on the fully coupled hydro-elastic dynamic coefficients and hydrostatic revision due to elastic
motions (Kang et al., 2012), time domain hydro-elastic dynamic analysis is developed from Kramers-
Kronig relation.

(M, + AMX +(KE + KX, = FO @)+ F® )+ FC(t)+ F° (1) where i, j =1,....6+e
AM =AM (0,,) + j Ru(t)wdt where Rij(t)zz [ By (@)cos(atydo 3)
7[0

max

FC(t) =—j R; (t—T)Xj(z')dz'z—T R; (T)Xj(t—z')dz'z—]c.Rij (D)X, (t-7)dzr

Comparing with rigid body time domain analysis, matrix size is extended to 6+ €, and coupling effects
between elastic motions and rigid motions are given in terms of off-diagonal elements in inertia and
hydrostatic matrices, and convolution integrals.

Considering that first several elastic modes normally have natural frequencies outside of linear wave
spectrum but within range of sum-frequency excitations, it would be needed to apply second order wave
induced loadings into the hydro-elastic analysis. Under an assumption of small wave slope, perturbation
method is utilized to solve the second order wave-body interaction problem (Molin, 1979 and Kim and
Yue, 1989 and 1990). The boundary value problem is given in Eq. 4, based on Kim and Yue 1990.
Similarly to first order boundary value problem, main difference between rigid body analysis and elastic
body analysis in second order is also body boundary condition.

Vg = in fluid domain,
(i+g 6) o _| 10" 20" rg 09" ) @ (V¢“’)
o Ve g ot a2l o T a ) at
(1) 2 4(1) (1) (4)
1 04, 0 ¢2 ‘g o9 —2(V¢,‘”)2 on free surface
g ot az ot oz ) ot
a¢|(32) 5¢(2)

5 n-B , where B is second order body boundary velocity including elasticity.
n

Starting with second order radiation potential problem for elastic body by separation from combined body
boundary condition above, one can find that the formulas for the radiation potential-induced hydro-elastic
dynamic coefficients are identical between first and second order because of similar form of boundary

(2)

condition. However, the relevant frequency @'~ is different and it presents sum and difference

frequencies of bichromatic incident waves.

(2)
aéRn =i0”n-(£? +a? xr+9?) ons§, %)
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Therefore, for the second order hydro-elastic dynamic analysis in time domain, added mass for infinite
frequency and convolution integral terms are same as ones in linear order analysis.

Contrary to radiation problem, diffraction potential problem is quite complex to solve. First, correct
second order body boundary velocity should be derived for the diffraction problem, including the elastic
modes. In sequence, the fully coupled diffraction potential-induced pressures and excitations are achieved
in the second order hydroelastic analysis. For example, Malenica and Hauteclocque (2012) addressed a
fixed elastic cylinder case.

Following definition from Kim and Yue (1990), second order wave excitations are given as

FO =F® +F? +F2, (6)

which consists of second order potential-induced loading and first order potential-induced quadratic terms.
Focusing on time-domain based second-order hydro-elastic analysis, among the two remaining terms in
the second order loadings than the wave excitation, the second order hydrostatic loading, in particular,
presents that hydrostatic restoring term in Eq. 3 is identical in both of linear and second order analyses.
Therefore, second order hydro-elastic dynamic analysis in time domain can be conducted for irregular
waves by adopting the two-term Volterra series after obtaining fully coupled second order wave
excitations.

N .
FO(t)=Re) [ A fe" ]
N _ ' (7
FP(t) = ReZZ[AaA: figlat L A A f;,‘,*e'“”a*%”] , where h is index same as i in Eq. 3.

a b

NUMERICAL RESULTS

Hydro-elastic dynamic analysis program for a large floating elastic body has been developed in both
frequency and time domains (Kang et al. 2012). In particular, the calculations include shear forces and
bending moments at specified sections of the body. The two independently developed programs are cross-
checked to each other. For a case study, a simple pontoon-type elastic barge is investigated with 80 (L) x
10 (B) x 5 (D) m; four different bending stiffness cases of infinity, 2.56E10 Nm* (Full EI), 1.28E10 Nm®
(Half EI) , and 6.4E09 Nm” (Quarter EI) are investigated with Euler-Bernoulli beam theory, and the most
flexible two cases compared between linear and second order analyses. A JONSWAP spectrum with
Hs=5, Tp=10.6, and Gamma=1.6 is used as an input wave spectrum.

For both of Half EI and Quarter EI cases, resonances occurred at the first elastic modes in second order
analysis. In case of Quarter EI, it has resonance even in linear analysis due to its relatively low natural
frequency, and that resonance get more amplified in second order analysis due to sum-frequency force;
demonstrated in Fig. 2 ~ 4. The natural frequencies about 1.25 rad/sec and 1.77 rad/sec of Quarter EI and
Half EI are for "dry-hull" natural frequency. After including hydrostatic-stiffness and added-mass effects,
they changed to about 1.4 rad/sec and 1.68 rad/sec, respectively, as given in Fig. 2.

As a preliminary study, rigid body motion-induced second order excitations are only applied. This is
practically acceptable unless high accuracy is needed since the elastic-response contribution in the body-
boundary condition of the second-order problem is expected to be an order-of-magnitude smaller than that
from rigid-body responses. After including the second-order sum-frequency wave loading, the elastic
responses are significantly increased at the lowest-elastic-mode natural frequency, as can be seen in both
spectral and time-series analyses. In further study, the complete solution of second order hydro-elastic
dynamic analysis will be found, especially for the fully coupled second order excitations of a floating
elastic body.
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Two-dimensional unsteady motion of a smooth body over a water surface with multiple
collisions and subsequent rebounds from this surface is considered. This problem is studied
in connection with landing of aircraft on the water and flights of wing-in-ground-effect vehicles
(WIG) in close proximity to the water surface. In the present analysis, the water is of small depth
and its flow caused by the impacts is described by the shallow water model. Free body motions
with subsequent water impacts and the corresponding hydrodynamic loads are of primary interest.
In the past only a single impact between the water surface and a smooth body was studied [1-8].
These investigations revealed that the landing of a smooth body with high horizontal speed on
water typically leads to the rebound of the body followed by skipping along the water surface.
It was shown that the body rotation plays an important role in impacts and rebounds of a free
body. This regime of the body motion with multiple impacts on the water surface may cause
vibrations of the fuselage with significant bending stresses or even lead to the overturning of
aircraft. It is interesting to note that regimes of the landing of a free body with a single impact
on the water surface and the subsequent smooth planing along the water were not detected in
the calculations. Motions of a free body are determined by its orientation and speeds before
the impact, and the hydrodynamic loads acting on the body surface during its contact with the
water. Between the subsequent impact, it is assumed that the body motions are governed by
gravity only. Aerodynamic forces are not included in the model.

To find regimes with smooth landing on water, it is suggested to include restoring forces
which reduce the vertical motion of the body and also its rotation. In addition, damping forces are
included. Parameters of the restoring and damping forces can be considered as control parameters
which could be selected to achieve smooth landing. It can be expected that wrong choice of the
parameters may lead to instability of the body motions with increasing amplitudes of its vertical
displacement and rotation. If the parameters do not vary in time, the control system should be
considered as passive. Active control assumes that there are time-varying external forces which
are changed by the pilot.
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Fig. 1 Smooth body impact on a liquid layer with restoring forces and damping.
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The configuration under investigation in this study is shown in Figure 1. A smooth body is
represented by an elliptic cylinder which centre is connected by a vertical rod to the carriage of
zero mass. The carriage can move only horizontally with the same horizontal speed as the speed
of the body. The rod can move vertically with respect to the carriage. The distance between
the carriage and the centre of mass of the body is controlled by a linear spring with the rigidity
coefficient k. In the equilibrium, the centre of mass is at distance y, from the bottom of the liquid
layer and the weight of the body is balanced by the restoring force of the spring. During the body
motion along the water surface, the vertical restoring force acting on the body is —ky (yo(t) — y«),
where yo(t) is the current vertical coordinate of the centre of mass and ¢ is time. In addition,
a vertical damping force, —cyyo(t), is included. This damping force could be due to a viscous
friction between the carriage and the vertical rod. The rod is pivoted at the centre of mass. The
elliptic cylinder can rotate around this pivot with the angle between its axis and the horizontal
being «(t). The axis of the cylinder is connected to the rod with a torsional spring of stiffness
k., and damping coefficient c,. The spring force is given by —kq (a(t) — aw) — cae(t), where v, is
an equilibrium inclination angle of the cylinder. Initially the carriage with the attached cylinder
moves at a horizontal speed £ (0) with the compressed vertical spring, yp > v., and equilibrium
angle of inclination ay. Then the vertical spring is released, the cylinder moves down towards
the water surface and touches it tangentially at ¢t = 0.

Note that a body landing on water without control of its vertical motion (k, = 0, ¢, = 0)
but with the restoring moment, k, > 0, can be considered as a body with internal gyroscopic
stabilizer. Such stabilizers can be also used to reduce roll motions of ship. Experiments showed
that a stone skips successfully over water if the stone’s rotational speed exceeds a certain value.
The spinning stabilizes the stone much like an internal gyroscope stabilizes a body’s landing on
water.

The body motions are governed by the equations
mijo = Fy(t) — ky(t)(yo(t) — y«(t)) — cy(O)io(t),  mio = Fu(t),

Ja = M(t) — ka(t)(a(t) — au(t)) — calt)a(?),
where m is the mass of the body, J is the moment of inertia, F;(t) and Fy(t) are the horizontal
and vertical components of the hydrodynamic force acting on the body surface in the contact
region, M (t) is the moment of the hydrodynamic force. Dot stands for the time derivative.
Note that the gravity force is balanced by the vertical spring and does not appears in the
equations. The hydrodynamic forces and moment are calculated by integrating the pressure
distribution along the wetted part of the body surface [4,5]. The hydrodynamic pressure is
calculated within the shallow water approximation when the cylinder is in contact with water.
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Fig. 2 Four typical positions of the body during its impact on shallow water with high horizontal speed.
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Hydrodynamic loads are set zero during the time intervals when the body is above the water
surface. Interaction stages are separated by these time intervals. It is assumed that each impact
occurs on the undisturbed water surface. Each interaction stage is subdivided into the impact
phase (Fig.2a), when the body enters the water layer and the wetted area expands in both
directions with jetting at both edges of the wetted region [1]|, and the planing phase (Fig.2b-d),
when the jetting occurs only at the leading edge and the water surface separates smoothly from
the body surface at the trailing edge [5]. The position of the separation point is determined
by using the Brillouin-Villat condition which requires that both the pressure and its tangential
derivative are equal to zero at this point. The position of the leading edge is determined by
using the matching conditions which come from the conditions of mass, momentum and energy
conservations at this point [2-6]. The equations of the body motions, the conditions at both the
leading and trailing edges of the wetted region and the equations of the shallow water flow are
reduced to the system of nine nonlinear differential equations and one algebraic equation for the
position of the separation point. These equations are integrated numerically in time with the
initial conditions specifying the body motions before each impact.

v AN s
o M fy (e avgi)
o |\ LK

1] 1 2 3 4 5 13 7 8 9 10

Fig. 3 Subsequent positions of the elliptic cylinder at different time instants are shown by thick lines
when the cylinder is in contact with water and by thin lines when it is above water. The time step is 20ms.
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Fig. 4 Inclination angle «(t) of the elliptic cylinder (a), the vertical (b) and horizontal (¢) components
of the body velocity are shown as functions of time. The time is in seconds, the speed in m/s and the
inclination angle is in degrees. Thick lines are for a, = 6°, k, = 10000 N/rad and thin lines are for
ko = 0. Dashed lines in both cases show motion of the cylinder without interaction with the fluid.
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Calculations were performed in the dimensional variables for the elliptic cylinder with semi-
axis @ = 0.bm and b = 0.125m. The results of the calculations presented in Figures 3 and 4 are
for the cylinder of mass 150 kg, water density p = 1000 kg/ m® and the depth of the water layer
h = 0.05m. The initial values of the vertical speed is —1 m/s, horizontal speed 10 m/s. The initial
inclination angle of the cylinder is 6°. The rigidity of the vertical spring &, is zero, the coefficient
of the torsional spring k, = 10000 N /rad, and the equilibrium inclination angle o of the cylinder
is 6°. The damping coefficients ¢, and c, are set zero. The time step of integration is 1074 s.
The calculations were performed for the time interval of 1s duration. During this short interval
the cylinder impacts on water and bounces back five times. Positions of the body with time step
20 ms are shown in Figure 3. Note the different vertical and horizontal scales of the axis. In
Figure 4, the results for the inclination angle, vertical speed of the body and its horizontal speed
without the restoring moment are shown with thin lines, and with this moment by thick lines. It
is seen that without the restoring moment the inclination angle changes significantly during the
first second of the calculations varying from the initial 6° to zero and then to 24°. The restoring
moment reduces the variation of the angle to 3° around the equilibrium value. Note that the
restoring moment does not change the motions of the body during initial 0.1s. The restoring
moment makes the interaction stages shorter and the motions rather periodic with the period
about 0.2 s. This implies that this moment governs the motions. The restoring moment does not
change significantly the reduction rate of the horizontal speed of the body. This speed is reduced
by 15% during the first second of the body interaction with the liquid layer.

The results of the calculations revealed that a smooth landing on water can be achieved
by reducing both the horizontal and vertical speeds of the aircraft and keeping its inclination
angle small. In the case of emergency landing the horizontal speed cannot be reduced but the
vertical speed and the aircraft angle can be controlled. The horizontal speed can be as high as
50 m/s which makes the landing aircraft skip over the water surface. Hydrodynamic loads can
be used to reduce the horizontal speed. To increase the horizontal component of the loads, the
penetration depth should be big. This can be achieved by increasing the inclination angle and
the time interval during which the fuselage is in contact with water. The rebound of the fuselage
should be reduced by controlling the vertical motion and the inclination angle.

To gain the experience with effects of the control parameters on the aircraft emergency
landing, a model of multiple impacts has been developed. This model can be used to find optimal
control regimes of smooth landing. As a first attempt, it is suggested to determine the control
parameters ky(t) and kq(t) which maximize the duration of the first impact on water for a given
set, of landing conditions.

The work was supported in part by the FP7 project SMAES - Smart Aircraft in Emergency
Situations 266172.
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The effect of a vertically sheared current on rogue wave properties.
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Rogue waves are unexpected large and spontaneous waves that can occur on the surface of
calm sea and during severe storm. In this study a nonlinear Schrodinger equation governing
the complex envelope of a surface water wave train propagating on an uniform vertical shear
current is used (Thomas R., Kharif C. & Manna M., 2012). As a result it is shown that
the vorticity modifies significantly the properties of rogue wave, namely their lifetime and
height. In the presence of a shear current co-flowing with the waves it is shown that the
height of the rogue waves is increased whereas the lifetime is decreased. Just the opposite,
for a counter-flowing current, the height and lifetime are reduced and increased, respectively.

I. INTRODUCTION

Rogue waves are among the wave naturally
observed by people on the sea surface that repre-
sent an inseparable feature of the Ocean. Rogue
waves appear from nowhere, cause danger, and
disappear at once. They may occur on the sur-
face of a relatively calm sea and not reach very
high amplitudes, but still be fatal for ships and
crew due to their unexpectedness and abnormal
features. A wave is considered as a rogue wave if
its height H, is more than twice the significant
height H,;. For a Gaussian sea and a narrow
band spectrum, the significant height Hs; = 4o,
where o is the standard deviation of the ele-
vation. Rogue wave can be generated by dif-
ferent mechanisms such as wave-current interac-
tion, geometrical or dispersive focusing, modu-
lation instability (the Benjamin-Feir instability),
soliton collison, crossing seas, etc. In this study
we consider rogue waves due to modulational in-
stability. Several studies have been carried out
on the propagation of surface water waves propa-
gating steadily on a rotational current (]2, 5, 6]).
Few papers have been published on the effect
of a vertical shear current on the Benjamin-Feir
instability of a Stokes’ wave train in the pres-
ence of uniform vorticity. Johnson [3] studied
the slow modulation of a harmonic wave on a
two dimensional flow of arbitrary vorticity. Us-
ing the method of multiple scale he obtained the
condition of linear stability for a plane nonlin-
ear wave. This condition is verified if the prod-
uct of the dispersive and nonlinear terms of the
nonlinear Schrodinger equation (NLS equation)
is negatif. The instability properties of weakly

*Electronic address: viroulet@irphe.univ-mrs.fr

nonlinear wave packet to three dimensional per-
turbations have been studied by Oikawa et al.
[4]. Their analysis were illustrated for the case
of a linear shear. The Benjamin-Feir instability
of a wave train propagating on positive and neg-
ative shear currents have been studied by Choi
[1]. For a fixed steepness, he found that the en-
velope of the modulated wave train grows faster
in a positive shear current and slower in a neg-
ative one. Thomas et al. [7] using the method
of multiple scales derived a vor-NLS equation in
finite depth when the vorticity is taken into ac-
count. They carried out a stability analysis of
a weakly nonlinear wave train in the presence
of uniform vorticity. They demonstrated that
vorticity modifies significantly the modulational
instability properties of weakly nonlinear plane
waves, namely the growth rate and nabwidth.
They shown that these plane wave solutions may
be linearly stable to modulational instability in-
dependently of the dimensionless parameter kh.
Using the Benjamin-Feir Index (BFI) concept,
they demonstrated that the number of rogue
waves increases in the presence of a shear cur-
rent co-flowing with the wave whereas it is the
opposite for a counter-flowing current. We con-
sider the vor-NLS equation derived by Thomas
et al. [7] to investigate the properties of rogue
waves in the presence of vertical uniform shear
current, namely their lifetime and amplification.

II. THE VOR-NLS EQUATION

Generally in coastal and ocean waters, the ve-
locity profiles are varying with depth due to the
bottom friction and surface wind stress. For ex-
ample, tide currents may have an important ef-
fect on the propagation of waves and wave pack-
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ets. Surface drift of the water induce by wind
can also affect their propagation due to the ve-
locity in the surface layer. The velocity field can
be decomposed into a rotational term and an ir-
rotational term which correspond to the induced
wave velocity (the wave motion is assume to be
potential). The fluid is inviscid and incompress-
ible. Hence, the Kelvin-Lagrange theorem states
that the vorticity is conserved.

V = Qui+ Vo(z,y,t) (1)

The wave train move along the x axis, the y
axis is oriented upward and gravity downward.
The water depth h is constant and the bottom is
located at y = —h. 2 represents the magnitude
of the shear and ¢ the velocity potential due to
the wave.

A. Governing equations

The governing equtions are :

V2 =0,~h <y <n(z,t)

d)y = 07 y= —h

N+ (P + Q) — @, =0

Dy + 32+ 502 + D, 4 gn — QU =0

where ® means that ¢ is calculated on the
free surface and n the free surface elevation.
Using the Cauchy-Riemann conditions, the
dynamic boundary condition may be rewritten
as follows :

Dy + (I)tynx + @x(q)xx + (I)xynx) + CDy((Dmy +@

+o0o

On = Z €]¢nj7
j=n
“+00

Nn = Z €j77nja

j=n

()

with € the small parameter corresponding to the
wave steepness of the carrier.

We seek a solution modulated on a slow time
scale T = €%t and slow space scale £ = e(z — c4t)

n(z,t) = %(ea(é, mYexpli(kx — wt)] + c.c) + O(e?)
(6)

With ¢, the group velocity of the carrier
wave. The new system of governing equations
becomes :

Edee + Py =0, —h <y < n(x,t)

¢y =0,y =—h

n, — €CgNe + 62¢5n§ + eQnne — @, =0
63(1)57- — e2cg<1>55 + e?’(I)yTng — eQng)gyng

+ EPeDee + €D Peyne + €@y Dy + €@y Pyyne
+ 629175<I>5 + 62(277@55 + eQan)gyng + €gne

+ QP — 2QPene =0

Substituing the expansion for the potential
¢ and the free surface elevation 7 lead to the
nonlinear Schrodinger equation (after a tedious

opment to the third order) :

+On, Py + N Poy + Poyne) + g0 + Q(Py — Penz =0

B. The multiple scale analysis

We present briefly the derivation of the NLS
equation by using the method of multiple scales
(for more details see Thomas & al. 2012 [7]).

+00
=Y oneaplin(kr — wt)],

n=—oo

+oo
n= Z nuexplin(kz — wt)],

n=—oo

(2)

(3)

where k is the wavenumber of the carrier and
w its frequency. Then ¢, and 7, are written in
perturbation series

ia,; + Lagg + N!a\za =0 (7)

where
L= (1= o)1 - po + (1 - p)X] - 0p?
k20(2+ X)
M= —wk?(U + VW)

8(1+ X)(2 + X)ot

U = 9—120% + 130" — 20° + (27 — 180?
+ 156" X + (33 — 302 + 40*) X? + (21 + 50°%) X3
+ (7420 X* + X°
V= (0+X?204+p+p)+1+X —po? — poX
)
W = 9,30+ X)2+X)+p(1 —0%)

op(p+pf) — p(l + X)
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FIG. 1: Stability diagram. S: stable, U: unstable.
(Thomas et al. (2012) [7])

with

w = kh
o = tanh(kh)
c
p =2
Cp
— Q
0=
w
= 0Q

III. STABILITY ANALYSIS

A solution of equation (7) can be expressed
using a Stoke wave :

a = apexp(iNagT)

(8)

A linear stability analysis gives the stability
criterion for a Stoke’s wave :

L(—2Na3 + l2L) > (0 stable
L(—2Na2 +1?L) < 0 unstable

(9)
(10)

The stability domain is plotted in figure 1 as
a function of ¢Q and kh.

There are two critical values as a function of
the vorticity and the water depth. Indeed for
a value of o€ < —2/3 which correspond to a

vorticity 2 = —2 %, Stoke’s waves are stable.

When there is no vorticity (€2 = 0) Stoke’s waves
are stable for kh < 1.363. Note that for three di-
mensional motion there are oblique modulations
even when kh < 1.363.

IV. APPLICATION TO ROGUE WAVES

In the previous section a development to
third order and a stability analysis have been
performed to investigate the influence of the vor-
ticity on the Benjamin-Feir instability of Stoke’s
waves (see [7] for more details). In this section
we consider the nonlinear evolution of the unsta-
ble infinitesimal perturbations within the frame-
work of the vor-NLS equation. A series of nu-
merical simulations of the vor-NLS equation is
performed for different values of the wave steep-
ness of the carrier wave, the water depth and the
vorticity. The nonlinear stability analysis is de-
veloped for constant vorticity varying from —0.4
to 0.4 and for kh = oo or kh = 2. Due to the lim-
itation of the NLS equation to weakly nonlinear
wave trains we choose ak = 0.05 and ak = 0.10.
The wave number of the carrier wave is k = 10
and that of the perturbation is [ = 1.

0 20 40 60 80 100 120 140 160 180 200
t

(a)

0 50 100 150 200 250 300
t

FIG. 2: Evolution of the normalized mazximum ampli-
tude as a function of time. In infinite (a) and finite
(b) depth. Thick continuous line corresponds to 0
vorticity, thin continuous one to 0.2 and thin dashed
line to —0.2.
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The normalized maximum amplitude evolu-
tion as a function of time is shown in figure 2
for three different values of the vorticity (—0.2,
0 and 0.2). In both, finite and infinite depth,
increasing the vorticity increases the maximum
amplitude of the perturbation but decreases the
width of the peak. To have a rogue wave event,
the lifetime has been evaluated for a amplitude
higher than two times the initial amplitude of
the Stoke’s wave.

1=1 k=10 ak=0.1 kh=inf

25 T T 1.3
—eo— Lifetime
b - -8- - Maximum amplitude
ol
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e
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(b)

FIG. 3: Evolution of the life time and the mazimum
amplitude as a function a vorticity in infinite (a) and
finite (b) depth.

Figure 3 shows the evolution of the lifetime
and normalized maximum amplitude of the en-
velope as a function of the vorticity. In infinite
(fig.3.a) and finite depth (fig.3.b) increasing the
vorticity, increases the maximum amplitude but
decreases the lifetime of the rogue wave. In fig-
ure 3.b the Stoke’s wave is stable for values of
vorticity lower than —0.2. This explain why the
lifetime and maximum amplitude for negative
values of vorticity are lower than those without
vorticity, the instability is just high enough to
be defined as a rogue wave.

V. CONCLUSION

Using a 1D nonlinear Schrodinger equation
in the presence of a vertical shear current of
non zero constant vorticity in finite and infinite
depth, we have shown that the lifetime and max-
imum amplitude of rogue waves are significantly
influenced by a vertical shear current. For a
counter-flowing current the lifetime of a rogue is
increased whereas the height is decreased. The
opposite situation is observed for a co-flowing
current. This study is still in progress, to take
into account the influence of wind by introducing
the Miles’ mechanism.
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Numerical Analysis of Floating-Body Motions in Arbitrary Bathymetric Domain
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1. INTRODUCTION

Recently, the installation of floating-type offshore structures in coastal area has been seriously considered.
These offshore structures have drafts over 10 meters, and thus the shallowest conditions for operation are
nearly 15~30 meters depth. For such finite water depth, the effect of bottom topology may be predominant to
the wave propagation and motion responses of floating body.

One of concerns for finite depth is the nonlinear effect due to finite depth. To observe such effect,
computational results based on the Boussinesq equation and Rankine panel method are compared for various
bathymetry. The nonlinear solutions are obtained by the Boussinesq equation solver, while the Rankine panel
method is applied for linear problems. The comparison is made for the two sets of computational result: wave
propagation and wave-induced motion responses. In the both cases, the Boussinesq model does not show
significantly different results from linear theory as long as water depth is not very shallow. Therefore, it can be
found that a linear approach is useful for evaluating seakeeping performance of floating bodies in finite depth.
Based on the linear regime, the motions responses of an LNG carrier at a port in Korea are computed.

2. BACKGROUND

2.1. Rankine Panel Method for Linear Problems

Laplace equation and linearized boundary conditions are applied to solve the boundary conditions for wave-
body interaction. When sea bottom varies, the general solutions of incident waves, ¢l and {7, are hard to find.
In order to simulate incident wave adequately, wave making wall is implemented in incoming boundary
surface (see Fig.1). Neumann-type boundary condition is applied at this boundary, as in Eq. (1). Furthermore,
numerical damping zone is adopted on free surface, as in Eq (2), and the damping intensity, v, is modified
according to its proper behavior at the end of the computation domain.

op 04, 9 _op o,V 938 o r i Yse
G_ﬁzﬁ% (1) at oz e g¢ dt oz w(¢-4) g(¢ %)
d§_8¢_ 3 % 3 2

at oz 2V(§ §|)+ g (¢ ¢|) 2

Rankine sources are distributed at boundary surfaces
including sea bottom. Green’s second identity can be
used to compute the velocity potential, ¢, as in Eq. (3).
Sk, S, SeT denote free surface, body, and bottom,
respectively. All physical values are presented by
applying bi-quadratic spline basis function. Fig. 1 Coordinate system

o1 10 10 10 o(1 o(1
R N e R R | R L = ®

This Rankine panel method is applied in time domain to solve the prescribed boundary value problems. Wave
loads are computed by integrating pressure on mean body, which is computed from Bernoulli equation. The
fourth-order predictor-corrector method is applied for updating velocity potential and wave elevation.
Radiation condition at far field is satisfied by applying damping zone, as similarly in Eq. (2).

2.2. Boussinesq Equation for Nonlinear Problems
Boussinesq equation approximates the velocities in fluid as a series form expanded from a reference location.
In the present study, one of the state-of-the-art research is adopted which is developed by Madsen et al. (2006).
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In this approach, the horizontal and vertical velocity of fluid can be represented as a series form of pseudo
velocities, 0" and w’, as in Eqgs. (4) and (5). The infinite series of partial differential operators, J, and J,,,
include the differentiation up to fifth order.

u(xy,z,t)=J3,0"+J,W 4
w(xy,z,t)=JW —J,0 ®)

Pseudo velocities are computed by solving nonlinear boundary conditions with finite difference method. Then,
horizontal and vertical velocities in the fluid can be calculated from Eqgs. (4) and (5). Kinematic and dynamic
free surface boundary conditions can update the velocities and wave elevation, by applying time-marching
method.

3. NUMERICAL RESULTS

3.1. Comparison of Linear and Nonlinear Waves, and Motion Responses

Kinematic wave shapes are compared in two different depth conditions. At first, wave elevation is simulated in
constant water depth by Rankine panel method and Boussinesq model. Because the modern ships have design
draft around 10 meters, water depth is considered to be 15 meters to confirm the safety of under keel clearance.
Fig. 2 shows the numerically generated waves in two different wave frequencies (w), and those are compared
to analytic solution of Stokes’ linear wave. Longitudinal and vertical scales are normalized by wave length and
a half of targeting wave height (H), respectively. In the Boussinesq model, two different wave heights, which
are denoted in normalized from by water depth h, are selected to see the effect of nonlinearity. The nonlinear
results in the Boussinesq model are not different significantly from the linear solution of the Rankine panel
method. In addition, the results in both models are almost overlapped to the solution of Stokes’ wave.

In next stage, wave elevation is simulated in sloped bottom. Sloped bottom is a useful example to describe the
general shape of ocean bottom in near shore area. Many researchers have focused the effect of sloped bottom
to dynamics of floating bodies (Buchner, 2006; Ferreira and Newman, 2009; Hauteclocque et al., 2009). Two
different wave slopes are assumed, as in Fig. 3. hoand /o denote water depth and wave length in inlet region.
Wave elevations in both models show reasonable agreement to each other. Nonlinear effect is not dominant
even at the higher wave amplitude in the Boussinesq model.
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Fig.4 shows the Froude-Krylov forces computed for the sloped bottom of Fig. 3(b). In this case, the ship
model is an LNG carrier of 274m length and 11m draft. The LNG carrier is assumed to be located in the center
of slopes, and bow towards to deeper region. The Froude-Krylov forces are only computed in the Boussinesq
model. In three different wave heights, the Froude-Krylov heave force and pitch moment are not remarkably
different, as shown in Fig. 4. This results implies that the nonlinearity is not significant in this water depth.
Fig.5 shows the heave and pitch motions in two different bottom changes. Particularly, the motion RAOs are
compared with those for constant depths at the middle of slopes. It is interesting that the overall trends are
similar between the results.

In this computational study, it is found that nonlinear effect is not significant in the moderate water depth
where coastal LNG platforms can be installed. Therefore, a linear method can be useful in the analysis of wave
loads and motion responses of ships and offshore structures in finite depth.
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e

3.2. Motion Responses of LNG Carrier in a Real Port

A real ocean seabed is modeled where the ship provides LNG to inland facility. The port is located at West
Sea in South Korea. Fig. 6 shows the geometry around LNG terminal and representative wave flow in
numerical computation. The mean depth near body is about 15 meters. Incident waves are assumed to
propagate from open sea (left in figure) to narrow bay (right in figure). The direction of inflow changes due to
the transversely varying bottom. In addition, the water depth also decreases as waves propagate along the bay.
As a result, the shoaling effect usually increases wave amplitude in shallower region.
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Fig. 6 Geometry of port in West Sea and representative wave around LNG carrier

Head and following waves are assumed at the inlet boundary to observe the body’s responses. However,
transverse flow is naturally generated due to the refraction of wave, as observed in Fig. 6. The direction is
dependent on the depth variation and wave length. Fig. 7 shows the motion RAOs of the LNG carrier in
regular wave. The magnitude of motion is normalized by amplitude of incident wave at inlet region. In this
application, it is found that surge and heave responses are almost similar in both of head and following
conditions. For pitch, the asymmetry of body and refracted waves around bow and stern regions cause
different responses between head and following waves. To prevent transverse motion, position control is
required according to the dominant wave component and its incident angle.
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IN REGULAR WAVES
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1 INTRODUCTION

In the present contribution, the diffraction and pressure-dependent-radiation problems for an array of OWC’s devices
restrained in regular waves with finite water depth is investigated in order to highlight the effect of the hydrodynamic
interactions among the devices on the wave loading and wave energy extraction. The problem of the hydrodynamic
interaction among neighbouring OWC devices may be important in evaluating the absorbed wave energy by each device
in the array since the hydrodynamic characteristics of each member of a multi OWC’s configuration may differ from the
ones of a standalone, isolated device due to interaction phenomena. The latter are evaluated using the single OWC’s
hydrodynamic characteristics and the physical idea of method of multiple scattering (Twersky’s [1952], Okhusu [1974],
Mavrakos [1991]). Air volume flow rate, inner pressure and absorbed wave power are parametrically evaluated for
several distances among devices in an array consisting of three devices.

2 FORMULATION OF THE HYDRODYNAMIC PROBLEM

We consider a stationary group of N rigid vertical axisymmetric oscillating water column devices excited by a plane
periodic wave of amplitude H/2, frequency @ and wave number k propagating in water of finite water depth d. The outer

and inner radii of each device g, g=1, 2,..., N, are a,,b,, respectively, whereas the distance between the bottom of the g

device and sea bed is denoted by h, and the distance between the devices by | (Figs. 1, 2). It is assumed small amplitude,

inviscid, incompressible and irrotational flow so that linear potential theory can be employed. A global Cartiesian co—
ordinate system O-XYZ with origin on the sea bed and its vertical axis OZ directed positive upwards is used. Moreover,

N local cylindrical co-ordinate systems(rq,eq,zq), q=1,2, ..., N are defined with origins on the sea bottom and their

vertical axes pointing upwards and coinciding with the vertical axis of symmetry of the g device.

IR - 2 %

- ~ : d :

,..T . By ‘-‘T rg - X

Fig.1. Schematic representation of a typical Fig.2. Stationary group of N identical OWC

OWC device devices in a row

The fluid flow around the g=1,2,...,N device expressed in its own co-ordinate system can be described by the potential
function: ®9(r,,,, 2, 2)=Relp(r,, 6, z,)- ™ fwith
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N

(70,0, 2,)= 41, 00, 2,)+ #9160, 2,)+ > 91,6, 2,) L

p=1
Here, ¢/ is the undisturbed incident linear wave potential; ¢, is the scattered wave potential with the g device being

considered fixed in the wave field with open duct and ¢ is the radiation potential on body g due to time harmonic

oscillating pressure head, P = Re{p,70 e"“”} in the chamber for the p device which is considered fixed in otherwise

calm water.
The potentials go} (I=q, gp;j=0, 7, P; p=1, 2,..., N) are solutions of Laplace's equation in the entire fluid domain and

satisfy, besides the zero normal fluid velocity on the sea bottom (z = 0) and on the mean body’s wetted surface, S/, the
following boundary conditions on the inner and outer free surface, z=d :

| 0 for r,>a,l=qorqp;j=0,7,P
vl —g—t= 0 for 0<r, <b;l=q;j=0,7 2
~Slopiy | p for 0<r, <b;l=qgp;j=P

Finally, a radiation condition for ¢7has to be imposed which ensures that propagating disturbances are outgoing.

As mentioned in the introduction, the method for evaluating the fluid flow around the g device in the array relies on
single device hydrodynamic characteristics and accounts for the hydrodynamic interactions among the devices using the
physical idea of multiple scattering. Each device of the configuration scatters / radiates waves towards the others, which
in turn scatter waves contributing to the excitation of the initial device and so on. In this way, by superposing the incident
wave potential and various orders of propagating and evanescent modes that are scattered and radiated by the cylindrical
array elements, Fourier — Bessel series representations of the total wave field around each device q in the array may be
obtained in its own cylindrical co-ordinate system. In doing so, use is made of the Bessel function addition theorem to
express the radiated /scattered wave field from the pth device in the reference co—ordinate system (rq, Oy z). By the way

of example, the wave field around the body q of the arrangement due to inner pressure variation in p device, @
expressed in g-th body co-ordinate system is given by:

n < im
o0 (13, 04,2) = -pino ‘Fg?n i, 2e “ (3)
lwp m=
Where for the outer fluid domain, 7,.a,,,0< z< d the function ¥ , is given by:
K ( ) I (ar,) K.(ar,)
P (1,2) =6, X Fon —'qz g il e i) o .
ij(q ) PQJ_Z Pm, j K ( ) ( ) pm,J |m(ajaq) Pm, | Km(ajaq) J( ) ( )

The first term in (4) represents the isolated device wave field around the g body due to its own internal pressure
variation, the second term denotes the incident wave fields on body q emanating from the scattered fields of the
remaining devices considered open and the last term is the scattered wave filed around the g —th device. In (4) /,,and

K, denotes the mth order modified Bessel function of first and second kind, respectively; F; ; are unknown Fourier

coefficients for the radiated waves form the isolated body g with internal pressure head variation, Fg; Fourier

-1/2
coefficients for the scattered waves from remaining open duct devices; Z;(z) = {0.5[1+ sin(2a;d)/ (Zajd )}} cos(a;d)

Moreover, it holds:

N © . m@l )y (a ) i(v-m)gy
Gqfn =3 (1_5 ) S Im-*—v " ap Fls e g (5)
Pm, j lg v Kv (aj q) Pv.j

The time dependent volume flow produced by the oscillating internal water surface in ¢ OWC device, g=1, 2,..., N, is
denoted by Q(rq, 0, 2 [): Re[q”(rq, 6, Z). e—ith
where:

¢ = g 1,dS; = £ J Uty O 2= ) 1,016, = £ q %rqdrqdeq ©
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Here u, denotes the vertical velocity of the water surface, S/ the inner water surface of the q device and ¢ the velocity
potential in q device’s chamber. It proves convenient to decompose the total volume flow, g7into two terms associated

with the diffraction, g7, and the pressure-dependent radiation problem, g%, as follows:
9 = g+ Plod’ = 9 - PiolB7 - iC”) @)

where B7and C7are the corresponding radiation conductance and susceptance, respectively. Assuming uniform
pressure distribution inside the chamber, it can be shown that, even though all m-modes terms affect the values of the
diffraction and radiation potentials, by substituting those potentials in Equation (3) only the modes with m=0

contribute to gZand g}, as in an isolated device case [Mavrakos & Konispoliatis, 2011].

Assuming that the Wells turbine is placed in a duct between the chamber and the outer atmosphere, of the q device, and it
is represented by a real valued pneumatic admittance g, then the total volume flow Q in q device, is equal to [Evans &
Porter; 1997, Falnes; 2002, Falca™o; 2002]:

QN =93 A1) ®)

The averaged value of the power absorbed from the waves over one wave period from the device q is obtained from
[Evans & Porter; 1997]:

1. [0 1= 177 ( pa |2 ~a12 g
W - 2rd g g |2 iy 87 iy =+ 05(6) qg{l—p;;o o8- (67 +ic?| o | ol

The capture width ¢ of the q device is the ratio of the power absorbed by the device to the available power per unit crest
length of the incident wave [Martins-Rivas and Mei; 2009], i.e.

07=2.w4/ (pg(H/2)2 cg) (10)
C,being the group velocity of the incident wave. The absorbed power (Eq.9) takes a maximum value of [Evans &
Porter; 1997]:

1
W = 93167 45 6 GEN
corresponding to an optimum inner pressure head p7 = (3‘7)’1 qg/z .

optim

99+ (3‘7 - icqfa} ©)

If g%, from Eq.8, reaches an optimum value, g? _

optim

:‘B"—icq‘ then the maximum value of the absorbed energy by

device q, is:
J— - 2 —_ 2 —
an]ax :% qz(Bq) 17% - pz’O {z(g%mimj * /(chq N Cqu)7 Zg%ptim qup%/p%[z(g%ﬂﬁm] * /(5qu - Cqu)+ Zg%ptim qupz’o} (12)
The resulting maximum capture width is then given by [Evans & Porter; 1997]:
L %ax =2- M/rgax/(pg(/'//z)z Cg) (13)

3 NUMERICAL RESULTS

In figure 3 we examined an array of three same oscillating water column devices in a row. The variations of the value of
the dimensionless parameter v:‘qg‘ , for aq/ a=1/2, bq/aq =3/4, hq/d=3/4 , //aq=4,8, 12, for the middle device

of the array, are being plotted. Next, we investigate how the direction of the wave propagation affects the value of the
inner pressure in each of the above OWC devices. In figures 4 and 5 the dimensionless modulus of the inner air pressure
is plotted in each device of the above configuration, g=1,2,3, for incident wave angles 6=0, n/2, //aq:4and

9%=0.117 I(Ns) . Finally, in figure 6 the value of (Zlmax +02 +£?nax)/(3€’rf1‘;f’e‘7)for the three devices of the above

configurations is presented, for //aq=4,8, 12. Here é{m, j=1, 2, 3 denotes the maximum capture width in the j—th

device for optimum inner pressure head, pf o whereas éﬁgﬁa’e”is its single device counterpart for optimum inner
optim

pressure value. From the depicted results the effect of the hydrodynamic interactions on the alteration of the single OWC
device characteristics is shown.

Page 115/ 236



28™ IWWWEFB, L'Isle sur la Sorgue, France, 2013

25 1,00 75
. A
0,90 !
2,0 - \\\\
L 0,80 \
LA 0,70 N
1,5 ./A\ \1\\
AR & 0,60
> \1 = \\
1,0 - - & o050
\ 2 \\\ -
£ 0,40 )\
05 : 0.30 - \\\
.,%% \\g\ ' \1
i i ——— 0,20
0,0 vb\ﬁi L
000 020 040 060 080 1,00 1,20 1,40 1,60 180 200 220 240 2,60 0,10 =
ka 0,00 —

Isolated Body - o -Vas4 —e Vass ——eiz | 0 02 04 06 08 1lkal2 14 16 18 2 22 24 26

‘ —e—Isolated device ——Body 1 o= -Body 2 Body 3 ‘

Fig.3. Modulus of v=g¢%/0-0-£3/(p- g)) Versus k-a,,

for /:4%’8&4, 12a, Fig.4. Modulus of inner air pressure versus k- g, for

0=0
1,00 f\ 2,00
0,90 f x\ % 180 /m- /'\\
0,80 E\ 1,60 vi \ /
¢ g X \ fx
0,70 kst "
S 140 - Y
LEA\E ENSREIN S S O A e
z g0 7N ~ X s X g
g 050 8 100 el AT | K N7 A %
g N £ 100 P A\ 7
£ o4 ‘\\ 2 080 SEEAN AR \\;} A
030 \\~§\ E‘ 0,60 ¥
0,20 % 040
AN . g
0,10 T ;/‘ 0,20
0,00 0,00
0 02 04 06 08 1kal2 14 16 18 2 22 24 26 0,00 020 040 060 080 100 1,20 1,40 160 1,80 200 220 240 260
‘ —e—Isolated device ——Body 1,3 o= -Body 2 ‘ ka
\ ——lia=4 —o— l/a=8 - - -la=12 |
Fig.5. Modulus of inner air pressure versus k-4, for Fig.6. The value of (glmax +0% +g%ax)/(3gﬁgfl‘f‘d)
0=mn/2

versus k-a for /=4a,,8a, 12a, and 0=0
and optimum value of inner pressure head

4 ACKNOWLEDGEMENTS

This research has been co-financed by the European Union (European Social Fund — ESF) and Greek national funds
through the Operational Program "Education and Lifelong Learning” of the National Strategic Reference Framework
(NSRF) 2007 — 2013: Research Funding Program: ARISTEIA, Program POSEIDON (2041)

5 REFERENCES

Evans, D.V., Porter, R. 1997. Efficient calculation of hydrodynamic properties of OWC-type devices. Journal of
Offshore Mechanics and Arctic Engineering, vol. 119, no. 4, pp. 210-218.

Falca™o, A.F. de O. 2002. Wave-power absorption by a periodic linear array of oscillating water columns. Ocean
Engineering, 29, pp.1163-1186.

Falnes, J. 2002. Ocean waves and oscillating systems: linear interactions including wave-energy extraction. Cambridge
University Press.

Martins-rivas, H. & Mei, C.C. 2009. Wave power extraction from an oscillating water column at the tip of a breakwater.
Journal of Fluid Mechanics, 626, pp.395-414.

Mavrakos, S.A. 1991. Hydrodynamic coefficients for groups of interacting vertical axisymmetric bodies, Ocean
Engineering, 18(5), pp. 485 — 515.

Mavrakos, S.A. & Konispoliatis, D.N. 2011. Hydrodynamics of a floating oscillating water column device. International
Maritime Association of the Mediterranean (IMAM 2011), Genoa, Italy.

Okhusu, M. 1974. Hydrodynamic forces on multiple cylinders in waves, Proceedings, International Symposium on the
Dynamics of Marine Vehicles and Structures in Waves, University College London.

Twersky, V. 1952. Multiple scattering of radiation by an arbitrary configuration of parallel cylinders. J. Acoustical Soc. of
America, 24 (1).

Page 116 / 236



Wagner-type models of water impact with separation
for a finite wedge

Alexander Korobkin

School of Mathematics, University of East Anglia, Norwich, UK
e-mail: a.korobkinQuea.ac.uk

Symmetric two-dimensional problem of a rigid wedge entering water at a constant speed is con-
sidered. The wedge is of finite height. The second stage of the flow, when the wedge is already
completely wetted and a cavity is formed behind the wedge, is of concern. In particular, we need
to calculate the hydrodynamic force acting on the wedge during this stage. It is known that the
Wagner-type models quite well predict the force evolution during the impact stage, when the
wedge is only partially wetted. The idea of the present approach is to introduce a fictitious body
of infinite height, which consists of the wedge surface and the streamlines of the cavity behind
the wedge computed for unbounded fluid region, and to calculate the hydrodynamic force by
using the Wagner-type models applied to such a body.

1. Introduction

Wagner-type models include the Original Wagner Model (OWM), Modified Logvinovich Model
(MLM) and the Generalised Wagner Model (GWM). There are also several other advanced
models such as Second-order Wagner Model (Korobkin, 2007 and Oliver, 2007) and Combined
Asymptotic Model, which are not considered in this study, thought they could be promising as
it will be clear from the presented results.

Wagner-type models were derived for bodies with small deadrise angle. However, GWM and
MLM can also predict the force F(t) acting on entering bodies with moderate deadrise angles.
Calculations by the Wagner-type models will be performed for the symmetric wedge with dead-
rise angle of 30 degrees. The wedge is of finite height with the upper base of length B = 0.5m.
The wedge enters water of infinite depth at constant speed V. Gravity and surface tension are
not included in the models. The results by the Wagner-type models are compared with the
numerical results by S. Seng (2012) for the same wedge and conditions of the impact. Seng
did his calculations by OpenFoam and presented the force coefficient F, = F/(pV?) in terms
of non-dimensional penetration depth h/H, where p is the water density, h = V't is the wedge
displacement and H = %B tan(30°) is the distance between the keel and the base of the wedge.
It was known that the coefficient F), is independent of the entry speed for the infinite wedge.
The calculations by S. Seng showed that this coefficient is approximately independent of the
wedge speed also during the stage with separation from the knuckles of the wedge. This result
by Seng encouraged us to develop an approximate model of impact with separation where the
body surface is continued with the cavity streamlines making a body of infinite length. The
streamlines represent the free surface of the cavity behind a body placed in the uniform steady
flow. These streamlines are treated as rigid within the present models.
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2. Shape of the cavity behind symmetric wedge in uniform current

The analysis from the book by Gurevich (1978) was used to determine the shape of the cavity
in the parametric form

B B B

r=—+-—-X(s), y=H+ —=Y(s),

2 2(y) 2(7)
where s is the non-dimensional curvilinear coordinate along the free surface of the cavity, v is
the deadrise angle of the wedge and

7(1 —u?)du 2y

1

u
:8 = — k:]._ .
() COS’}//O D o=, o

The functions X (s) and Y (s) are obtained by integration of the following differential equations

i—f = cos[k¢(s) + 7], dd% =sin[k¢(s) + ], ¢(s) = arccos[(2s + 1)7%]

with the initial conditions X (0) = 0 and Y (0) = 0. The wedge and its continuation with the
cavity surface are shown in Figure 1 for = > 0.
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Figure 1. Shape of the wedge continued with the streamline in non-dimensional coordinates
x/(0.5B) and y/(0.5B) (left) and the function ae(y), where v is in degrees (right).

The length of a small streamline element is 0/ = Bds/(2e). Calculations of the streamline for
the wedge with deadrise angle 30 degrees were done with ds = 0.01 which corresponds to the
length 61 of elements equal approximately to lmm. Coordinates of the points on the wedge
surface, where x < 0.25m, and on the streamline, where 0.25m< = < 0.389m, with the distance
between points about 1mm were saved in a data file which was used in the following calculations
by the Wagner-type model representing a fictitious symmetric body with the equation y = y,(x),
which penetrates water at a constant speed. In total, 500 elements represent the shape.

3. Original Wagner Model

In the OWM, the rigid shape y = y(z) is in contact with water over the interval x| < c(2),
where ¢(t) and ¢/h are computed by using the Wagner equation

¢ yp(z)de w ¢ e ¢y, (z)xdx
/0 %:?‘(”’ i 25(e) Sy = | yfﬁ (1)

The integrals are evaluated by using linear approximation of the shape function y,(z) between
nodes of the elements. This approach can be used for any h(¢). In the present calculations,
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h = Vt. The hydrodynamic pressure in the wetted area of the fictitious body is given by the

linearised Bernoulli equation ‘
9 € c
p(x,t) = pV*+ .
(2,8) = PV
The pressure is integrated over the wetted area, if ¢ < B/2, and over the wedge surface, if
¢ > B/2, with the result

F,=—K(c),

where K(c) = § for ¢ < B/2 and K(c) = arcsin(B/2c) for ¢ > B/2. The calculated force
coefficient F), is shown in Figure 2 with respect to the non-dimensional penetration depth Vi¢/H
by the solid line. The dashed line shows the result by OpenFoam (Seng, 2012). It is seen that
the OWM overpredicts the force during the impact stage, which is well known drawback of
this model. However, OWM predicts correctly the duration of the impact stage and the force
evolution during the separation stage. The latter result is less obvious.
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Figure 2. The force coefficient F), as a function of non-dimensional penetration for the finite
wedge of 30 degrees by the OWM (solid line) and by OpenFoam (dashed line).

4. Modified Logvinovich Model

Within MLM, we use the same shape of the fictitious body and equations (1) for the size of
the wetted area and the speed of its expansion as in OWM. The force acting on the entering
wedge is calculated by integrating the pressure only over the wedge surface. The formula for the
force acting on an entering wedge by MLM was published by Korobkin (2004). This formula
was updated to account for the cavity behind the wedge. First we calculate the coordinate
Z(t) of the point on the wedge surface, at which the pressure is zero, if such a point exists.
We introduce 6 = Z(t)/c(t) and x such that § = /1 — x2. Then we consider the equation
x2sin?~ — 2x¢/h + cos?y = 0 which is valid if the point Z(t) is on the wedge surface. If the
latter equation has no real solution, it means that the point Z(¢) is on the surface of the cavity
behind the wedge. In this case we set &(t) = B/2. The force coefficient in MLM is given by
F, = 2% arcsin § — %cos2 ~log (m) — 0sin® 7.

This force coeflicient is shown in Figure 3 by the solid line. The dashed line shows the result by
OpenFoam (Seng, 2012). It is seen that the MLM predicts the coefficient quite well during the
impact stage but gives a wrong prediction at the separation stage. It is interesting to note that
OWM predicts the force at the separation stage better than MLM.
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Figure 3. The force coefficient F), as a function of non-dimensional penetration for the finite
wedge of 30 degrees by the MLM (solid line) and by OpenFoam (dashed line).

5. Generalised Wagner Model

Calculations of the force acting on the wedge were performed by the GWM code (Korobkin,
2011) combined with the present model of separation (Figure 4).
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Figure 4. The force coefficient F), as a function of non-dimensional penetration for the finite
wedge of 30 degrees by the GWM (solid line) and by OpenFoam (dashed line).

It is seen that the GWM combined with the separation model suggested above predicts the force
quite well during both the impact and separation stages. However, several problems with the
GWM code were detected at the transition from the impact to separation stage.

This work is part of the project SMAES - Smart Aircraft in Emergency Situations - project
number 266172 - of the Seventh Framework Programme (FPT).
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Trapping of time-harmonic waves by freely floating structures
consisting of multiple bodies (motionless and/or heaving)
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We study the coupled time-harmonic motion of the following mechanical system: infinitely deep water bounded
above by a free surface and an immersed structure formed by a finite number N > 2 of surface-piercing bodies
floating freely. The surface tension is neglected and the water motion is irrotational, whereas the motion of the
whole system is of small amplitude near equilibrium. The latter assumption allows us to apply the linearized
model proposed by John [1], which we write in the matrix form used in [3]. Our aim is to prove the existence
of structures whose properties are as follows: (i) there exists a time-harmonic wave mode trapped by such a
structure; (ii) some of the structure’s bodies (may be none) are motionless, whereas the rest of the bodies (may
be none) are heaving at the same frequency as water. Our construction is based on a generalization of the
semi-inverse procedure (see [4] for a survey of this technique). The usual semi-inverse procedure was applied
in [3] for obtaining infinitely many families such that every member of a certain family is a single motionless
body floating freely; the corresponding trapped wave mode is common for each of these families. In the case of
heaving bodies, a novel moment is that a subsidiary (with respect to the arising eigenvalue problem) condition
guaranteeing the equilibrium is essential for verifying that the constructed structure floats freely.

Let the Cartesian coordinates (x,y), € = (x1,x2), be such that
the y-axis is directed upwards, whereas the x-plane coincides F
with the mean free surface of water. By §k, k=1,...,N, we X W
denote the domain occupied by the k-th body in its equilibrium By

position; its immersed part By = §k NR3 # 0 can consist of sev- w

eral connected components (see fig. 1), R> = {x e R2,y < 0}.
Let B = UIkVZIBk and W = R3 \ B be the structure’s submerged
part and the water domain, respectively. The latter is supposed
to be simply connected, but B has at least N > 2 connected com-
ponents (see fig. 2); their number is greater than N if bodies like
that shown in fig. 1 are present. Furthermore, Sy = 0B, NR>,

1 Statement of the problem for multi-body structures l g Y

T F

g—\,% F X
:

Figure 1: A body with two immersed parts.

~ — Dy
Dy =BN{y=0}, F = {y=0}\ (UY_,Dy) (see fig. 2), and n F X
is the unit normal to d W directed to the exterior of W. -
The linearized time-dependent setting of the problem for B ; 5

N =1 was obtained in [1] (see [2] for its matrix form). In S w
our case, the system’s motion is described by the following
first-order variables: the velocity potential ®(x,y;r) and N vec-
tors q¥)(r) € R®. The latter characterize the motion of the

. . . Figure 2: Definition sketch for two bodies.
centre of mass of the k-th body about its given rest position

(a:(()k), y(()k) ); namely, the horizontal and vertical displacements are qgk), qgk) and qftk), respectively, whereas
(k) k) (k) (k) (k)

gy’ and g5, g, are the angles of rotation about the axes that go through (a:o 3 Y0 ) parallel to the y- and
X1-, xp-axes, respectively. For studying time-harmonic oscillations of the radian frequency ® > 0 we put
(®(z,3,1),qV(1),...,qM (1)) = Re{e 1 (@(z,y),ix"V,...,ix)}. Then the bounded complex-valued
function ¢ and the vectors x¥) € €%, k = 1,...,N, must satisfy the following problem:

V=0 inW; 3,0-ve=0 onF; | }\am(p—ivcp\zds:o(l) as a— oo} )
wn{|x|=a

0,0 = conTDk X(k) on Sg; cozEkx<k) = -0 (pDznds+gka<k) foreveryk=1,...,.N. (2)
Sk
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Here V=(0,,,9d,,,0,); V= ®2/g and g is the acceleration due to gravity (see fig. 1); T denotes the matrix trans-
10x, 0 0 —y

position and Dy, = D(a: — m(()k), y— y(()k)), where D(z,y) = [0 1 7)261 0y 0 } . Two matrices in the equation of
00 0 1 —x x;

motion of the k-th body [the 2nd condition (2)] are as follows: E; =p, ' [ 5, Pi(,Y) D] (z,y) Di(z,y)dzdy;

D
oo / 1Pk 12k 71?/{ .
K = [Qj Kﬂ , where K = | 1% pk+1* - | and O3 is the 3x 3 null matrix; I"* = [ dex,
o Pk Pe B Dy
L v

IiD" = /l)k(xi—x(()l;))dw, Iilj)." = /Dk(x,-—x(()f)) (xj—x(()l;-))d:n, Ifk = /Bk(y—y(()k))da:dy, i,j=1,2.

The elements of Ej are various moments of the whole body Ek (see [3]); pr(x,y) > 0 is the distribution of
density within the k-th body and py > O is the constant density of water. All these 6 x 6 matrices are symmetric
and positive definite. Every matrix K (it is related to buoyancy of the k-th body; see [1]) is symmetric as well.

Problem (1)—(2) must be augmented by conditions guaranteeing equilibrium for each of N floating bodies:

o 1B = p;! /A pr(z,y)dzdy = / dzdy (Archimedes’ law for the k-th body); e / (5 — ) dzdy = 0,
By By By

i = 1,2 (the centre of buoyancy of the k-th body and that of its mass lie on the same vertical line); o K is a
positive definite matrix (this implies the stability of the equilibrium position for the k-th body; see [1, § 2.4]).

The boundedness of ¢ implies that V¢ decays as y — —oo; the radiation condition [the 3rd condition (1)]
means that waves are outgoing at infinity. In the same way as in [3], one proves the following assertion about
the energy of the coupled system.

Let (¢,xV,...,x™)) satisfy problem (1)~(2). Then @ belongs to the Sobolev space H' (W) and [, |¢|* dz < oo,
that is, the kinetic and potential energy of the water motion is finite. Moreover, the equality

N N
[ 1vePdody+0? Y XTEx® v [ofdw+g Y XK
w k=1 F k=1

expresses the equipartition of energy of the system’s motion.

In what follows, we suppose that ¢ is a real element of H' (W) and x% €RO, k=1,...,N, because the real
and imaginary part of any solution separately satisfy problem (1)~(2). Such a real solution (¢, x,...,x™)
is called a trapped mode, whereas the corresponding value of ® is called a trapping frequency.

2 Trapped modes with axisymmetric velocity fields

Since we are interested in trapped modes with axisymmetric velocity fields, we consider structures consisting
of axisymmetric bodies (motionless and/or heaving). In order to find them we apply a modification of the
semi-inverse procedure applied in [3]; this modification uses not only a special choice of the velocity poten-
tial, but also a particular form of the vectors x¥). Namely, we fix ® > 0 and seek a trapped mode in the
form ((Dv_ztp*,dxgl),...,deFN)), where d is the diagonal matrix diag{v~—',v=!,1,v=! 1,1} and ¢,, ng)
are dimensionless. We put

2

- K2 dk
0. (v|a|,vy) :2/ (kcoskvy -+ sinkvy) P(kv]) Q(kvr) o3
0

Here P=1y, 0 =K, L=Jyand M =Y, for || < r, whereas P = Ky, Q =1I,, L=Yy and M = J; for |x| > r. The
value r > 0 is specified below; Yy, Y; are the Neumann functions; Jy, J; and Iy, I, Ko, K| denote the standard and
modified Bessel functions of the indicated orders, respectively. It is easy to check that @, is a non-dimensional
harmonic function in R? . Moreover, the boundary condition 9,¢, — V@, = 0 holds on R? \ {|z| = r,y = 0},
and @, has a singularity on the excluded circumference. Putting r = r,,, = v! Ji,m, where ji,, is the m-th
positive zero of J;, we get that the last term in (3) vanishes for || > r. We denote ¢, with r = r,,, by ¢,, and
see that @,, € H'(W) when W is a domain obtained by removing some neighbourhood of {|x| = r,,, y = 0}
from IR3 . Therefore, @,, can serve as the first component of a trapped mode provided m and a water domain are

—n2L(v|z)M(vr), y<0. (3)

chosen properly. It is essential that the choice will also depend on the N-tuple (xil), e ,xiN)). We take ngk)
in the form (0, 0,0, H, 0, O)T, and so Hy = 0 for a motionless body and H; > 0 for a heaving body.

In order to define a water domain we use the Stokes stream function \,, corresponding to ¢,, through the
following relations:

O P = —(V|2]) 'O Wiy 0P = (V[&]) 'O\ Wi, 4
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thus getting ,,(v|z|,vy) = —n>v|z[e" Jy (V|Z]) Y1 (1m) — 2V || ¥ (V|Z],VFm,VY), |&| < rm, y<O, and

Y (V|z],vy) = =2v|z[¥(Vrm, V]2, V), |2 >7rm, y <O,
{e) 2

k- dk
where ¥(c,T,M) = / (ksinkn —coskn)I; (ko) K, (kt) 2l and the constant of integration is chosen so that
0

Y (V[z],vy) = 0 as 2|2 +32) — o
Relations (4) yield that 9,,@,, = 0 on every surface in R? , where y,,, = const. Some properties of stream-
lines y,,(V|x|,vy) = v for various values of v will be used below. In particular, all these lines are smooth in
{]z| > 0,y < 0}; if v # 0, then the line’s end-points belong to the boundary of this quadrant, whereas one end
can be at infinity when v = 0; a streamline emanates from every point on the half-axis {v|x| > 0, vy = 0}
and the only exceptions are (j »,0) and those points, where y,,(v|x|,0) attains its local extrema. Moreover,
Yo (V]|Z],Vy) — 400 as VZ[(|z| — r,)? +y*] — 0 and y < 0.
3 Construction of freely floating multi-body structures @ i — \I}z (v ‘\$|,(‘)) /L |

0

3.1. Motionless structures. The above-listed properties of i
Y, m= 1,2 ..., allow us to consider every bounded sur- s 2 4 & =
face in R?> on which ,, = const (the only exceptions are Rigid shell _Air

unbounded nodal surfaces) as the rigid wetted boundary of a (b) | ’ ’—‘ )
motionless axisymmetric body semi-immersed into water (see 0 S s ‘Ball‘a *
[3] for details in the case N = 1). Fig. 3 (b) shows the vertical VY r \'J =
radial cross-section of 2 such bodies defined by y» (v |x|,vy); 2
this function can also be used for defining 3 bodies like that lo-
cated in the middle below the body with 2 immersed parts. We i
even have m < N in this example, but m must be sufficiently 6f
large for guaranteeing N — 1 changes of sign for y,,(v|z|,0)
when 0 < v|x| < jj  (this yields the existence of N bodies). e

Thus, using y, we defined a motionless structure and now ’ ) ° °ovlzl
it is necessary to check that it is freely floating. (In the gen-  Figure 3: (a) The trace W, (v|x|,0). (b) Stream-
eral case, we have to show that (¢,,0,...,0), where O (the lines y,(v|x|,vy) = v for various values of v;
zero element of R®) is repeated N times, is a trapped mode for  nodal lines (v = 0) are bold. Straight segments
a structure of this type.) For this purpose it remains to ver- show how wetted surfaces are connected above the
ify that the following 6N equalities hold [see the 2nd equation ~ fre€ surface to form 2 bodies. Darkly shaded lay-
@)1 s, ¢D/nds=0,k=1,...,N. As in the case of a sin- ZZ f:(éguzﬁiﬁiam guaranteeing that the bodies
gle body, SN of these integrals vanish when all surfaces Sy are )
axisymmetric (see details in [3], Appendix). Therefore, it remains to shozv that | 5, Pm0yyds =0,k=1,....N,
when 9,,9,, = 0 on Si. Let the constructed bodies be numbered so that By contains the singularity circumfer-
ence {|x| = ry,y =0} inside. (It is the doubly immersed body in fig. 3.) First, we apply the method used in
[3], Appendix, for proving that jSN ©nd,,yds = 0. It involves the 2nd Green’s formula written for the functions
@, and y+v ! in the domain (R? \ By)NC, 5; here Cp 5 = {|x| <p, —8 <y <0} and p, § > 0 are taken so
that By C C,, 5. Then the required result follows from the boundary conditions, the behaviour of @, as y — —oo
and the Riemann-Lebesgue lemma applied as 8 — +oo. Then the same procedure yields the result for every
k=1,...,N—1, but the domain must be changed to (R? \ By UB,)NC, 5 and the fact obtained on the previous
step must be taken into account.

Of course, the ballast density within each body is to be chosen so that the conditions guaranteeing the
body’s equilibrium are fulfilled (see [3], § 3.3, for details).

vz|

3.2. Heaving structures. Let us turn to constructing N-body trapping structures heaving so that Hy, = H > 0
in xik) for all k. For this purpose we modify our method outlined in sect. 3.1 as follows. We require a structure
to be formed by bodies for which every Sy is a surface of constant level

v
If H is sufficiently small, then these level surfaces have properties similar to those listed at the end of sect. 2.
Hence relations (4) imply that 9,, (¢, — Hvy) = 0 on every Sy C R3,k=1,...,N, and so the 1st condition (2)
describes the heave motion of the whole structure. Again we choose Sy so that it separates the singularity of

\|J,51H) from infinity.

(v|z|,vy) =const, where W\ (v|z|,vy) = Yu(v|Z|,Vy) — (v]Z|)2H/2. (5)
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Fig. 4 (b) shows the vertical radial cross-section of 2 such bodies defined by \|11(H) (v]x|,vy) with H = 0.1.

(H)

In this example of a heaving structure defined with the help of y,"’, we have m <N (cf. sect. 3.1); however,
generally, m must be sufficiently large and H must be sufficiently small to guarantee the existence of N bodies.

It remains to verify the equations of motion [the 2nd
condition (2)] for the constructed heaving structure which
are as follows for axisymmetric bodies:

VHIB :—/(p1 o yds+HI™, k=12 (6
Sk

we restrict ourselves by the case shown in fig. 4 (b). In or-
der to check (6) we begin with applying the 2nd Green’s
formula to ¢; and y+v " in (R? \ B,) NC, 5, where pos-
itive p, 8 are taken so that B, C C, 5. As in sect. 3.1, con-
siderations based on the boundary conditions, the behaviour
of @) as y — —oo and the Riemann-Lebesgue lemma with
8 — +oo are applicable, but now we obtain that

/(planyds:HV/(y—Fv*l)anyds:—HV daedy+HIP>.
Sz SZ B

Substituting this into (6) with k = 2, we see that (6) is true
because it reduces to Archimedes’ law for Ez. Then the
same procedure yields the result for k = 1, but the domain
must be changed to (R? \ B{UB;) NC, 5 and the fact ob-
tained on the previous step must be taken into account as
well as Archimedes’ law for §1.

3.3. Structures formed by motionless and heaving bod-
ies. First, we consider (ov2¢1,0,dX2), where x» =
(0,0,0,H, O,O)T. It is clear that this triplet serves as a mode
trapped by an axisymmetric structure formed by the heaving
body B, defined in sect. 3.2 [the right body in fig. 4 (b)] and
any motionless body obtained by rotation of the following
domain: it is the union of the rectangle adjacent to the do-
main enclosed between the v|x|-axis and a streamline of y;
located to the left of the dashed curve in fig. 4 (d).

Now we take (0vV~2@;,dx1,0), where x| is the same
as x» above. Hence this triplet serves as the mode trapped
by an axisymmetric structure formed by the heaving body
ﬁl defined in sect. 3.2 [the left body in fig. 4 (b)] and any
motionless body obtained by rotation of the following do-
main: it is the union of the rectangle adjacent to the domain

@l v oelo)” [

Apemm"T

0 2 6y 2|
Figure 4: (a) The trace y\") (v|z|,0) with H = 0.1.
(H)

(b) Streamlines "’ (v|x|,vy) = v are plotted for
H = 0.1 and various v < 0; the nodal line (v = 0)
serves as Sz (the wetted boundary of the right body);
straight segments connect wetted surfaces above the
free surface to form two bodies; two dashed lines
(v = —0.9464) separate four different families of
level lines. (c) The trace y; (v|x[,0). (d) The dashed
line is taken from (b); streamlines y; (v |x|,vy) =v
are plotted for various values of v; the nodal line
(v=0) is bold.

enclosed between the v|x|-axis and a streamline of y; located to the right of the dashed curve in fig. 4 (d).

4 Conclusion Generalizing considerations of sect. 3, one obtains the following

Theorem. For any ® > 0 and arbitrary integers N > 2 and n, 0 < n <N, there exists an axisymmetric trapping

Sﬁl),...,dxsﬁN)) is the
(k)

corresponding trapped mode (see its description in sect. 2), where m is sufficiently large and Hy in x5’ is an
arbitrary non-negative number lesser than 2% Yy (j1.m)J1 (ji y)|/Jin_1 (i, is the (-th positive zero of J});
(ii) all bodies float freely, n of them are motionless and described by prope/rly chosen level lines of \,,, the
remaining N —n bodies are heaving and described by chosen in a special way level lines of functions (5).

structure that consists of N bodies and has the following properties: (1) ((DV -2 Q,,,dx
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The marine industry uses full mission marine simulators for training naval officers and as a tool in
marine engineering. The quality of the training and the engineering assessments relies on the realism
and visual presentation of the simulated ocean waves, ship waves and ship-ship interaction forces. Am-
bient ocean waves are often calculated by FFT’s of a wave spectrum. Realistic real time calculation of
ship waves are not available in ship simulators today. Ship-ship interaction forces are calculated using
boundary element models or based on model experiments in towing tanks and precomputed force tables.
The present work is motivated by 1) The need for ship wave calculation and more accurate and reliable
ship-ship interaction force calculations in full mission marine simulators, 2) The development of new
numerically accurate and computational efficient large scale ocean wave and ship wave models, and 3)
The availability of affordable Graphical Processing Units (GPU’s) ideal for high performance scientific
computing. The main challenge is the real time constraint, which limits how complex the physical model
can be and still have a computationally efficient and fast numerical solution. An ever changing simu-
lated environment and human interaction are other challenges for the robustness and flexibility of the
model. To meet these challenges, the physical model has to be simple, but still accurately representing
the kinematic and dynamic effects of water waves and ship motions. The approach adopted is that de-
scribed at last year’s workshop Lindberg et al. [2012] and involves a simplified geometric representation
of the ship hull by means of a dynamic pressure distribution applied on the free-surface; together with
a GPU optimized fast Laplace solver based on high-order finite differences Engsig-Karup et al. [2009],
Engsig-Karup et al. [2011].

Free Surface Flow and Ship Model

The mathematical model describing the flow around the ships and the wave motion is based on potential
flow theory and the equations are presented in a ship fixed moving frame of reference

x=x9—Ut, y=1vo, 2= 20, (1)

where (2o, Yo, 20) is the earth fixed frame of reference, ¢ is time and U is the ship velocity positive a-
direction. The water velocity is the gradient of the velocity potential u = (u,v,w)” = V¢. Continuity

*We wish to thank Maritime Development Center of Europe, FORCE Technology, DTU Mechanical Engineering and
DTU Informatics for supporting this project and the Danish Center for Scientific Computing for providing supercomputing
resources.

fEmail: old@force.dk
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requires the velocity potential to satisfy the Laplace equation
Vi =0, —h<z<u, (2)

where h = h(z,y) is the sea depth and n = n(z,y) is the free surface elevation. The evolution of the free
surface is described by the kinematic free surface boundary condition

In on  On 09
= — )= —p=— = 3
5 T )8x+vf)y 5, 2= 3)
and the evolution of the free surface velocity potential is described by the dynamic free surface boundary
condition 06 96 1
p
_— — —_ . L = 4
ot U8x+2u u+gn+p 0. =z=mn, )

where g = 9.81m/s? is the gravitational acceleration, p is the pressure and p ~ 1000kg/m? is the density.
Note that the Bernoulli constant in the dynamic boundary condition is zero.

These equations comprise the fully nonlinear water wave problem and they are solved in a time
dependent physical domain with a moving free surface boundary. Some complexity has to be removed
to solve these equations in real time. The approximations start with perturbation expansions of the
velocity potential and the free surface elevation

p=co+ep1+pa+..., n=no+tem+en+t..., (5)

where the parameter € is the ratio between the wave elevation and wave length ¢ = H/A. The free
surface velocity potential is further expanded in a Taylor series with respect to the still water level. The
zero-order term is calculated either by a Neumann-Kelvin linearization ¢9 = Uz or a double body flow
linearization

V2¢0 = 07 _h S z S 07 (6)
n-Voéo = —n.U, (2,y) € Lsnip, (7)
¢
(972’0 = 0, (a:,y) ¢ Fshipa z2=0, (8)
dpo _
5 - 0, z=—h. 9)

where n = (ng, ny, n.) is the normal vector of the ship hull surface I'sp;p. Currently we are working with
two approximations of the body boundary condition: a flat ship approximation and a pressure distri-
bution representation. The first order solution is calculated from the kinematic and dynamic boundary
conditions which are linearized around the steady solution

on (06 [\, 0bodn _ ¢y  O¢1

6t+<6ﬂc U) o "oy oy - o2 T ax (10)
091 o) 0p1  Opo 091 D _

5t+<6x_U> 5t oy oy T, = 0 =0, (11)

where the pressure is zero on the free surface (z,y) € T'ps and determined by the following quasistatic
approximation on the ship hull

(20 ) 90, 06000 -
p= P((ax U) or + ay ay Jrgﬂo), (x,y)efshw, z=0. (12)

Here it is assumed that the ship hull can be represented by a single valued function of the horizontal
coordinates 1o = no(x,y).
Finally the radiation boundary condition

B O (:U2—|— 2)71/2
o={ o

x>0

2 2
as x° +y“ — oo for {:13<0
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is approximated by the zero’th order absorbing boundary condition

09
aJr(C'nme)—erCny—y:O, (z,y,2) € Tya, (14)

where C = /gh is the wave celerity of absorbed wave component and I'4 is the artificial physical domain
boundary. This boundary condition is most efficient for shallow water waves and a wave direction normal
to the boundary. Efficient absorbing boundary conditions for dispersive and possibly non-linear water
waves at large angles is an advanced and open question for the water wave community.

Numerical Approximations and Solvers

The Laplace equation (2) for the potential is approximated by higher-order finite differences and solved
by a multigrid preconditioned defect correction (PDC) method, Engsig-Karup et al. [2011]. The PDC
enables efficient solution due to linear scaling in both computational work and memory. An explicit
higher-order Runge-Kutta method is used for the temporal discretization of the linear kinematic free
surface boundary condition (10) and dynamic free surface boundary condition (11) and the absorbing
boundary condition (14). The functions for the free surface elevation 7 and the free surface potential
¢ have kinks at the waterlines of the ships and steep gradients in the vicinity of the ship hulls, which
can give spurious oscillation in the numerical approximations of these functions and their derivatives.
The derivatives are therefore approximated by the the higher-order Weighted Essentially Non-Oscillatory
(WENO) method and the advective terms in the kinematic (10) and (11) are evaluated by the Hamilton-
Jacobi WENO method with Lax-Friedrics flux Osher and Shu [1991].

Parallel GPU Implementation

The development of massively parallel GPUs within recent years has made GPUs attractive for a broad
range of computationally intense applications within scientific computing and engineering. We find that
GPUs are ideal for computing the ship wave and ship-ship interactions, not only because the numerical
model fits the parallel architecture well, but also because the ocean waves should eventually be rendered in
the marine simulator by the GPU itself. We have used an in-house developed library, based on the CUDA
programming model, for assembling the solver. All finite difference operators are implemented as flexible-
order matrix-free operators, in order to exploit that only a few different stencil coefficients are required.
In this way we are able to keep memory consumption and memory access low, two important properties
for obtaining good performance on GPU systems. Preliminary results indicate reasonable performance
speedups compared to similar CPU-based implementations in the order of one to two magnitudes. Future
work is still to prove if the real time calculations are possible given the currently proposed numerical
model and hardware.

Tests, Validation and Applications

The model needs to calculate ship waves and ship forces and moments accurately. The kinematic and
dynamic properties of the linearizations (Kelvin-Neumann and double body flow) and approximation of
ship hull boundary conditions (flat ship and pressure distribution) are investigated. The convergence of
the numerical approximations are tested to determine the optimal order of finite difference and WENQ
approximations and the required mesh resolution. Different types of finite difference meshes are inves-
tigated. In particular meshes with clustering of points close to the free surface, close to the ships and
dynamic adaption based on error indicators.

An example of a convergence study is seen in figure 1 where the wave resistance is calculated on a
Series 60 CB 0.6 model for Froude numbers in the range F'r = 0.1,...,0.35, Toda et al. [1992]. The
number of points in the vertical direction are increased N, = 9,10,13,17 while the number of points
in the horizontal directions are fixed at (N, N,) = (513,385). Other numerical parameters are: 4th
order finite difference, 2nd/4th order WENO and 4th order Runge-Kutta. The mesh points are clustered
close to the free surface and around the ship. It is seen that at least 17 points are needed in the vertical
direction and that the best agreement with the experimental data is found in the range F'r = 0.1, ...,0.25.
At the workshop more result on convergence and computational efficiency will be presented and most
importantly a ship-ship interaction validation case with a tug besides a tanker Simonsen et al. [2012].
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Figure 1: Left: A Series 60 CB 0.6 model at steady forward speed with Fr = 0.316. Right: Wave
resistance for as a function of the Froude number and different V.

Conclusion

We have presented a linear free surface flow model for real time calculation of ship waves and ship-ship
interaction in a full mission marine simulator. The model is currently being implemented for parallel
excecution on GPU’s. In the time ahead it will be verified, tested and optimized. Validation test
on forward speed and ship-ship interaction cases are carried out to determine the required numerical
resolution and the model accuracy. An example of a convergence study on Series 60 CB 0.6 has been
presented and it is seen that at least (Nx, Ny, Nz) = (513,385, 17) points are required. At the workshop
we will present more convergence and performance results along with a ship-ship interaction case between
a tug and a tanker.
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Introduction

Potential flow theory is widely used in ocean
hydrodynamics. With the great progress achieved so far,
the weakness of the conventional potential flow model
was also found for some special problems. One of the
typical examples is the gap resonance, where the
unexpected extremely large wave amplitude in the narrow
gap, confined by the floating structures arranged side-by
side, is predicted by the conventional potential flow
model. The over-prediction of wave amplitude by the
potential flow model near the resonant frequency is also
observed for the liquid sloshing in a container. As far as
ship motions in ocean wave are concerned, the rolling
damping remains still great challenge for the potential
flow theory. Empirical coefficients associated with the
rolling damping are generally required in practical
applications in order to make reasonable predictions of
ship motions.

The gap resonance, sloshing and rolling problems
mentioned above present a common characteristic, that is,
the physical dissipation plays an important and critical
role. However, the conventional potential flow model is
based on two basic assumptions of irrotational flow and
inviscid fluid, which means that the physical dissipation
in the fluid flow has to be totally ignored. Therefore the
conventional potential flow model becomes invalid for
the cases with significant mechanical energy dissipation.
In the context of viscous fluid flow with incompressibility,
on the other hand, the mechanical energy dissipation can
be described by the dissipation rate function from the
energy equation,

W =2us;s, (1)

where u stands for the fluid viscosity and s; = 0.5
(Ou/Oxj+ Ouy/0x;) for the strain rate tensor with u; the flow
velocity component. Eq. (1) denotes the work rate
dissipated in unit volume, having a dimension of [J S
The dissipation function can be re-formulated by
subtracting the continuity equation 2(8u,~/6xj)2 = 0, which
leads to"!

Y= uw’ +4,u(

oudv ou avj @

Oy Ox Ox Oy
for the two-dimensional situation, where @ is the vortice
and u, v the velocity components in the 2-D case.

As for the potential flow, the vortices are definitely
zero. Furthermore, if the fluid is ideal, no dissipation is
produced since the viscosity is zero. However, if we
consider the special case of irrotational (potential) flows
of viscous fluids, that is, the viscous potential flow, the

dissipation function might be not zero since the second
term in the right hand of Eq. (2) has to be retained. Note
that the viscous fluid flow can be irrotational flow .
Considering the Helmholtz Theorem, that is,

u=vo+v 3)
where U is the velocity vector, @ the velocity potential,
giving VO the irrotational velocity and v the rotational
part of the velocity, Joseph et al (2006)"*! presented the
integral dissipation function in space

O 0 0’0
O=| 2us.s.dV =2 A A
.[V M85 /u'[V axiaxj axiax.f
v |y, v,
Y ey g v @
2 axj ax[ ﬁxj ax,‘

dv

2
+2,uj (%+al] oo
"\ Ox; Ox; )ox,0Ox;
The above dissipation function with Helmholtz
decomposition shows that the energy dissipation is
composed of three parts. The first one purely results from
the potential flow (irrotational velocity components) ©, =
2ulo ® ;@ ;dQ and the second part comes from the
rotational velocity components, @, = 0.5u | (v; ity )
dQ while the third part due to the coupling effect of
potential flow and rotational flow gives rise to @p,= 2u
lo (vi,;+ v, ;) @;;dQ. Eq. (4) indicates clearly that the
potential flow of viscous fluid is able to partially consider
the mechanical energy dissipation although the potential
dissipation might be limited for the real-life problems.By
using the Gauss theorem and considering the boundary
conditions of potential flow of viscous fluids, the
potential dissipation ©, can be transformed to the
boundary integral™*,
o’ ou,
0, = ZyJ‘Sf e unds+2,ujsf p
Where u, = 0d/on, u, = 0®/otr with n and 7t the unit
vectors in normal and tangent directions, respectively, and
sf stands for the free surface boundary. Eq. (5) indicates
that the energy dissipation of viscous potential flow
appears along the free surface, which can be regarded as
the theoretical foundation for our previous method by
introducing damping term on the free surface for the gap
resonance problem > ®. It should be pointed out that the
governing equations of mass conservation and
momentum conservation are the same for the potential
flows of both ideal fluid and viscous fluid, i.e., the
Laplace equation and Bernoulli equation. The details of
the viscous potential flow theory can be found in Ref. [4].

u,ds )
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The introduction of the concept of viscous potential
flow provides us a feasible approach to consider the
dissipation in the frame of potential flow theory. However,
the energy dissipation in realistic flows may involve
significant vortical (rotational) contributions, and the
dissipation will not be restricted to the free surface.
Therefore, it is necessary to know well where dissipation
mainly appears and how much dissipation is for a special
problem. This is the main issue of the present work by
examining the rolling dissipation in fluid. In the
following section, the dissipation of a rotationally
oscillating square box in viscous fluid will be examined
by the CFD simulations. We consider one submerged box
first and one floating box with free-surface effect as
another case.

Submerged box rolling in closed container

The governing equation is the two-dimensional
Navier-Stokes equations for incompressible viscous fluid
in the Arbitrary- Lagrangian-Eulerian frame,

ou,

—r =0 6
. ©)
Ou, Ou, 19 0 Ou,

USRS LU o B ™
ot ox; pox, pox; 0x,

where u; and c; are the fluid velocity and mesh velocity
components corresponding to the i-th Cartesian
coordinate x; (i=1, 2 for the present 2-D problem), p the
pressure, ¢ the time and the liquid density p= 1000 kg/m’
is used in this work. For the purpose to understand well
the influence of fluid viscosity the heavy dynamic
viscosity ¢ = 10.0 kg/m-s is adopted here. A rectangular
box with square cross-section in x-o-y plan (with side
length D =1.0 m) is placed in a closed square container
fully filled with liquid. The rolling motion of the square
cylinder is described by the forced rotational oscillation
with respect to its centre, coinciding with the centre of the
container.

0(1)=6,sin (27 ft) 8)
where @ is the time-dependent rotational angle in radian,
6y the amplitude and f the frequency in Hz. A sketch
definition for the submerged square cylinder in a typical
computational domain 40Dx40D is shown in Fig. 1.

u=0,v=0,0p/dy=0

0
0

0,0p/ox
0,0p/ox
40D

L

0,v
0,v

v= dy/dt

u

u

P
u=0,v=0,0p/dy=0 Y
| 20D | 20D |

Fig. 1 Sketch definition of submerged rolling box

The no-slip boundary condition is applied on the
solid wall, including the box surface and container

boundary and a zero reference pressure is imposed at the
down-right corner of the container.

The numerical model is firstly verified with different
grid resolutions. It is confirmed that the computational
meshes is fine enough, giving that the numerical results
are free from the mesh density.That means the numerical
dissipation is ignorable comparing with the physical
dissipation. The influences of container size, fluid
viscosity, rolling amplitude and frequency on the mean
energy dissipation rate, denoted by E, are concerned,
which is evaluated as

1 7 1 7
“r o =gl s ®

where T and 7, is the integral time scale covering the
stable state. Three different container sizes, measured by
the container side length L = 20D, 40D and 60D, are
examined with fixed rotation frequency /' = 1.0 Hz and
amplituded) = 0.1 rad. The numerical results show that
the mean energy dissipation rates in the whole fluid
domain confined by the different container sizes hold the
same value of 6.255 J/s. This suggests that wall effects
from the container on the dissipation can be neglected for
the present numerical set-up, in other words, the
dissipation rate induced by the container boundaries
approaches to zero, giving the reasonable assumption
with infinite computational domain. Therefore, the
medium container size L = 40Dx40D is adopted as the
benchmark for the following computations.

As mentioned previously, one of the concerned
issues for the dissipation is to get know where the
dissipation takes place. We evaluated the mean
dissipation rate in several square regions with respect to
the rotation centre, i.e., Ls=1.0D, 1.6D, 2.0D, 3.0D, 4.0D,
10.0D, 20.0D, 30.0D and 40.0D, referring to the
definition in Fig. 1. The other computational parameters
include = 10 kg/m-s, p = 1000 kg/m’, 6, = 0.1 rad and
fe [0.1, 1.0] with an increment of 0.1 Hz. As shown in
Fig. 2, the increase in the area of the sub-domain does not
increases the dissipation rate significantly. That means
the mechanical energy dissipation mainly happens in the
near region of the rolling box. Careful examinations
indicate that the area of 3.0Dx3.0D may account for more
than 90% dissipation of the whole fluid domain for the
present cases. Fig. 2 suggests also that the dissipation rate
increases approximately in parabolic with the rolling
frequency at constant rolling amplitude, which means the
higher frequency gives the larger dissipation.

[1]

6 F
5F
P 1.6D x 1.6D
24t ——A—— 2.0Dx20D
= —v%— 3.0Dx3.0D
(1 3L P 4.0D x 4.0D
F 10.0D x 10.0D
r ——~@p=-==20.0D x 20.0D
2 r ——-@—- 30.0D x30.0D
e — - 40.0D x 40.0D
1 ‘ ‘ ‘ ! s
0.0 0.2 0.6 0.8 1.0

0.4
J(Hz)

Fig. 2 Variation of mean dissipation rate with rolling
frequency within different sub-domain size
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Fig. 3 presents the comparisons of the dissipation
rates under various rolling amplitudes. The mean
dissipation rate is evaluated in the typical two
sub-domains of 3.0D0x3.0D and 20.0Dx20.0D. It can be
seen that the rolling amplitude has significant influence
on the mean dissipation rate. For a particular frequency,
the larger rolling amplitude gives rise to the higher
dissipation at a rate larger than linear increase.

20p_._._ 6,=0.05,3.0D x 3.0D
[ 6, =0.05, 20.0D x 20.0D
------ 6,=0.10,3.0D x 3.0D
15 ) 6,=10.10,20.0D x 20.0D
8,=0.15,3.0D x 3.0D
@ A 6,=0.15,20.0D x 20.0
=10
m
St __,.--—0'"""“_. °
_o--o®
il > -——--—-&-—8-—a—-a
0 !"—-—'_.'_ I | | |
0.0 0.2 0.4 0.6 0.8 1.0
S(Hz)

Fig. 3 Comparison of mean dissipation rate under different
rotation amplitude

Fluid viscosity is expected to play important role in
the mechanical energy dissipation, which is examined in
Fig. 4 by considering the various viscosities at constant
rolling amplitude €,= 0.1 rad and frequency /= 0.4 Hz.
This figure shows that the total dissipation in the fluid
domain does not behave a linear increase with the fluid
viscosity although the viscosity in Eq. (1) presents in
linearity. Fig. 4 implies the importance of velocity
gradient (mainly accounted by the vortices).

5,

0 L L L

0 2 10

4 6
u (kg/ms)
Fig. 4 Influence of fluid viscosity on dissipation

Based on the CFD numerical results the correlation
between the dissipation and vortices are examined in Fig.
5 for typical 6 = 0.15 rad and f = 0.1 Hz. It can be
observed that the total dissipation shown in Fig. 5 (left),
by using Eq. (1), mainly appears in the near region of the
rolling box and the most significant energy dissipations
appear around the sharp corners. The dissipation resulted
from the vortex motion in Fig. 5 (middle), evaluated by
the first term of the right hand of Eq. (2), presents the
similar scenery to that of Fig. 5 (left). The further
examination in quantity indicates that the vortices
dissipation accounts for most of the total dissipation.
From Fig. 5 (right), it is confirmed that the vortices
mainly develop from the solid wall and the sharp corners.
The numerical results shown in Fig. 5 suggest that the
dissipation induced by the vortical flow has to be
modeled in order to use the viscous potential flow theory
to successfully describe the rolling damping. Two points
should be addressed, 1) the physical dissipation should be

introduced near to the rolling structure and 2) the
appropriate dissipation amount should be used. One
feasible method for the former topic might be the
dissipative surface idea proposed by Chen et al (2011)")
while the latter one can be estimated by using the CFD
simulations as described in this work.

. ' PR | —
. “ ks

-1 0 1

Total dissipation Vortical dissipation  Vortices contour
Fig. 5 Contours of dissipation rates and vortices

Floating box on free surface

By wusing the Navier-Stokes solver involving
two-phase fluids, the rolling dissipation with free surface
was simulated, where the liquid-gas interface is capture
by the Volume of Fluid method. For the purpose of
comparison, the computational domain, box size,
rotationally oscillating amplitudes and frequencies are set
to be as close as those in the previous section. The
container is partially filled with liquid in a depth of 20D,
1.e., half of the vertical dimension. The viscosities and
densities used in the computations for the liquid and gas
phases are 1= 10.0 kg/m-s, p; = 1000 kg/m’ and z,= 10™
kg/m:s, p, = 1.0 kg/m’, respectively.

The time-series of wave elevations recorded at x =
1.0m, 5.0m, 10.0m and 20.0m, respectively, are shown in
Fig. 6 for the case with f= 0.5 Hz and &, = 0.1 rad. It
shows that the wave amplitude decreases with the
increase in the distance. At x = 10 m, the wave amplitude
approaches to 1/6 of that at x =1.0 m and the wave energy
is totally damped out at x = 20.0 m. The further
examinations show that the higher oscillating frequency
leads to the faster decrease in the wave height with the
distance.

0.02
0.01
E
s
-0.01
-0.02

0 5

Fig. 6 Time series of wave elevation at different position

Eq. (2) suggests that the total dissipation rate
consists of two parts, i.e., the first term and the second
term on the right hand, which are denoted by the vortical
dissipation rate and the other dissipation rate, respectively.
The time evolutions of dissipation rates in the whole
domain are examined in Fig. 7, for the case of f= 1.0 Hz
and ) = 0.1 rad, where the space integral over both the
liquid and gas phases are involved. Since the gas
viscosity is much smaller than the liquid, it is confirmed
to have rather limited contribution to the total dissipation.
It can be seen that the total dissipation rate ([o¥dQ) is
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mainly resulted from the vortical flow (Jou@’dQ). For the
present case the dissipation rate induced by the second

term of Eq. (2), i.e., IQ 4u (uyv—uwv,) dQ, accounts for 10%

of the total dissipation rate, in which both potential and
vortical dissipations and their coupling effects are all
involved according to the previous mentioned Helmholtz
decomposition in Eq. (4).
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Fig. 7 Time series of dissipation rates in the whole domain

Following the previous examinations, the mean
dissipation rates in various sub-domains with different
square size are compared in Fig. 8, which is helpful to
determine the most significantly dissipative region. The
rotational amplitude and frequency considered here are
1.0 Hz and 0.1 rad, respectively. Note that the square
sub-domains with side length Lg cover both of the liquid
and gas regions and the three types of mean dissipation
rate are considered. The numerical results show that the
mean total dissipation, evaluated directly from Eq. (8),
increases with the sub-domain size. However, as L;> 15
m, that is, 15D in this work, the total mean dissipation
rate approaches constant. That means the physical
dissipation is mainly restricted in the scope of 15Dx15D,
which is much larger than the previous examined cases of
submerged rolling box due to the presence of free surface.
Again, the dissipation is observed to be mainly induced
by the vortical flow. However, the mean vortical
dissipation rate shows little dependence on the
sub-domain size. As the sub-domain is large enough, the
other dissipations account for nearly 25% of the total
dissipation.

251
—@ @ L ]
20
[@o—e—=0 = o
£ —@—— Total dissipation
[?]/ 10F —&— Vortical dissipation
———— Other dissipation
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0 10 20 30 40
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Fig. 8Mean dissipation rate in different sub-domain

The influence of rotational frequency on the mean

dissipation rates in the whole domain are examined in Fig.

9 by considering the typical example with &= 0.1 rad. It
was found that at the lower frequencies the mean
dissipation rate associated with the second term in Eq. (2)
is very small while the total mean dissipation rate is

almost the same as that from the vortical flow. With the
increase in the frequency, the three dissipation rates
increase gradually, and the difference between the total
dissipation and the vortical dissipation becomes evident,
which means the dissipation induced by the third term of
Eq. (2) plays more and more important role at the higher
oscillating frequencies.

20
P~ —H&—— Total
= - - @ - - Vortical -7
] 10 —--—@—--- Others -
________ PO S 4
0 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1.0

Fig. 9 Dependence of d|55|pat|on rate on rolling frequency

Conclusion

For the purpose to introduce dissipation in potential
flows to deal with the near resonant problems in ocean
engineering, we have performed analyses on the
dissipation in viscous fluid and investigated quantitatively
different components in the case of rolling boxes by using
the CFD method. Two cases relative to one submerged
box and one floating box at the free surface have been
considered. The numerical results of dissipation rates
associated with different components by varying rolling
frequency and amplitude highlight that the major
dissipation is contributed by fluid vortices in the region
close to boxes. Further studies are needed to quantify the
linear and quadratic coefficients of dissipation associated
with rolling speed.
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The investigation carried out in the present research pursues the study started several years ago about the wave-impact
phenomena in a sloshing tank relevant for a Liquefied Natural Gas ship at low filling depth. Depending on the local
features of the wave approaching the tank wall, different impact phenomena may occur. When the angle between the
liquid and the wall is small, a single gas bubble is entrapped during the impact; differently, for larger angle of impact,
flip-through event or flat-impact may occur. Previous investigations for a fully 2D rigid tank [(1), (2), (3)], emphasized
that the maximum pressure along the wall is not a reliable indicator of the maximum load, because of the stochastic nature
of the local flow which characterizes the slamming phenomena. Further, when gas-entrapment matters making important
the compressibility of the gas and its interaction with the free surface, Euler and Cavitation numbers, in addition to the
traditional Froude scaling, should be taken into account for a proper scaling of the maximum loads [(2), (3)].

Based on the above results, in the last year new physical effects have been investigated by the present research group by
means of a hydroelastic study. Hydroelasticity indeed, may be a crucial issue when slamming events occur in a LNG tank.
Because of the low temperature inside the tank used to ensure the liquid state of the gas, the side walls, designed to realize
a good thermal insulation, are not able to support the buffles traditionally installed in oil tankers to damp the sloshing
phenomena. Then violent impacts may happen, especially in low filling conditions, when a travelling bore or an incipient
breaking wave approaching the wall may characterize the sloshing flow inside the tank (4). These events, localized in
space and time, may compromise the integrity of the structure when the time scales of the impacts are comparable to the
highest natural vibration period of the structure. In this case hydroelasticity matters, as testified in previous experimental
studies (5), (6) focused on the evolution of the flip-through event and an hybrid numerical-experimental hydroelastic
model has been proposed to assess the relevance of hydroelasticity.

Here, an experimental investigation is presented to study the role of the hydroelasticity during the evolution of a slam-
ming event with air-entrapment. The strain distribution along a deformable aluminum plate inserted in a rigid vertical
wall of a sloshing tank has been measured to characterize the features of the local loads. Depressurized conditions have
been realized to examine the relevance of the Euler and Cavitation numbers on the hydroelasticity of the deformable wall.

The same setup used in (5), (6) has been applied in the present experiments. A 2D plexiglas tank (LxHxB = 1 m x
1 m x 0.1 m) reinforced with steel and aluminum structure has been used to allow tests in depressurized conditions (see
fig. 1). A filling depth h/L = 0.122 has been considered. An elastic aluminum plate, whose lowest natural wet frequency
(in fully wet condition) has been Froude-scaled with respect to that of the typical panel used in a Mark III containment
system (4), has been inserted in an extremely rigid stainless steel wall. The plate, 9 cm high, 2,5 mm thick and located
at 13 cm from the bottom of the tank, corresponds to a scale factor 30. It is clamped to the steel frame in correspondence
to the vertical ends, while the lateral boundaries are left free. In this way, assuming a two-dimensional evolution of the
hydrodynamic load, a double-clamped beam behaviour is realized. In depressurized conditions, in order to ensure the
same ullage pressure on the rear (looking outside the tank, i.e. in air) and on the front (looking inside the tank, i.e. in
water) side of the plate, an ad hoc small steel tank has been built (see bottom-left image on fig. 1) and fixed rigidly to
the main sloshing tank. The small tank has been connected to the same vacuum pump used to realize the depressurized
conditions in the main tank; in this way, ullage pressure has been decreased from atmospheric pressure down to 25 mbar.
Finally, the hexapod system "MISTRAL’ (made by Symetrie) forced a pure sway sinusoidal motion of the tank. The
measurement setup for the hydroelastic investigation was composed by two differential pressure probes along the rigid
vertical wall below the elastic plate and five strain gauges along the deformable aluminum plate (see top panel on figure 1).
Preliminarily, aiming to determine the dynamic response of the strain gauges, two miniaturized accelerometers have been
mounted next to two strain gauges and the corresponding signals have been compared.

A second setup is used to ensure the repeatability of the flow conditions in the fully rigid case (no hydroelastic case).
To the aim, the thin elastic plate is substituted with a rigid aluminum plate 20 mm thick. An accelerometer is put on the
vertical rigid wall to check its rigidity as well as the global motion of the tank. Five differential pressure transducers were
mounted along the rigid plate at the same positions of the strain gauges in the elastic case. The signals of the transducers
were recorded through an acquisition system with a sample rate of 50 kHz. During the tests, visualizations of the local
flow during the evolution of the phenomenon were performed through a high-speed digital video camera (with sample
rate of 5 kHz), while a global view of the sloshing flow was recorded through two slow digital cameras (with a sample rate
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Figure 1:
Experimental set-up for the sloshing-tank experiments. Top-left panel: enlarged view of the rear part of the elastic plate
with the strain gauges (top panel). Bottom-left panel: enlarged view of the small tank used to ensure the depressurized
conditions on the external part of the elastic plate.

of 100 Hz). A common reference signal was used to synchronize the images with the analog signals of the transducers.
Finally, an absolute pressure transducer measured the ullage pressure inside the tank.

Some preliminary results. The same impact scenario, that is a wave impact with air entrapped at the wall, is re-
alized experimentally imposing a sinusoidal motion of the tank with period equal to 1.6 s. Three different sizes of the
entrapped air-cavity, large (case a)), medium (case b)) and small (case c)), are investigated by changing the amplitude of
the sinusoidal motion, i.e. 65 mm, 63 mm and 61.5 mm, respectively. The influence of the Euler number, i.e. of the ullage
pressure inside the tank, has been investigated. In the following, some preliminary results will be discussed, postponing
to the Workshop the complete analysis of the investigation.

Figures 2, 3 and 4 show the time history of the strain measured by the gauge placed in the centre of the elastic
plate, for the large, medium and small air-cavity case, respectively. Each figure from left to right reports three different
panels corresponding to three different values of the ullage pressure: 100 mbar, 400 mbar and 800 mbar, respectively.
According to the study performed in (3) for a fully rigid tank, the oscillation frequency of the air-cavity depends on the
Euler number, increasing with the ullage pressure of the tank. However, when an elastic plate is considered, the structural
natural frequency may be excited as well. The last event depends on the time rise of the first peak of the hydrodynamic
load. Of course, when the frequency of the bubble is close to the natural structural frequency, a resonance phenomenon
is expected. Although a really small air-cavity has been obtained for the case c), its highest frequency of oscillation
(occurring at atmospheric pressure) is still slightly smaller than the lowest natural frequency of the structure.

In correspondence of the lowest ullage pressure (see left panel of each figure), the two frequencies, i.e. that of the
bubble and the lowest natural frequency of the structure, are expected to be quite far from each other. Indeed, the first
one decreases with the Euler number, while the second one, though dependent on the wetted length of the deformable
plate is practically Euler number independent (neglecting the small variation induced by the different wetted length due
to the different size of the cavity with the Euler number). This mechanism justifies the strain time history observed on the
left panel of the figures 2-3-4. More in detail, the time rise of the first peak is able to excite the hydroelastic behavior of
the elastic plate, as highlighted by the vibration (around 1 kHz) occurring during the first 6 ms. However, for the case a)
the larger time rise characterizing the first peak (about 2 ms) is not enough to excite a relevant hydroelastic phenomenon.
Further, as expected for the lowest ullage pressure case, the hydroelastic frequency is much larger than the oscillation
frequency of the air-cavity; this means that during the first oscillation of the bubble (i.e. 12 ms, 9 ms and 6 ms for the
case a, b and c, respectively) the hydroelastic vibrations are completely damped out. When increasing the ullage pressure
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(see middle and right panels of figures 2-3-4), the oscillation frequency of the air-cavity increases, approaching the lowest
natural frequency. This phenomenon causes a different behavior for the case a), b) and c¢): while the maxima and minima
of the strains are almost the same of the large bubble case, they vary consistently (but for the first peak) for the medium
and small bubble cases. A possible reason of this behavior could be the interaction between the vibration of the structure
and the oscillation of the bubble. However, at the moment it is premature to draw any definitive conclusion. Note, finally,
that for each of the three cases considered, the value of the first peak of the strain remains almost unchanged with the
Euler number. This suggests that this peak is not dominated by the compressibility of the air-cavity.
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Figure 2: Case a. Large air-cavity entrapped. From left to right: time history of the strain measured at the centre of the
elastic plate, for three different values of the ullage pressure (100 mbar, 400 mbar and 800 mbar, respectively).
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Figure 3: Case b. Medium air-cavity entrapped. From left to right: time history of the strain measured at the centre of the
elastic plate, for three different values of the ullage pressure (100 mbar, 400 mbar and 800 mbar, respectively).
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1. Introduction

The energy reduction at the transportation on the
water is an actual problem. The searching for vessel
shapes with minimal and zero wave resistance is an
important part of them. It is possible to search of
shapes of zero wave resistance at least by two ways.
The first is a modification of the body shape so that
the wave resistance is minimal. The other method is
based on a bijection of shape and pressure
distribution that is generated. It is the searching of
pressure distribution which gives the optimal shape.
The first method can be called a direct, the second -
an inverse. It is possible to search for optimal shape
by combination of these methods. The shapes of
zero wave resistance are considered by inverse
method for several types of pressure distribution in
[1]. In the present work the inverse method on a base
of generalized functions technique is developed and
some theoretical aspects of this approach are
examined.  The relation with trapped modes is
considered.

2. Conditions for existence of the shapes with zero
wave resistance

We consider the motion of a body with constant
speed V, on a surface of ideal and incompressible
liquid in assumptions of the linear theory of waves.
The coordinate system is associated to the body and
the x axis is directed against the velocity of the
inverse flow. The fluid motion is irrotational and the
potential —V,x +@(X,y,t) exists, where ¢ is the
potential of disturbance velocity, X =xeR' in 2D-
theory and X =(x,z)e R? in 3D-theory, y is the
vertical axis, ¢ is a time. The free surface shape is
described by  the  function  y=n(X,1),
X eR"\S(t), n=12, S() is the projection on R"
of a point set of free surface and body surface
intersection..We consider the shapes, which we can
describe by an unique function y=f(X,1),
XeS (t) to simplify the analysis.

The problem is formulated as unsteady in order to
avoid the analysis of diffraction conditions on
infinity. The required steady solution with correct
conditions on infinity is easier obtained by limiting
process at ¢t —oo. In addition, at V; =0 it is the

problem about a floating body on a wave surface. In

this case, the steady problem will be the problem of
steady oscillations under wave action and a
searching for body shape which does not make
resistance to a breaking wave.

The boundary conditions on the border of fluid and
solid body T'(¢) include the Bernoulli integral

No+(Vo) /2=—gf(X,1)-p(X,y.1), (1)
and kinematic condition
Vo V(y—f(X,0)=Nr(X,1), XeS@), ()
X, y,t)—
where =2y O o(x, )= LalXor) =m0
ot Ox Yol
is a relative pressure in the fluid, p, is an absolute
pressure on the free surface, p is the density of

fluid. The conditions on a free surface are the same
but linearized and with zero pressure:

Np=—gn(X.1), y=-0,XeR"\S(t), (3)

% _ Ni(X,t), y=—-0,XeR"\S(t), (4

oy
If the depth of fluid is %, then
9 0, y=—n. (5)
oy
For infinity depth
Vg|=0, y > —0. (6)

The Initial conditions are

P(X,.0)=0,(X.y), %—f(X,y,O)wl (X.y),

where ¢, and ¢, are known functions.

For unique calculation of wave resistance the body
mass and its distribution of body volume or the total
mass and the center of mass position must be set.

If the relations (1) and (2) have the nonlinear terms,
the numerical solution is only possible. It is obvious
that it is useful to have all possible solutions of
simpler problems to better understand the problem,
to create a theoretical basis and benchmarks for the
full nonlinear theory. For this purpose we consider
the case when the conditions (1) and (2) are
linearized. It is can be valid for weakly submerged
hulls or for motion with a relatively high speed,
when the immersion is reduced due to the dynamic
overpressure.

The boundary conditions (1)—(2) on the solid
boundaries after linearization and conditions on the
free surface (3)—(4) can be combined, if we
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introduce a function of the pressure distribution
p(X,1) on the entire plane y =0, which determines
the pressure on the body at X e S(¢) and is zero at
the free surface. We will describe the form of fluid
boundary by single function 77(X ,t) also, and

n(X,t)=f(X,t) for X eS(t).

The new problem can be written as
Vip=0, -h<y<0, (8)
N(Z):_gf(X,t)_p(X,l‘), y:_os (9)
Op
—=NnlX,t), y=-0. (10)
20— Vil

We use the Fourier transform to analyze the
problems (8)—(10) and (5)—(7).
First, we continue the function ¢ on the whole

space R"". We set o(X,y,1)=0 for y>0 and

(X, y,t)=p(X,~y = 2h,t) for y<—h.
As a result, the function ¢ is defined on the whole

space and it is continuous with their derivatives at
y=-—h and it is discontinuous with their derivatives

at y=0 and y=-2h. Then we introduce the
generalized functions ¢, p and 5 generated by a

classical, over the space of tempered test functions
[2]. In this case, the generalized Fourier transforms
of these functions exist in the same space.

The generalized function ¢ obeys the equation

Vip=—p(X,~0,t)5"(y)-8"(y+2h)]-
gj’o« ~0.0[6(y)+ (v +28)], (11)

where §(y) and &'(y) are delta function and its
derivative. We designate the generalized Fourier
transform of function ¢ in R" on X as (D(A, y,t),
where A=(4,u) in R* and A=21 in R'. We
designate also the Fourier transforms of p and 7
as P(A,t) and H(A,t). We obtain

cosh|A| y+ h

|A| sin h|A|h

and relation between P(A,) and H(A,?)

[ﬁ e gJH(A,t)z PA), (13)

by applying the Fourier transform to (11) and the
method of fundamental solutions, and taking into

account (9) and (10). There are |A|=\//12 +u* in
R? and |A|=|/1| in R',

(A, y,t)= N (A1) (12)

]V=2+i/1V0 , and
ot
= |A| tanh|A|h . At h—> o we have {(A)z |A|

and (A, y,1)=¢"" NH(A,)/]A|.
The general solution of (13) with initial conditions is

H(A,0)= £(A)] P(A 2 CID(A, £~ 1)z +
0
+Gy (A, t)e ™™ (14)
where D(A,t) lsm\/gg J/\/gg(
Go(A,1)= Hy(AND(A, 1)+ H, (A)D(A, 1),
and the functions H,(A) and H,(A) are Fourier
transforms of functions 7, (A)=77(A,0) and

n(A)= 6677 (A,0) which are obtained from initial

conditions. The inverse Fourier transform of (14) in

R" gives the formula for determination of time-
dependent shape of the surface generated by the
pressure p(X ,t) at arbitrary time dependence.

We obtain from (14) the formula for steady motion
at a constant speed, assuming that the steady motion
appears at larger times when there are no pressure
perturbations, that is, when P(A,?)~ P(A). For large

t the initial conditions can be set homogeneous and
then

(M)~ F joteke- s

_ e*lfﬁz( )]dl',
where  6(rf) is the Heaviside function,
&(A)= 4V, —g¢(A) and fz(A)zﬂ“Vo"'\/gC(A)'

At t —> oo, the integral here is the sum of the Fourier
transforms of Heaviside functions.
As a result, H (A,t) will not depend on the time,
H(A,t)= H(A) and we obtain

H(A)=P(A)O(A) (15)
as in [4], where

A

0(A)= reg——< 1)

+2 %{a«; (A)-8(& ()],

and reg indicates a regularization, and delta

functions support on a (n—1)-dimension surfaces

£&(A)=0 and &,(A)=0

The similar formulas for harmonic oscillations on
the wave surface are obtained from (14) based on the
assumptions that the pressure becomes harmonic

under the action of an regular wave H,(A)e™ and
P(A,t)=P"(A)e™, where k is the oscillation

frequency, and H,(A) and P*(A) are amplitude
functions. At f— o, we obtain in analogous, that

H(A,t)=H"(A)e™ and
H'(A)=P (A)Q" (A)+Hy(A). (16)

The wave resistance is now
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RA==[plx) L. a7

We can show that, since the function p(X) is square

integrable and finite, and aa—n(X ) is a sectionally
X

continuous then

jp dX—

Imli

Rl‘l
where the overbar means the complex conjugate.
For the motion described by (15) we obtain

:—ﬂp O(A)dA =

7] \/;|P(A)|2[5(§1 (A)-5(& (A)A

The products with the delta functions which support
by (n - 1)—dimensional surfaces are calculated by
decomposition formulas of generalized functions.

A)dA , (18)

As a result, R, will depend on the value of [P(A)’,
calculated at fixed values of A, giving the
parameters of movement. The value of |P(A)

determines the wave amplitude at infinity and
depends on p(X) and S. The minimization of R,

will consist in searching for optimal p(X ) and §.

We have the analogous formulas in the case of
harmonic oscillations in the wave surface.

3. The simple samples
We consider a simple example of 2D theory (n=1)
of motion with speed ¥V, at & — o [3].

Then  A=4 and  &,(3)=4V, F g/,
5, (A)=26(1F g/V)V,, and we have in
nondimesional values

R, =v|P(v) =v4?, (18)

where v =ga/ V: a is a linear size,
A=A+ A", tana=A,/A,,

A4, = IP(X)SiH wdx, A, = fp(x)cosvxdx.
The conditions for mass and center of mass position
are

* A
Q[op (X)dx ) pa 2;02

=v, pr(x)dx =x.v, (19)

where A, is the body weight, or displacement, and

x.. is the center of mass axis, a =3/A /pg .

There is the most easily to make a zero amplitude in
(18) for symmetrical distribution of pressure at
x,=0.

The amplitude of the resulting wave at
p(x)=p, = const on [-L1] is
1 .
A=A, =p, fcoswcdx =2p. i , and  wave
v
-1

2p.°

14

. . 2 . .
resistance is R, =vA.~ = sin”v. It is equal to

m
—, n=x1£2,....
v

of the interval /=2 must satisfy the condition
[=2m/v, n=12,.... Since the wavelength is
L=27x/v, then this condition is / =nL . The length
of the interval must be a multiple of the wavelength.

We consider the constant pressure distribution on the
two symmetrical identical segments [-1,-5] and

[b,1] as a

p(x)= p I([-1-b}x)+ p,9([b.1}x), 0<b<1
where 9([c,d]; x) is the characteristic function of

zero at 1= Therefore, the length

interval which is 1 for xe[c,d]| and is zero for
x¢[e,d]. Tt is ensue from (19) in the case of a

symmetric distribution of pressure that must be

%
Pr=Dy = > OF

2(1—b)
){ (- 1.-b}x)+ 81}

X
P( ) (l b
The calculations show that at /=2 the value [/L,

giving R, =0,tendsto 1 at 5 — 0. It tends to 0.5 at
b—1. Indeed, at b > 1 we have

lim p(x)=7 [6(c+1)+ 5(r-1)] (20)

b—a

In this case 4, =0, and 4, =vcosv. The wave
resistance  is  zero at 1=(/2+n)r/v,
n=0£142,...or [=2=(1/2+n)L, n=0,12,...
The velocity potential for distribution (20) is
olx,y)=

Ay

[sin 2(1+ x)—sin A(1 - x)ldA +
A-v

+ve"” cosvcosvx. (21)
We consider also the harmonic oscillations on the
wave 7, (x,t)=Ren, (x)e™ . Then
H, (1)=27[4,6(2 - 0)+ B,5(A + )],
and B,

where 4, are complex constants that

specify the wave amplitude, w=ak”/g. In this
case
. P
H (/1)=reg (/1)/1| +

o=}
+ mia|P (0)5(A- o)+ P’ (- 0)5(2+ o)+ H, (1)
and wave resistance is
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R\ = iw[AOP*(a))—BOP*(— a))] :

If the wave is incident on the left then B, =0 and

R'w=iwd, P (o).
Then the modulus of wave resistance
[R"|= 0], |P" (@) = |4, R,

where Rza)‘P*(a))(/|A0| is the reflection

coefficient.
We consider the pressure distribution

Rep*(x)z%[é‘(x+l)+ 5(x—1)], Imp"(x)=0.

In this case A4, = p, cosw . The reflection coefficient
iszeroat w=7x/2+nr, n=0,£1,£2,...
The velocity potential in this case is

@y

¢ (x,y)=
- %V-P;[ ;_'w [cos A1+ x)+cos A1 - x)|dA -

2 0

—imp e™ coswcos mx + (po*(x,y) . (22)
Other examples will be shown in the report.

4. Relation with trapped modes

The potentials (21) and (22) for the pairs of
symmetric point pressure are there actually limits of
potentials of symmetric pairs bodies when they
degenerate into points. At zero wave resistance the
potentials (21) and (22) do not contain the second
terms. The first terms coincide up to a constant
factor with potentials that are among the known
examples of potentials of trapped modes [4, 5] at
a=1.

Trapped modes are defined as modes on the surface
of an ideal fluid with a finite energy that do not
create waves on infinity, and therefore have zero
wave resistance. In the examples these modes are
generated by point sources located in a certain way.
Pressure points which we have considered make
sense combinations of point sources also and
generate waves of finite energy, too. However, the
trapped modes [4, 5] have another important
characteristic. They are the solutions of the
homogeneous boundary value problems for the
differences of two potentials and illustrate the
examples of non-uniqueness of solutions.

The homogeneous condition on the free surface is
also homogeneous in the original problem. In
particular, for the problem of Neumann-Kelvin it has
the form

2

2
7222 (4 ~0)+ ¢ 22 (x,~0)=0. (23)
Ox oy

This condition is also satisfied for the difference of
potentials. The homogeneous condition on the solid

body is O¢p/0n=0. However, in the case of

degeneracy of the rigid body to the point this
condition makes no sense in the classical meaning.

The contours of the streamlines covering the
singularities, considered as the contours of bodies
for constructing examples of trapped modes. The
condition O¢/0n=0 is satisfied on these contours

due to the fact that they are free streamlines inside
fluid and on which have no pressure drop.

In general, it is possible to build such kind of
trapped modes for a given contour or configuration
of bodies by a selection of parameters and geometry
of singularities. However any condition for d¢/on

does not make sense for the classical functions at
points of non-smooth contact of body and fluid
boundaries. We may notice that the condition (23) is
satisfied on the boundary with zero pressure, and on
the boundary with a nonzero constant pressure
excepting the boundary points. This condition is also
indefinite at the points of singularities location when
they are distributed on the free surface. In all cases,
the boundary conditions in the classical formulation
of problems are satisfied everywhere except for a set
of points of function discontinuities and their
derivatives. The non-uniqueness of solutions of
boundary value problems in the classical
formulation may be a result of indefinite
characteristics of singularities on these sets of breaks
and their geometry.

The use of generalized functions eliminates the
problem of non differentiability of classical
functions. The correct interpretation in generalized
functions of the physical meaning of discontinuities
of functions is needed for studying and resolving the
problem of non-uniqueness of solutions of boundary
value problems in the linear wave theory.

References

1. Yeung R.W., Makasyeyev M.V., Matte C. On Wave
Elevations under a Moving Pressure Distribution in
Minimum-Resistance Conditions // Proc. of the 26™
IWWWEB. April 17-20, 2011, Athense. Pp. 213-216.

2. Vladimirov V/S. Equations of Mathematical Physics.
— Moscow. 1981.—512 p. (In Russian)

3. Makasyeyev M.V. Unsteady planing on a surface of
heave fluid // Visnyk Kharkivs’koho natsional’noho
universytetu im. V. N. Karazina. 2009, Ne 863 . Pp.
169—-178. (In Russian).

4. Kuznetsov N., Maz’ya V., Wainberg V. Linear water
waves. A mathematical approach. — Cambrige
University Press. 2002. — 532 p.

5. Mclver M. An example of non-uniqueness in the two-
dimensional linear water wave problem // J. Fluid
Mech. V.315.1996. Pp. 257-266.

Page 140/ 236



Near Trapping and the Singularity Expansion Method

Michael H. Meylan!

Colm Fitzgerald?

1School of Mathematical and Physical Sciences, The University of Newcastle, Australia

2Department of Engineering Science, The University of Oxford, Parks Road, Oxford, OX1 3PJ, UK

e-mail addresses: mike.meylan@newcastle.edu.au, colm.fitzgerald@eng.ox.ac.uk

1 Introduction

Trapped modes are very special solutions to the
linear water wave problem in which a solution
with finite energy but no decay in time decay
exists (Mclver, 1996). A near trapped mode
is a wave which has a very slow decay in time
(and correspondingly slow growth in distance)
and they may be thought of as corresponding
to slight perturbations of a trapping structure
geometry, although they occur in many differ-
ent situations (Evans & Porter, 1997; Meylan &
Eatock Taylor, 2009) and are a feature of multi-
ple scattering and resonance.

It is well known that strong connections exist
between the frequency and time domain solutions
and this connection is exploited in the Cummins
method (Cummins, 1962), which is the standard
solution method in the time-domain for deter-
mining body motions (it cannot be used to de-
termine the fluid motion). However, a more di-
rect connection between the frequency and time
domain solution can be derived using the gener-
alized eigenfunction method (Fitzgerald & Mey-
lan, 2011). The singularity expansion method is a
method for approximating time dependent wave
problems by a deformation of the contour of in-
tegration which appears in the inverse Laplace
transform (Hazard & Loret, 2007).

2 Mathematical Formulation

Positions are described in Cartesian coordinates
x = (x,z) with z being directed vertically up-
wards. The fluid is two-dimensional with do-
main {2 of constant finite depth h_; for x < —I[
and h; for x > [. The sea bed is positioned at
z = —h(x), the free-surface is at z = 0, and the
domain extends to infinity in the horizontal di-
rections. The linearized boundary conditions can
be adopted. The time-dependent motions are de-

scribed by the velocity potential ®(x,t) which
satisfies

Ad(x,t) =0, xe Q, (1a)
0, =0, «ecdp, (1b)
O0h® =0, z=-—h(z), (1c)

where 0, is the outward normal, 02 is the wet-
ted body surface and z = h(z) is the sea floor.
On the free-surface 0Q g

8.0 =0, x €00, (1d)
80 = —C, x €0, (le)

where ( is the free surface displacement. These
equations have been non-dimensionalized. An
initial disturbance on the free-surface is given by

((x,0) = Go(®)l—g, z €I (2)

We assume that ®(x,0) = 0. A finite energy
condition must also be satisfied.

2.1 Frequency-domain solution

Given that the motions are assumed harmonic
for all time we can write ® = Re{ge ™'} and
¢ = Re{&e ™'} so that equations (1a-1e) become

Ap=0, xe ), (3a)
O =0, x€dp, (3b)
Onp =0, z=—h(x), (3c)
—iwé = 0,9, x€ IFp, (3d)
iwp =&, € dp. (3e)

In the frequency domain, the initial conditions
given by equations (2) are replaced by conditions
at infinity. We assume a wave of the form

cosh k. (z — hy)

Gn(@, k) = o7 (4)

" coshk.h,
is incident from negative infinity (kv = —1) or
incident from positive infinite (k = 1) where

k. is the wavenumber given by the positive
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real solution to the dispersion equation w? =

k. tanh k. h.. We decompose the total potential
as the sum of an incident and scattered wave po-
tential

ko) + 0@ k), (5)

where the scattering potential ¢° must satisfy the
radiation condition .

¢n<w7 kn) = (ﬁi(lﬁ,

3 Solutions of the time-dependent
problem.

We define the Dirichlet to Neumann operator
0,G by

anG¢ = anq)|z:07 x € 0Qp, (6)
where ® is the solution to
AD =0, xeq, (7a)
0, =0, x€dp, (7b)
0,® =0, z=—h(x), (Tc)
=1, z=0,xc . (7d)

Therefore, equations (la-le) can be written as

0+ 0,G( = 0. (8)

3.1 Generalized eigenfunction expansion

method

The generalized eigenfunction method (GEM)
presented here is a slight modification of that pre-
sented in Meylan (2009) to allow for non-constant
depth and to include the possibility of a trapped
mode. The evolution operator 0, G is self-adjoint
in the Hilbert space given by the following inner
product

¢n*dx,
oNp

(Cmy = (9)
where * denotes complex conjugate. The eigen-
functions of 0, G satisfy

0,G) = w. (10)
Equation (10) is nothing more than equations
(3). We define the eigenfunctions by restrict-
ing the frequency domain solution for an incident
wave to the free surface, i.e.,

wﬁ(l‘7 k) = ¢H(w7k (11)

H)|€B€QF .

It is possible for there to exist point spectra
for this operator which correspond to the exis-
tence of a trapped mode. In this case

Gy = Wi, (12)

but

(p Yp)yy < 00 (13)

The GEM allows us to calculate the time-
dependent solutions using these eigenfunctions as
follows

C(z, 1) Re / Z (Co(x), ez, k)

ke{-1,1}
dk
dw

() ()
e {Z (W0(@), (@)

pPEA

X ez, k) —

—iwt dw}

%@kﬂw},OQ

where A is the set of trapped mode points (which
is the empty set in the case no trapped waves are
present).

3.2 Fourier/Laplace transform solution of
time-domain equations

The Fourier/Laplace transform and its inverse is

given by
f f —w't dO'

/f et dt, £(1)

where the integration is taken above any poles on
the real axis (which correspond to trapped modes
in our case). The Fourier/Laplace transform of
equation (8) and the initial condition (2) gives
—02( + 0,G¢ = —io(y. (15)

The solution for the displacement is given by

o) =5 f -

= Re {—f — (anG — 02)71 ioCpe ot da} )
0

(16)

—1 . s
icCoe " do

(anG’ — 02)
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3.3 Singularity expansion method

The singularity expansion method (SEM) is
based on deforming the contour of integration
and writing the integral (16) as a sum over the
poles and ignoring the contribution from branch
cuts or the integral at infinity. The poles are the
solutions to

(0,G — %) xp =0, (17)
where we do not restrict x, to have finite energy
and we consider complex 0. We also define the
mode associated with the adjoint operator, ¥, as

(0.G — %) xp =0, (18)
where the star denotes the adjoint operator. If we
approximate the solution to equation (16) by the
contribution from the only the poles we obtain

Xpe_iw"t} . (19)

We describe here a numerical method which al-
lows us to solve for the the Fourier/Laplace solu-
tion even for complex frequency values and which
we can use to calculate the SEM solution. We
use a boundary element method combined with
a matched vertical eigenfunction expansion. A
finite domain  is defined by restricting 2 to
|z| < 1. We discretize the boundary of €2 with a
set of constant panels. Outside of the domain (2,
Q) consists of two semi-infinite domains contain-
ing no bodies where the fluid depth is constant
where the solution can be found by an eigenfunc-
tion expansion. The method is described in detail
in Wang & Meylan (2002) and is similar to the
modified finite element method used in Hazard &
Lenoir (1993).

(1) »
Re {Z <<—2ap<o<x>,xp<x>>H

(8nG - 02)/ Xpa Xp)?—l

4 Numerical solution

The constant panel boundary element
method gives the matrix equation
1
§¢ = Hn¢ - Hd)n, (20)

where ¢ (¢y,) is the vector of potential (deriva-
tive) values on the boundary panels and H (H,,)
is the matrix corresponding to the Green function
(normal derivative of the Green function).

To solve equation (20) we need to find a rela-
tionship between the normal derivative and the
potential on the boundary. The boundary is di-
vided into four regions. 0€); is the body and sea
floor, 0€), is the free surface, 0§23 is the left hand
vertical boundary, and 0€)y is the right hand ver-
tical boundary.

The boundary condition on 93 and 0€)y is
the most complicated as it depends non-trivially
on the frequency. We use an integral relation to
expresses the normal outward derivative in terms
of an expansion in the vertical eigenfunctions,

O = Q_10, on Q. (21)

where @ _1 is given in Wang & Meylan (2002).
We apply a similar derivation on the boundary
0€)4. The normal derivatives can be expressed in
terms of the potential on all four boundaries,

Onp =0, on 0%, (22a)
Ontd = ¢, on 00, (22b)
O =Q_10, on 093, (22¢)
O = Q10, on 0. (22d)
We write this condition as
¢, = A(0)®, (23)

where we explicitly included the dependence of
A on the parameter o.

For the case of the Fourier/Laplace transform
solution we have

<%—HH+HA)¢:HfO, (24)
where f, =0 on 0%); except
fo=20C, on 0. (25)

We locate the poles and vector x,, by search-
ing for the values o, for which

1
(5 —Hy,¢p+ HA(U;D)) X, =0, (26)
and we define the adjoint vector X, by
1 *
(5 —H, + HA(O'p)) Xp- (27)

We can then express the SEM numerically using
our matrix approximation of the operator as

((z,t) =
< 20pf079_(p($)>Xp(5”> —iwpt
Re 7 € P )
{; <{H<%_Hn+HA)} XP7>_CP> }

(28)
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where the inner product is the standard inner
product for vectors. Note that by x, we mean
the vector defined on the boundary of €2 while x,,
is the value restricted to the surface, and defined
outside the region (2 if needed. We require the re-
gion |z| < [ to enclose the initial condition. The
derivative of the matrix is calculated numerically.

5 Results

We consider an initial surface displacement of the
form

Co(ﬂc) _ 8_20@_0'2)2. (29)
The exact solution is given by the solid line and is
calculated using the GEM (equation (14)). The
SEM solution (calculated using equation (28)) is
given by the dashed line.

Figure 1 shows the exact and SEM solution
for the case of two semi-circular fixed bodies with
radius 0.1 centered at (£1,0). The fluid depth is
constant h = 1 and is not plotted but the circular
bodies are plotted for illustration. Sixteen poles
were used in the SEM approximation.

6 Summary

We have shown that the phenomena of trapping
and near trapping in the time domain can be con-
nected via the formula derived using the SEM.
1

0.5

-0.5

Ko

t =10

0.5

sof

We have derived a practical method to imple-
ment the SEM and implemented it numerically.
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INTRODUCTION

Regular waves propagating in a two-dimensional waterway can be
absorbed perfectly by a single floating body which oscillate in two modes
of motion such as a couple of heave and sway motions or heave and
roll motions. It is naturally required the symmetrical and asymmetrical
motions for the perfect wave absorption.

In a specific situation we can absorb waves perfectly by either motion
only of the floating body. For an instance, the floating body placed at the
end of the experimental towing tank without gaps between the floating
body and the tank wall enables it by the heave motion only. That is the
result of canceling another mode because of the symmetrical condition
of the free surface at the end of the tank. The wave tank having wave-
makers and active wave absorbers is generally designed based on this
principle. However, the situation of the experiment and the experimental
tank make it difficult to place the wave-makers and absorbers at the end
of the tank. For the multiple application of the experimental tank, it is
desired to place the wave-makers and absorbers at an arbitrary place and
time.

Symmetrical and asymmetrical motions of the floating body pro-
vide symmetrical and asymmetrical waves propagating from the floating
body. This wave condition can be generated by heave motion only of two
floating bodies. The mechanism of the wave-maker allowing only heave
motion is simpler and more practical than that of two modes of motion.

This paper addresses the problem of the wave absorption by the twin
floating bodies with the external dynamics system. In the beginning,
the wave condition for the perfect wave absorption by the twin floating
bodies is described and formulated based on the theory of the mutual
interaction of waves. As a solution of these formulae, the characteristics
of the external dynamics system attached on the wedge-shaped floating
body and block-shaped floating body are obtained. These results give us
the possibility and problem of wave absorption of this system.

WAVE CONDITION FOR PERFECT ABSORPTION

The arrangement of the twin floating bodies is shown in Fig. 1. The
geometry of floating bodies is symmetric and each body has geometry.
The heave motion is allowed only for these floating bodies. The external
dynamics system attached on the floating body is modeled with a spring
and a dash pot. Changing the restoring and damping factors of a spring
and a dash pot depending on a wave period, this system enables to absorb
incident waves perfectly. In a real system a spring and a dash pot are
replaced with a mechanical actuator controlled by the displacement and
velocity of the motion of the floating body. The wave and wave force
acting on the floating body assume to be obtained by the linear potential
theory.

Let s, d} and rj denote the complex amplitude of incident waves,
diffraction waves and radiation waves. The incident waves is naturally

Floating body 2 Floating body 1

g e
N2 Cz ]\/1 Cl

Region IIl Region Il Region | <~

= T -+ =

S (Incident wave)
<« - <« -
- + - + ini )
d2 2 dl dl (Diffraction wave)
+ - + L
r p) r 7y (Radiation wave)
€
Yir Vr

Fig. 1 Definition of waves and coordinate system.

expressed as
Z(x,f) =Re [sei(k)‘*“”)] .

Where £ is a wave number and w is an angular frequency of waves.

The incident wave coming from a far field into the floating body 1 is
completely absorbed in a steady condition, then the complex amplitude
of waves in the region I and III is described as

dy +r{ + L(dy +13) =0, (e8]
dy +r; + L(dy +r])+ Ls =0. 2)

Where, L denotes the transfer function of the waves progressing the dis-
tance £.

L= e—ik[

Relation of the mutual interaction regarding the diffraction waves is de-
scribed as

df = iH,L(dy +r3) + iH}ys, 3)
dy = iH{,L(d} +r3) + iHy,s, 4
dy = iHy L(d] + 7] +5), )
d; = iHy, L(d; + 17 + 5). (6)

Where, Hﬁ is the Kochin function of diffraction waves, H}t‘ indicates the
progressive wave from the floating body j toward the counter direction
as the incident wave and H, indicates the progressive wave from the
floating body j toward the same direction as the incident wave.
Regarding the radiation waves, due to the symmetrical geometry of
the floating body, we can obtain »{ = 77 = ryandr; =r; = r, . Then
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the solution of the simultaneous equations 1-6 are shown as

di = W [SLARy = TOR: = TRy + Q1) = R @
dy = W [SL2(Ry = T\)(Ry = T2)(Ry + Q1) = 501 ®)
di = W'SsLRy(R, — T)), ©)
d; = W'SLOYR, - T), (10)
ro=w! [_SLZ(Rl = TRy = T2)(Ry + Th) + SR‘]’ an
ry = WSLTy(=R, + T)). (12)

Where W, R;, Q;, T, are defined as

W=L*R -T)R, - T») - 1,

Rj = lH;r4,
Q) = itl.
T/' =1+ Q/

MOTION OF FLOATING BODY

Let M, denote the total mass of the floating body and the external dy-
namics system. Let y; denote the displacement of the heave motion. The
force acting on the floating body 1 consists of the mechanical force by
the external dynamics system and the hydrodynamic force. Concerning
the hydrodynamic force, we must take the exciting force induced by the
reflected waves from the floating body 2. The linear equation of motion
of the floating body 1 with respect to the angular frequency w is given as

Miijy = =Nijy — Cyy — aqijs — by — ey
+Re [nglzL(dgr + r;)ei“”] +Re [nglzsei“”] . (13)

Where, H;; is the Kochin function of the heave oscillation of the floating
body 1. The symbols of a;, b, and ¢, indicate the added mass, the wave
damping coefficient and the restoring coefficient respectively. The com-
plex amplitude of the heave oscillation expressed as Y; and A4, is defined
as

Ay = - (M, + a)) + iw(Ny + by) + Cy + ¢y, (14)
then, the equation 13 is represented as
A1 Yy = pgH, {L(d5 +73) + s}. (15)
The Kochin function gives the relation between 7, and Y; as
r = —ikH\; Y.
Applying this relation to the equation 15, we obtain

—ikpgH,»?
Ay = 9T gt vty +s) (16)
r

In a similar way, the equation for the floating body 2 is provided as

—ikpgHy,*
Ay = PITR L 1 s). (17)
r
Where, H,; is the Kochin function of the heave oscillation of the floating
body 2.

CHARACTERISTICS OF EXTERNAL DYNAMICS SYS-
TEMS

The characteristics of the external dynamics system is determined by
substituting wave conditions for the equation of motion. Substituting

Egs. 8,9, 11 and 12 for Egs. 16 and 17, we obtain 4, and A4, for the
perfect absorption. They are expressed as 4,1, 4p:;

2L2Ry - TR, — Tr) — 1

Ay = ikpgH,? 18
o= I R TRy - TR + T - Ry (18)
. 1
Ap = lkngzzzf- (19)
2
Using the relations regarding the Kochin function:
Hp = Hp(R; +T)), (20)
bj = pwHpHp. 2n
and the dispersion relation of wave: w? = kg, we obtain
. 2L2P—(R1+T1)
A[ll B lu)b1 T—Rl’ (22)
R
Ay = iwh, (—2 + 1). (23)
T,

Where, I-_[ j2 is a conjugate of H 5 and
P=R +T)R, — TRy = T).

The characteristics of the external dynamics system at this moment
are described as C,,; and N,;. They independently consist of the real and
imaginary part of 4,; as shown in Eq. 14. Therefore, comparing the
real and imaginary part of (22) and (23) gives the characteristics of the
external dynamics system.

Cp1 = Re|dp |+ (M) +a) - ¢, (24)
1
Ny = —Im [401] - b1 (25)
R
sz = l(/)bz;z + a)z(Mz + az) —C (26)
2
Ny =0 @7

Equations 26 and 27 are derived from the matter that R;/T; is a pure
imaginary number. The wave power absorbed by each external dynamics
system is expressed by

1
Absorbed wave power = 3 N, J“’2|Y./'|2'

The equation 27 naturally indicates that the external dynamics system
of the floating body 2 does not absorb wave energy. Actually the char-
acteristics expressed by Eq. 26 and 27 corresponds to the condition of
the external dynamics system of a single floating body which perfectly
reflects the incident waves. Namely, the wave energy is absorbed by the
external dynamics system of the floating body 1 only. Moreover, this
characteristics does not depend on the gap between the floating bodies.

Using a single symmetrical floating body with the external dynamics
system, we can absorb a half of wave energy at a maximum efficiency.
Then, the condition of the external dynamics system is well known as

C=w*(M+a)-c, (28)
N =b. (29)

Equations 24-26 are regarded as the modified condition from Egs. 28
and 29.

COMBINATION OF FLOATING BODY

The theoretical characteristics of the external dynamics system for the
perfect absorption of incident waves are shown in several cases regarding
the wedge-shaped and block-shape floating body and their combination.
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Fig.2 Geometry of wedge-shaped floating bodies.
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Fig. 3 Restoring coefficients of the external dynamic sys-
tem of wedge-shaped floating bodies.
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Fig. 4 Damping coefficients of the external dynamic sys-
tem of wedge-shaped floating bodies.

The arrangement of the wedge-shaped floating body is shown in Fig.
2 and the theoretical characteristics of the external dynamics system are
shown in Figs. 3 and 4. These were calculated by Eq. 24-27 and the
Kochin functions were obtained by the boundary element method based
on the linear potential theory. The aspect ratio of the draft:d and the
breadth: B at the water line is d/B = 0.6. The gap between the floating
bodies is changed from ¢/(B/2) = 2.5 to 3.5. The nondimensional fre-
quency K(B/2) < 2 is appropriate for a real wave-maker and absorber
of an experimental tank/basin. The mass inside the external dynamics
system is disregarded in the calculation.

According to the motion of equation of the floating body, the total
restoring coefficient must be positive in a steady oscillation. Its condition
is provided as Cp; + ¢; > 0. Therefore, the restoring coefficient of the
external dynamics system must satisfy

C,; > —c;. (30)
pJ J

Floating body 1
Floating body 2 B

d/B=1.2

Fig. 5 Geometry of block-shaped floating bodies.
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Fig. 6 Restoring coefficients of the external dynamic sys-
tem of block-shaped floating bodies.
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Fig. 7 Damping coefficients of the external dynamic sys-
tem of block-shaped floating bodies.

However, this condition is not applicable to C,; in the wider range of
wave frequency more than K(B/2) > 0.5. The snap point of C,,; depends
on R;, T; and the gap between the floating bodies. In this point a steady
oscillation is not obtained due to the condition of Eq. 30 and the wave ab-
sorption is impossible due to N,; = 0 as shown in Fig. 4. As a result, the
range of the wave frequency is quite restricted for the steady oscillation
of this system.

The arrangement of the block-shaped floating body is shown in Fig.
5 and the theoretical characteristics of the external dynamics system are
shown in Figs. 6 and 7. The restoring coefficients satisfy the condition
Eq. 30 in the wider range of wave frequency than that of the wedge-
shaped floating body as shown in Fig. 6. However, the damping coeffi-
cients are much less(not zero) in the range of K(B/2) > 0.5 as shown in
Fig. 7. This matter indicates that a large amplitude of the heave motion
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Fig. 8 Combination of wedge-shaped and block-shaped

floating bodies.
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Fig. 9 Restoring coeflicients of the external dynamic sys-
tem of the combination of wedge-shaped and block-

shaped floating bodies.
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Fig. 10 Damping coefficients of the external dynamic sys-
tem of the combination of wedge-shaped and block-
shaped floating bodies.

of the floating body 1 appears for the wave energy absorption.

The combination of the wedge-shaped and block-shaped floating
body is shown in Fig. 8 and the theoretical characteristics of the ex-
ternal dynamics system are shown in Figs. 9 and 10. The displacements
of both floating bodies are same. The restoring coefficient C,;, satisfies
the condition Eq. 30 in all range, however C,, is not acceptable for this
condition at the snap point. The snap points appear in the lower wave fre-
quency: 0.5 < K(B/2) < 0.7 than the combination of the wedge-shaped
and wedge-shaped floating bodies because the gap between the floating
bodies is relatively larger.

The combination of the block-shaped and block-shaped floating bod-

ies seems to be the best for wave absorption, however the efficiency of
wave generation of the block-shaped floating body is not higher. To ap-
ply the wedge-shaped floating body having the higher efficiency of wave
generation, we need to avoid the snap point of C,;. The relation between
R;, T; and the gap of the floating bodies must be investigated because the
snap point of C,; is determined by the denominator of Eq. 23.

CONCLUSIONS

The characteristics of the external dynamics system attached on the
twin floating bodies for the perfect wave absorption are shown theoreti-
cally with the mutual interaction theory of waves. The external dynamics
system is modeled by a linear spring and dash pot. As a result, the fol-
lowing knowledge is obtained.

o The external dynamics system of the floating body located at the
lee side for incident waves must reflect waves perfectly. The
damping coefficient of this external dynamics system must be
zero. All wave energy is consequently absorbed by the external
dynamics system located at the weather side.

e The total of the mechanical and hydrodynamic restoring coeffi-
cients must be more than zero for the steady oscillation of the
floating bodies. This condition is not satisfied in the wider wave
frequency for the system of the wedge-shaped and wedge-shaped
floating bodies. However, replacing the floating body by the
block-shaped one, we can satisfy this condition.

e This system is also expected to have the function of a wave-
maker, namely has to absorb and generate waves simultaneously.
Considering the efficiency of wave generation, the wedge-shaped
floating body is better at the weather side. The restoring coef-
ficient of the external dynamics system attached on the wedge-
shaped floating body snaps at a specific wave frequency. At this
frequency, the condition for the steady oscillation is not satisfied.
To apply the wedge-shaped floating body having the higher effi-
ciency of wave generation, we need to avoid this snap point.

REFERENCES

Naito, S, Huang, J, Nagata, M and Nakamura, S (1987). “Research
on Perfect Absorption of Regular Wave with the Terminal Device”,
Journal of Kansai Society of Naval Architects, Japan, No 205, pp29-
32 (in Japanese).

Kagemoto, H and Yue, DKP (1986). “Interactions among multiple three-
dimensional bodies in water waves: an exact algebraic method”, J.
Fluid Mechanics, Vol. 166, pp. 189-209.

Naito, S (2006). “Wave Generation And Absorption In Wave Basins:
Theory And Application ”, International Journal of Offshore and Po-
lar Engineering, Vol. 16, No. 2, pp. 81-89.

Page 148 / 236



Time dependent flexural gravity wavemaker problem
S. K. Mohanty, R. Mondal, T. Sahoo
Department of Ocean Engineering and Naval Architecture
Indian Institute of Technology, Kharagpur -721 302, India

sanjaymath@gmail.com, ramju08@yahoo.com, tsahoo1967@yahoo.com

1. Introduction

Currents with speeds exceeding 1m/s are observed in the near shore regions in many parts of the world
and the mutual interaction between waves and the underlying currents alter the wave characteristics
significantly. There is negligible progress in the literature to deal with wave structure interaction
problems in the presence of current in time domain. Meylan et al. (2004) studied the wave interac-
tion with a finite floating elastic plate in time domain using Laplace transform and Green’s function
technique. In the present paper, a class of initial boundary value problems associated with the time
dependent flexural gravity wave maker problems are handled using Laplace transform method and
Green’s function technique in both the cases of finite and infinite water depths.

2. Mathematical formulation

In the present paper, the time dependent flexural gravity wavemaker problems are analyzed in two-
dimensional cartesian co-ordinate system in both the cases of finite and infinite water depths assuming
that a thin elastic plate of thickness d and density p;is floating on the free surface of water. Assuming
that the fluid is inviscid, incompressible of constant density p occupies the region 0 < x < 00, 0 <y < h
in case of finite depth, (0 < y < oo in case of infinite depth). Further, it is assumed that the fluid
motion is irrotational and there is a uniform current flowing with speed U along the direction of wave
propagation. Thus, the total velocity potential ®(x,y,t) is written as ®(x,y,t) = Uz + ®(z,y,t) and
the plate deflection is denoted as n(xz,t). Thus, the velocity potential ®(x,y,t) satisfying the two
dimensional Laplace equation is given by

V2® =0, in the fluid region, (1)
along with the bottom boundary condition
Oy® =0, ony=~h, and ¢,|V®| =0, as y — oo, (2)

in case of water of finite and infinite depths respectively. The linearized kinematic and dynamic
conditions on the plate covered surface are given by

om+Udyn=0,®, on y=0. (3)
)

(D — QD2 +73? + 9)®, = (9 + Ud,)*®, on y =0, “

where 9 with suffix indicates the partial derivative with D = EI/p, Q = N/p, v = pid/p, I =
d®/(12(1 — v?)), E is the Young’s modulus, N is the compressive force, v is the poison’s ratio, and g
is the acceleration due to gravity.

3. Green’s function for flexural gravity waves
In this Section, the time dependent Green’s functions G(z,y; xo, yo,t) are derived for flexural gravity
wave problems in case of finite and infinite water depths assuming that a point source of strength
m(t) is located at (xg,yo) in the fluid domain. The Green’s function G(z,y; xo, yo,t) satisfy the two
dimensional Laplace equation as in Eq.(1) in the fluid domain except at (zg,y0), along with the
boundary conditions as in Eqgs. (2)—(4). In addition, the Green’s function G(x, y; o, yo, t) satisfies the
conditions

G ~m(t)lnry, as r —0, and G,|VG| =0, as 71 — oo, (5)

with r1 = \/(z — 20)? + (y — yo)?. Further, the Green’s function G(z,y;zo,yo,t) satisfies the initial
conditions

G,0:G=0, ony=0, at t=0. (6)
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In order to determine G(z, y; zo, Yo, t) associated with the aforementioned initial boundary value prob-
lem, the problem is transformed to a boundary value problem by using the Laplace transform in
the time variable t. The transformed Green’s function G(x,y; o, yo, p) satisfies the two dimensional
Laplace equation as in Eq. (1) in the fluid domain except at (xg,yo) along with the boundary condi-
tions (2) and

(DO — QO3 + g0 — p* — U902 — 2Upd,)G =0 on y =0, (7)

Finite water depth:
The transformed Green’s function G(z,y; o, yo,p) satisfying the governing Eq. (1) along with the
boundary conditions (2) and (7) in case of finite water depth is given by

~ _ 1 o0 Qe_khgl(y,yo)cos k(z — xo) 1 h92 Y, y0)e iemk(z—1x0) } ]
pr— 1 —_—
G m(p){ N /0 { k cosh kh Z AR+ (p + iUk} g5 (k) dk|, (8)

where Q2 = (Dk* — Qk? + g)ktanh kh, ro = \/(z — 20)2 + (y + v0)?,

91(y,yo) = sinh ky sinh kyo, g3(k) = ksinh kh cosh kh, } { 1, for m =1, ©
€m =

92(y,yo) = cosh k(h — y) cosh k(h — 1), —1, for m=11.

Using the inverse Laplace transform and convolution theorem, Eq. (8) yields

—kh
_ ™ > e "g1(y,yo) cos k(x — xp) }
Gl a0 = m(t){ " 2 2/0 k cosh kh dk g

_2/ th? y yo {/ m(7)sin Qp(t — 7) cos k{(x — x¢) — U(t—T)}dT}dk. (10)

Assuming that the motion is snnple harmonic in time with angular frequency w, the associated Green’s
function is written in the form G(z,y;zo,yo0,t) = Re[G(z,y; zo, yo)e“!]. Thus, the spatial Green’s
function G(z,y; xo, yo) satisfy Eq. (1) along with the boundary conditions (2) and (7). Hence, substi-
tuting p? = —w? and m(p) = 1/(27), Eq. (8) yields

1 oo (9e—kh k(x — 17 iemk(z—x0)
G- [lnrl _/ { e " aq1(y, yo) cos k(x — ) Z 2h92 Y, Y0)e dkH (11)
ro Jo k cosh kh AQj — (w+ enUk)?} g3 (k)

Now, applying Cauchy residue theorem, G(x, y; xo,yo) is rewritten as

< < 5m nM n n ’Le xr— mo M n n —Pn|T—x0
=% { 3 Om z(l(ki{;n))f (50) ieomkn +Z 1 L)(infelf) (%0) ,—pu| } (12)

m=I ~n=0,1 n=1

where M (ky) = —ikn(Dki — QK2 + ), fu(y) = coshk,(h — y)/ cosh k,h, with L(k, €,) = QF — (w +
EmUk‘)Q, (5[’0 = 5[[70 = (5[7[ == 511,[[ = 1, (5[’[[ = 5[[,[ = 0, Kp = 1/2 for n = 0 and one otherwise.
The expansion formula in Eq. (12) reduces to the formula by Manam et al. (2006) in the absence of
current.

Infinite water depth:

Proceeding in a similar manner as in case of finite depth, the transformed Green’s function G (z, y; 2o, yo, )
in case of infinite water depth is obtained as

_ 02e temk(x—x0)—k(y+yo)
G(x,y; 0, y0,p) = {ln - Z/ PITOER +Z€mUk)2}dk}. (13)

where Q? = (Dk* — Qk? + g)k. Using inverse Laplace transform and convolution theorem from Eq.
(13), the time dependent Green’s function G(z,y;xo, yo,t) is obtained as

G = n — — / /t 296 Kt m(7)sinQ(t — 7) cos k{x — xg — U(t — 7) }drdk. (14)
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In case of simple harmonic motion proceeding in a similar manner as in case of finite water depth the
spatial Green’s function G(z,y;xo,yo) is obtained as

1 0o o—ky . )
Olavizo,m) = 5 [+ [ SO et 4 0 R b (15)

with  C* = —Q2e %0 /[k{Q? — (w + Uk)?}]. Applying Cauchy residue theorem, the Green’s function
G(z,y;x0,y0) can be rewritten as

O My (kn)e —kn(y+yo) i€mbkn (z—z0) > M(k,y)M(k, yo) —k(z—0)
. mz:lnzﬂ:l Fy(kn, em) ‘ _/0 kA (k) © dk, (16)

where Fy(k, ) = 5Dk* — 3Qk? + g — 2U (w + Uenk), M(k,y) = Q*k cosky — (w + iUk)? sin ky and
A(k) = Q*%? + (w+iUk)*. It can be easily proved that the series as in Eq.(12) and integral in Eq.(15)
are absolutely convergent.

4. Flexural gravity wave-maker problem

In this Section, the Green’s function derived in the aforementioned subsection will be used to find
the expansion formulae for the velocity potentials associated with the flexural gravity wave maker
problems in time domain in the presence of current in both the cases of finite and infinite water
depths. Here, the velocity potential ®(x,y,t) satisfies the governing Eq. (1), the initial conditions (6)
along with the boundary conditions in Egs. (2)—(4). Assuming that a wave maker located at = 0 is
oscillating with velocity Uj(y,t). Thus, the boundary condition on the wave maker is given by

0P
Oz
In order to find the velocity potential ®(z,y,t), the initial value problem is converted to a boundary
value problem in ®(z,y,p) where ®(x,y,p) is the Laplace transform of ®(z,y,t). Then, Green’s

identity is applied to the boundary value problem associated with the transformed functions ®(x,y, p)
and a suitable chosen Green’s function G™°4(x,y; xo, 3o, p) defined by

=Ui(y,t)+ U, on z=0. (17)

GmOd(xa Y; o, ?JO,P) = G(l’, Y; o, y07p> + G(%Z/v —XZo, yo;p)v (18)

where G(z, y; 70, Yo, p) is the transformed Green’s function as in Egs. (8) and (13) in cases of finite and
infinite water depths respectively. From Eq. (18), it is clear that G™°¢(x, y; 2o, v0,p) = 0. Applying
Green’s identity to the boundary value problem in ®(z,y, p) and G™%(z,y; xo, yo, p) and proceeding
in a similar manner as in Manam et al. (2006), the velocity potential ®(zq, 3o, p) is obtained as

B0, 0.7) = Ap) =2 [ {01(.p) + (U/p) G0, 120,90, D)y (19)
oMU, . L AU /- - = -
A(p) = /0 [pQ<<I>mGy R B CR @mGy)L:de
9 _ L L
_2{ D( @5 Gy + Gy ) — Qcpzycy} , (20)
P (r)=(00)

where R varies from 0 to oo and 0 to h in the case of infinite and finite water depth respectively.
Taking the inverse Laplace transform of Eq. (19) and using convolution theorem the velocity potential
®(x0,yo,t) in case of finite water depth is obtained as

®(x0,y0,t) = L~ {A(p)} — 2/0h /Ot{Ul(y,t -7)+U} {m(r){ In L

2

e % g1 (y, yo) cos ko ~ g2(y, yo) Fr(T, @, o) H
-2 dk 3 |drdy. 21
/ k cosh kh g3(k) ) Tay (21)
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Similarly, taking inverse Laplace transform of Eq. (19) and using convolution theorem the velocity
potential ®(xg,yo,t) in case of infinite water depth is obtained as

O (20,90, 1) = L~ [A(p)]—2 /Ooo /Ot{Ul(y,t—T)—i—U}{m(T) n——2/ Qe Hwtw) (7. 5 :co)dk:}dey,

(22)

where
Fpn(t,x,z0) = /Ot m(7)sin Qp(t — 7) cos k[x —xog — U(t — 7)]dr, (23)
F(t,z,x0) = /Ot m(7)sinQ(t — 1) cos k[z — xg — U(t — 7)]dT. (24)

In particular, for p?> = —w? and m(p) = 1, from Eqgs. (8) and (13), the spatial velocity potential
¢(x,y) associated with the time harmonic motion with angular frequency w are derived as

11 00
o(x, Z { Z A (k) fo(y)efembn® 4 ZBmm(k‘n)fn(y)e_k"m}, for finite depth,
m=I *~ n=0,1 n=1
(25)
II oo T —kzx
d(z,y) =Y Z At (K 7k"y(y)€i6mk"x+/0 T(k)M(AkEZ))e ' dk, for infinite depth,  (26)
m=1I n=0,1
where
A () = 2508 [P 4000 )
- " {a(k@ +ﬁ<kn>}e“mmdx + PR 198 - Dizsy - Dpay].
6m an —k
Alm,n(kn) =77 {Ul ) + U/(zw)} Yy

I {mufn) . mkn)}e“m’% + 2210 - D2y - D]

00 . . )
T(k) = [;/0 {U1(y) + U/ (iw) } M (k, y)dy + (—i_wgk){(Q DKy 4+ D@}}
* 2::7[2] ) {(w + Uk)*(iU By — 2wPs) — Q*kBs(2w + iUk')}e_kxd:n,

with Bm,n(kn) = Am,n(ikn)a B1 = ¢Iy(0)0)7 B2 = ¢yyyx(070)a B3 = gf)y(x,()), /84 = ¢xx($,0)a Bs =
¢z(2,0), B(k) = Uw—ik{kﬁg — Patanh kh}, a(k) = —%ﬂ{zemﬁd + Bs tanh kh}, aq(ky,) and B1(ky) can be
obtained by taking h — oco. It is easy to check that in the absence of current the expansion formula
for time harmonic velocity potential as in Egs. (25) and (26) is same as in Manam et al. (2006).
Particular cases with computational results associated with the initial value wavemaker problem will
be presented in the workshop.
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1 Introduction

In recent decades, there is a significant study on surface wave interaction with very large floating
structures for ocean space utilization. An interesting aspect of these class of problems is to
reduce the structural response of very large floating structures (VLFES). One of the approaches
for mitigating structural response of a very large floating structure under wave action is with
the help of a submerged flexible structures (see Wang et al. (2010)). Hassan et al. (2009)
analyzed the surface wave interaction with submerged flexible plates of finite and semi-infinite
length in two-dimensional as well as the three-dimensional problem involving a circular plate
by the matching method. In the present paper, Fourier type expansion formula for the velocity
potentials and associated orthogonal mode-coupling relations are derived in water of finite
depth to deal with wave interaction with floating flexible structures in the presence of submerged
flexible structures. The expansion formula are also derived in an alternate manner using Green’s
function technique.

2 Expansion formula

Under the assumption of the linearized theory of water waves and small amplitude structural
response, the problem is considered in the two-dimensional Cartesian co-ordinate system with
x-axis being in the horizontal direction and y-axis in the vertically downward positive direction.
An infinitely extended thin elastic plate is floating at the mean free surface y = 0 in an infinitely
extended fluid and another infinitely extended submerged flexible plate is kept horizontally at
y = h in the fluid domain as in Figure 1. Assuming that the fluid is inviscid, incompressible and
irrotational and simple harmonic in time with angular frequency w, the fluid motion is described
by the velocity potentials ®;(z,y,t) = Re{¢;(z,y)e ™'} with subscript j = 1 referring to the
fluid domain bounded by the floating and submerged plate and j = 2 referring to the fluid
domain bounded by the submerged plate and bottom bed. Further, it is assumed that the
deflection of the floating and submerged plates are of the forms (; = Re{¢;(z)e !} with
j = 1 refers to the floating plate and j = 2 refers to the submerged plate. The spatial velocity
potential ¢;(x,y,t) satisfies the Laplace equation as given by

V2¢; =0, in the respective fluid domain. (2.1)

The rigid bottom boundary conditions are given by

06

—0 at y=H. 2.9
o at y (2.2)

The linearized kinematic condition on the submerged plate surface at y = h as given by

9¢s _ 09y

992 _ 99 2.3
oY ly=n+ Oy (23)

y=h—
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Assuming my;w? << 1 (as in Schulkes et al. (1987)), the mean free surface at y = 0, ¢; satisfies

D¢ Po1 | O
Dlay5 —N18y3+87y+K¢1:0 OHyIO,O<X<OO. (24)
On the submerged flexible plate at y = h, ¢; and ¢4 satisfy
o 03
D28;2—N20;2+K(¢2—¢1):O, for y=h, 0<z< o0, (2.5)

where D; = E;I;/pg, N; = Q;/pg and K = w?/g. In addition, assuming that a vertical

y=§(x,0)
Floating elastic plate <
» y=0
T [
n ) y=6x1
l Submerged flexible plate -— y
i .
H-h

Figure 1: Schematic diagram of floating and submerged flexible plates in water of finite depth

wavemaker oscillates with frequency w and amplitude u(y) about its mean position on the
wavemaker at x = 0, the spatial velocity potential ¢ satisfies

09 _
oxr
for 0 < y < H except at y = h. Finally, the far field radiation condition is of the form given by

u(y) on x=0, (2.6)

II
¢(x,y) = Y Bagn(y)e™® as x — oo, (2.7)
n=I

where p,s are the progressive flexural gravity wave modes generated due to the interaction of
the surface gravity waves with the floating and the submerged flexible plates, g¢,(y) are the
vertical eigenfunctions and B,, are associated with the unknown wave amplitude at far field.

2.1 Fourier type expansion formula

Using eigenfunction expansion method, the velocity potential ¢(x,y) satisfying Eq.(2.1) along
with the boundary conditions in Eqs.(2.2)-(2.5) in finite water depth is of the form

o(z,y) = Z Bobn(y)ePr®, for x>0, (2.8)
n=I,..,X,1
: {(Dapy, — Nop}.)pn tanh p, (H — h) — K}M7 for 0 <y <h,
with ¢, (y) = Ly (ipn, h) (2.9)
—K coshp,(H — y)/ coshp,(H — h), forh <y < H,

and B,s are the unknowns to be determined with Ly (ip,,y) = i K {p,(D1p:—Nyp>+1) cosh p,y—
K sinhp,y}. The eigenvalues p,,n = I,1I,...,1X, X in Eq.(2.8) in p satisfy the dispersion
relation

(1+ Dip* = Nip?)

1

G(p) =K -7 =} (2.10)
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K{1 + cothphcothp(H — h)} — (Dyp* — Nop?)p coth ph
K{cothph + cothp(H — h)} — p(Dap* — Nyp?)
ture of the physical problem, it is assumed that the dispersion relation in Eq.(2.10) has two
distinct positive real roots p,, n = I, I, eight complex roots p,, n = II1,..., X of the form
a £+ 1b and —c + ¢d and infinite number of purely imaginary roots p,, n = 1,2, ... of the form
Pn = v, (which can be easily observed for specific problems through contour plots). The
bounded characteristics of the far field behavior of the velocity potential in Eq.(2.7) yields

with p = . Keeping the realistic na-

By = ... = Bx =0 in Eq.(2.8). Further, it can be easily derived that the eigenfunctions 1),s
satisfy the orthogonal mode-coupling relation given by
(U, Un) = (U, Y1 + <’l7Z)m,77ZJn>2 =FE,0pmn, forall m=n=1.,VI12,..
. D / " n
with by = [ Ful) Fulu)dy — S5, (0004(0) + 22 {0, 005 (0) + 46 (0}, (0)),

w%wgz/wmwam—%¢wvm 2 () + () (),

E _ —D<an,h)81nhpn [1/}:1( )] (pn)
" 2K2p? ’

where D(ip,, h) = —{p,(D1pt — N1p? + 1) sinh p,h — K coshp,h}. The constants B,s are given
by

5 _ () vnly)) o)

ipn En

Next, one of the important characteristics of the eigenfunctions 1, (y)s is mentioned without
proof as a Theorem next.
Theorem. The eigenfunctions ¥, (y)s in Eq.(2.9) are linearly dependent.
Proceeding in a similar manner as in Mondal and Sahoo (2012), the above theorem can be
proved and details are deferred here.

2.2 Derivation of line source potentials

The symmetric wave source potential associated with surface gravity wave problems G(x, y; o, yo)
(which is also referred as the Green’s function) in the presence of floating and submerged elastic
plates satisfies Laplace equation in the fluid region except at the structural boundaries and at
the source point (xo,yo) along with the boundary conditions as in Eqs.(2.2)-(2.5). Near the
source point (xg, yo), the Green’s function behaves like

Gw—ln as r—\/x—xg (y —y0)? — 0. (2.12)

Assuming the symmetric property of the fundamental wave source potential about = = x,
condition (2.12) yields (as in Mohapatra et al. (2011))

oG
o= 0y —1yo)/2 on x=mx. (2.13)
Using the generalized identity
Y _J F(w) if yo >0,
[T mrmar={ f w0 2.14)

and the expansion formula as in the previous Section, the source potential G(z,y;xo,yo) is
obtained as

G(x7y7 2o, yO) = Z ann@/ ipn(z=20) + Z ann 71/” z=20) for = > Zo, (215)
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where B,s are given by

—dy sinh p,,(H — h) L1 (ips; yo)
for0<yy < h
200 En KD (ipn, h) R
B,={ = sinhp,(H — h)Li(ipa; h)  icoshp,(H — h) for yo = h,
—is hp,(H —
i01 cosh py, ( Yo) for h <yg < H,
2p, B,

and p, = iv, for n = 1,2,3,... with §; = 1 for yo € (0,h) U (h, H) and §; = 1/2 for yo = 0, H
and pp, Vn, Un(y), L1(ipn; vo), Ens, D(ip,, h) being the same as in previous Section.

2.3 Expansion formula based on Green’s function technique

In this subsection, using the source potential G(z,y, x¢,yo) derived in the previous subsection
and Green’s identity, the expansion formula for the flexural gravity wavemaker problem in the
presence of a horizontal flexible plate is derived. In this case, the spatial velocity potential
o(z,y) satisfies the Laplace equation as in Eq.(2.1), along with the bottom boundary condition
as in Egs.(2.2), the boundary conditions on the floating and submerged flexible plates as in
Egs.(2.4) and (2.5). In order to derive an integral representation of the velocity potential in
terms of the Green’s function G(z,y; o, yo) satisfying the condition on the wavemaker as in
Eq. (2.6), set

GmOd(xv Y; To, yO) = G(ZL‘, Y; Lo, yO) + G(—ZL‘, Y; Zo, y0)7 (216)

with zero normal velocity on the wavemaker, i.e., G™%(0, y; 2o, yo) = 0. Using Green’s identity,
the velocity potential ¢(xg,yo) is obtained as

2
Qb(l’o, yO) = - |:2 /§R G(Oa Y; Zo, yO)u(y>dy + = [Dl{Glyyy¢lzy + G1y¢1zyyy} - NlGly(blxy} (z

K 7y):(070)

2
—|—E |:D2{G2yyy¢2xy + Goyouyyy} — N 2G2y¢2my} (x,y):(o,h):| '

The Green’s function and velocity potential derived here can be used to deal with gravity wave
interaction with floating structure in the presence of submerged flexible structure of various
configurations in finite water depth. Expansion formulae for the same class of problems can
be derived in case of infinite water depth with suitable utilisation of mixed type of Fourier
transform as in Mondal and Sahoo (2012) and alternately using Green’s function technique as
discussed in case of finite water depth.

(2.17)

References

Hassan, U. L. M., Meylan, M. H. and Peter, M. A., 2009. Water wave scattering by submerged
elastic plates, Q. JI Mech. Appl. Math. 62(3), 245-253.

Wang, C. M., Tay, Z. Y., Takagi, K. and Utsunomiya, T., 2010. Literature review of methods
for mitigating hydroelastic response of VLFS under wave action, Applied Mechanics Review
63, 030802-1-18.

Mondal, R. and Sahoo, T., 2012. Wave structure interaction problems for two-layer fluids in
three dimensions, Wave Motion 49, 501-524.

Mohapatra, S. C., Karmakar, D. and Sahoo, T., 2011. On capillary-gravity wave motion in two
layer fluids, J. Engng Math. 71(3), 253-277.

Schulkes, R. M. S. M., Hosking, R. J. and Sneyd, A. D., 1987. Waves due to a steadily moving
source on a floating ice plate, Part 2. J. Fluid Mech. 180, 297-318.

Page 156 / 236



Cloaking a circular cylinder in deep water

J. N. Newman
jnn@mit.edu

(Submitted to 28th IWWWEB — L’Isle sur la Sorgue, France — 7-10 April 2013)

1 Introduction

In the diffraction problem, where a fixed body
scatters the incident waves, ‘cloaking’ refers to the
condition where there is no scattering in the form
of radial outgoing waves. The possibility of cloak-
ing in the diffraction of water waves is of scientific
interest, since it is not obvious that this condition
can be achieved with a body of nonzero volume on
or near the free surface. Cloaking may also have
practical applications, such as reducing the mean
drift force.

Porter [1] and Newman [2] have considered the
possibility of cloaking a bottom-mounted circu-
lar cylinder, using an annular bed with variable
depth in both the radial and azimuthal directions.
Their computations show that near-zero values of
the scattered energy can be achieved by optimiz-
ing the bathymetry of the bed. Subsequently, in
response to a stimulating question at the last
Workshop [3], axisymmetric beds have been dis-
covered with equally small values of the scattered
energy [4]. This surprising discovery contradicts
the author’s conjecture in the reply to [3].

The use of variable bathymetry may be imprac-
tical, especially in deep water. Thus the present
work considers the possibility of cloaking a cir-
cular cylinder of finite draft in a fluid of infinite
depth. Two types of surrounding structures are
used to minimize the total scattered energy. The
first is an array of smaller cylinders which sur-
round the inner cylinder, as shown in Figure 1.
This configuration was suggested by the work of
Farhat et al [5]. The second type is an axisymmet-
ric ring (toroid) with the cross-section represented
by a Fourier series. In both cases it is shown that
the scattered energy can be reduced to very small
values by optimizing the dimensions and shape of
the surrounding bodies.

As in [2], the approach is based on minimizing
the scattered energy computed by WAMIT, using
multi-variate optimization to search for the appro-

priate values of the geometrical parameters. The
results are normalized based on unit values of the
incident-wave amplitude, fluid density, and draft
of the inner cylinder. The radius of the inner cylin-
der is 0.5 and the optimizations are performed
at the wavenumber K = 1. The scattered en-
ergy is computed from the Kochin function, which
represents the amplitude of the far-field radiating
waves, using equation 7 of [2].

Figure 1: Perspective view of the optimized struc-
ture with N = 64 outer cylinders.

2 Arrays of circular cylinders

N circular cylinders with radius r and draft d are
uniformly spaced around a circle of radius Ry, con-
centric with the inner cylinder. The entire struc-
ture is fixed on the free surface. Five different
arrays are considered with N=(4,8,16,32,64), as
shown in Figure 2. The incident waves propagate
in the direction parallel to the horizontal axis in
Figure 2. Optimum values of the parameters r,
d and Ry are computed to minimize the energy.
Table 1 shows the values of these parameters with
the corresponding minima of the scattered en-
ergy E and ratio E//Ey, where Ej is the scattered
energy of the inner cylinder by itself.
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Figure 2: Plan view of the arrays N=4,8,16,32,64.

Figure 3 shows the scattered energy for a range
of wavenumbers. The results for N > & are
practically the same, with very small values at
K =1 and substantially less energy in the range
0.7 < K < 1.2 compared to the inner cylinder
by itself. From momentum conservation it follows
that the mean drift force is small if the scattered
energy is small. This is confirmed in Figure 4.

Since E decreases as N increases, and the array
approximates an axisymmetric ring as N — oo,
these results suggest the possibility of cloaking
with an axisymmetric structure and motivate the
alternative configuration in Section 3.

04

03

02

D1

Figure 3: Scattered energy for the cylinder alone
(N = 0) and five optimized structures shown in
Figure 2.

Figure 4: Mean drift force on the cylinder and five
optimized structures.

N r d RO E E/EO
4 0.2993 0.3434 22071 0.0214 0.2939
8 0.2933 0.4745 2.2031 0.0018 0.0253
16 0.1963 0.4785 2.1592 0.0014 0.0197
32 0.1309 0.4507 2.1003 0.0009 0.0125
64 0.0848 0.3606 2.0170 0.0005 0.0067

Table 1: Optimized parameters of the arrays.

3 Axisymmetric rings

In this configuration the surrounding structure is
a toroid with its cross-section defined by

[(N-1)/2] [(N-2)/2]
R = Ro+ Z S sinm+ Z Cin cosma,
m=1 m=1
z = —dcos.

Here (R, z) are cylindrical coordinates with R the
radius from the vertical z—axis, z = 0 the plane
of the free surface and z positive upward. The
parametric coordinate 1) varies between —7/2 on
the inner waterline and 7/2 on the outer water-
line. The optimization parameters include Ry, d,
and the Fourier coefficients S,, and C,,. In the
simplest case N = 3 only S is included and the
cross-section is elliptical, as shown in Figure 5.
The minimum values of the energy ratio E/Ey
are shown in Figure 6 for N < 16. It is evident
that ratios on the order of 10~ represent the limit
of what can be achieved using the single-precision
code WAMIT. These values of the energy ratio
are substantially smaller than the corresponding
results in Section 2, providing numerical evidence
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Figure 5: Perspective view of the cylinder and
toroid with elliptical section (N=3). One quad-
rant is omitted to show the cross-section.

for the existence of axisymmetric cloaking struc-
tures. The optimized sections are shown in Figure
7. For N > 12 these are practically identical. The
coefficients for V < 8 are listed in Table 2.

Figure 8 shows the mean drift force for the
structure N = 16, including the separate compo-
nents acting on the cylinder and toroid. It is inter-
esting to note that both of these components have
zero-crossings at K = 1. Thus the occurrence of
near-zero mean drift force on the complete struc-
ture is not a consequence of cancellation between
the two components. This is explained below.

If the incident-wave potential is the product of
a real function and e~ the symmetric and anti-
symmetric components of the scattered potential
satisfy Neumann boundary conditions on the body
where the normal derivatives are real and imagi-
nary, respectively. If there is no scattered energy
these potentials vanish at infinity faster than a
radiated wave, and satisfy homogeneous boundary
conditions on the free surface (and bottom). It fol-
lows that they are respectively real and imaginary
throughout the fluid domain, assuming unique-
ness. Thus there is no anti-symmetric component
of the second-order mean pressure, and no drift
force acting on sub-elements of the body which

N=3 4 5 6 7 8

Ry 1926 1.656 1.654 1.481 1.466 1.450
d 0.241 0.245 0.258 0.253 0.252 0.259
S1 0.046 0.054 0.051 0.058 0.060 0.060
Ch -0.072 -0.074 -0.053 -0.056 -0.055
So -0.014 -0.022 -0.024 -0.016
Cy -0.039 -0.040 -0.036
S3 0.002 -0.002
Cs 0.035

Table 2: Optimized parameters for toroids N < 8.

107 =
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Figure 6: Energy ratio for toroids.

are symmetrical about = 0. This explains the
results for the separate components in Figure 8.
Figure 9 shows the scattered component of the
free-surface elevation at K = 1 along radial lines
at angles 6 between zero and 90 degrees from the
z-axis. Only one quadrant is shown since the real
part is symmetric about x = 0 and the imagi-
nary part is anti-symmetric. There is substantial
angular variation of the elevation in the interior
domain between the cylinder and torus. In the
exterior domain outside the torus the elevation is
relatively small, and attenuates rapidly with in-
creasing radius as expected. The real part appears
to be nearly axisymmetric. The amplitude of the
scattered elevation for the cylinder alone is shown
for comparison in the left-hand plot of Figure 9.
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Page 160 / 236



Current effects on higher harmonic waves

De-zhi Ning, Hong-xing Lin, Bin Teng
Department of Hydraulic Engineering, Dalian University of Technology, Dalian, 116024,China
e-mail: dzning@dlut.edu.cn, sunwind920@126.com, bteng@dlut.edu.cn

INTRODUCTION

The problem of waves propagating over a
submerged obstacle has been widely investigated
during the past decades. Higher bound and free
harmonic waves are generated in the process of
wave transformation above the submerged obstacle.
As the important issues, the physics of harmonics
generation and the nonlinear interaction among
these harmonics were studied by many researchers,
such as Grue (1992), Brossard and Chagdali (2001),
Liu et al. (2009), Teng et al.(2010) and Ning et al.
(2012). Actually, waves and currents generally
coexist and their interactions play important roles
in most of the ocean dynamic processes. Although
numerous works on wave-current interactions, such
as Thomas (1981), Zaman et al.(2008) and Yoon &
Liu(1989), have been conducted, the analysis of
current effects on the higher harmonics scattering
by a submerged body is still relatively scarce.

In this abstract, the monochromatic wave over a
submerged obstacle in the presence of uniform
current is investigated using a fully nonlinear
numerical scheme based on a 2D boundary element
method (BEM). The phase-locked and free higher
harmonic modes downstream the structure are
decomposed by means of a two-point method, and
their characteristics under the influence of current
are further studied.

NUMERICAL MODEL

For wave overtopping a submerged obstacle in the
presence of a uniform current as shown in Fig. 1, a
2D Cartesian coordinate system oxz is defined with
the origin o in the plane of the undisturbed free
surface, x=0 is at the left end of the domain, z is
positive upwards. Fluid is assumed to be ideal, so
that the potential flow theory can be used inside the
fluid domain Q. Due to the presence of uniform
current Uo, the total velocity potential can be
described to consist of component related to the

current xUg and the rest part of potential ¢(x, z, t).
Both the total velocity potential and ¢ satisfy the
Laplace equation.

z
A

damping layer
/1
Hovrveoe] X o

»

ave

current
—

o)

Fig.1 Sketch of the problem

On the instantaneous free surface, both the fully
nonlinear kinematic and dynamic boundary
conditions are satisfied and the mixed
Eulerian-Lagrangian method is used to advance the
time marching. On the bottom boundary, the rigid
and impermeable condition is imposed. On the
inflow boundary S;, the fluid motion is generated
by prescribing the second-order Stokes wave
velocity. Due to the current effect, the input
velocity potential can be written as follows

gA, coshk(z+h)

= sin(kx — wt) +
= kU, coshkh et
3 cosh2k(z+h) . (1)
— —kU — "  ’5in2 kX— t
g M (@KU — (kx—at)

where @ is angular frequency, h is the static water
depth, A is a parameter related to the wave
amplitude in the presence of current. Based on the
conservation of wave action (Bretherton &
Garrett ,1968), it satisfies the following relation

— ka ﬁ
o C, @)
in which Ag and Cyg mean the wave amplitude and

wave group velocity in quiescent water.
Towards the end of the computational domain, an

A=H

Page 161 /236



artificial damping beach is applied on the free
surface so that the wave energy is gradually
dissipated in the direction of wave propagation
(Ning et al., 2009).

By using the second Green’s theorem, the
prescribed boundary value problem can be
transformed to the following boundary integral
equation:

Cp)o(p) = j«o(q) S0 6 (p,q) LDyar

©)
where p and q are source and field points, and C is
the solid angle which can be conveniently and
economically computed by an indirect method in
the present study. 77 is liquid domain boundary

including free surface boundary and solid boundary.

G is a simple Green function written as follows:

G(p,q>=i<lnrl+lnr2> 4

where T, :\/(X—XO)2 +(z-12,)%,

f, = (X=%)? + (242, +2h)? .

Then the boundary surface is discretized with a
number of three-node line elements. The geometry
of each element is represented by the quadratic
shape functions, thus the entire curved boundary
can be approximated by a number of higher-order
elements. Within the boundary elements, physical
variables are also interpolated by the same shape
functions, i.e. the elements are isoparametric.

Since the discretized integral equation is always
variant in time, all the boundary surfaces are
regridded and updated at each time step using the
mixed Eulerian-Lagrangian scheme and 4th-order
Runga-Kutta approach. Once the Eg. (3) is solved,
we can obtain the time series of surface elevation at
any position.

When wave-current pass the submerged obstacle,
higher harmonics generated by nonlinear wave-
wave and wave-current interactions in the shallow
water over the bar will leave the obstacle leeward
as free waves. So the surface elevation at any point
X in the lee side of the submerged body can be
written as

n(t,x) =3 2l cos(k,x—net +y, (X))
n=1

] ()
+3" a™ cos(n(kx — at +y, (X))

where a® are the amplitudes of the free transmitted
waves with frequencies of integer times of the
incident wave frequency, af” are the amplitudes of
the nth-order phase-locked waves, yi(x) is the
initial phase angle of the fundamental wave and
wn(X) (n>2) the nth harmonic free waves, k and ki
are the wave number of the fundamental waves and
the nth harmonic free waves, and satisfy the
following dispersion relations

(@KU, )? = gk tanh kh (6)
and
(nw—kU,)? = gk tanhk h, n=2,3,L (7)

respectively. The fundamental wave amplitude, as
well as the higher free and locked wave amplitudes,
is obtained from the time histories of the surface
elevation. The Fourier transform is introduced as
follows

M= =[x e d =AM +B0 (@

where Aq(X) and B,(x) are the corresponding real
and imaginary components, respectively. Then the
two-point method (Grue, 1992, Teng et al., 2010) is
used in the Eq.(8) and the unknowns in in Eq.(5)
can be obtained.

NUMERICAL RESULTS

As a validation of the present model, the proposed
numerical model is used to compute the combined
wave-current field parameter in a domain with flat
bottom, in which the input parameters static water
depth h=0.6m, angular frequency w=5.42rad/s,
wave height Hy=0.06m are considered. The length
of the corresponding computational domain is taken
as 10A(A=2x/k denotes wave length), meshed with
200%10 cells in x and z directions after convergent
tests, in which the last 1.54 is used as the damping
layer. Figs.2 and 3 show the comparisons of wave
height and wave length in the presence of different
current with other published numerical and
experimental data, respectively. In the figure, the
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symbol Cy represents the current-free wave celerity.
From the figures, it can be seen that a good match
of the numerical results with experimental data is
observed.

3.0
F - - — Zaman et al. (2008)
25 F A EXp. (Zaman et al., 1996)
o Present
20 F
o
L 15§
T r

10 f

05 [

00cL

Fig.2 Comparisons of the wave height obtained by the
present numerical model with Zaman et al.(2008) and
experimental data (Zaman and Togashi, 1996).

30

F - - - Zaman et al. (2008)
25 L A Exp. (Thomas, 1981)
E Present

Fig.3 Comparisons of the wavelength obtained by the
present numerical model with Zaman et al.(2008) and
experimental data (Thomas, 1981).

To testify the two-point method for separating
higher free harmonics from scattering waves,
another case for monochromic wave propagating a
submerged horizontal cylinder in quiescent water is
considered as shown in Fig.1. Parameters including
static water depth h=0.45m, cylinder radius R=0.1m,
submerged depth d=0.1m are chosen. Fig.4 shows
the distribution of the dimensionless fundamental
and second-harmonic free wave amplitudes (A" /Ao)
with incident wave amplitude Ao. The comparisons
between the present numerical results and
experimental data (Grue, 1992) are also given here.
From the figure, it can be seen that there are good
agreements between numerical solutions and

experimental data. The fundamental wave
amplitude is always very close to the input one Ay,
while the second-harmonic free amplitude is
increased with the increasing of input wave
amplitude Ao, and then reaches a maximum value at
a critical input-amplitude.

X 1st free-harmonic (Grue, 1992)
A 2nd free-harmonic (Grue, 1992)

00'58 B 1st free-harmonic (Present)
:\’:LL I - - - 2nd free-harmonic (Present)
<
_4,&‘@3’4? AL S DL~
aayr?®
0.00 (==
L 1 M| 1
0.00 0.01 0.02 0.03
Ay(m)
(a) wave period T=0.95s
Ay TETfizza%
x  1st free-harmonic (Grue, 1992)
A& 2nd free-harmonic (Grue, 1992)
088 - 1st free-harmonic (Present)
< - - = 2nd free-harmonic (Present)
\./<LL
_ _A_&AA_A_A_
e ~AD - -
000 2zt R
T 1 M 1
0.00 0.01 0.02 0.03

Am)
(b) wave period T=0.82s

Fig.4 Distribution of fundamental and 2nd-order free
harmonic wave amplitudes with amplitude A.

Keeping the same wave parameters as those in
Fig.4(a), three currents (i.e., Uo/Cy=0, +0.1) are
introduced to the proposed numerical model.
Fig.5 gives the distribution of the dimensionless
fundamental, second- and third-harmonic free
wave amplitudes with incident wave amplitude
Ao. It can be seen that the portion of higher free
harmonics becomes larger on the opposing
current than that on zero current, but vice verse
on the following current. Due to wave-current
interactions, the  maximum  value  of
dimensionless higher free harmonic amplitude is
upstream shifted for the opposing current relative
to that for zero current. On the contrary, it is
downstream shifted for the following current, as
shown in Fig.5(b).
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Numerical experiments of the effect of current
velocity and input angular frequency on the higher
harmonics are also carried out. The details will be
shown in the workshop.

CONCLUSIONS
The phenomenon of wave propagation over a
submerged obstacle in the presence of uniform

current is examined by a powerful numerical model.

The higher free harmonics are separated from the
transmitted waves by using a two-point method.
Good agreements of numerical results with the

other published data are shown. The influence of
the current on the characteristics of higher free
harmonics are investigated.
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Introduction

Wave impact from phase focused waves on a vertical cylinder is studied by means of laboratory
experiments and numerical computations. The laboratory experiments were carried out at DHI,
Denmark as a part of a Hydrolab project and have previously been presented here at the workshop
[3, 5], where the focus was on higher-harmonic forces. Here we consider data from the same set of
experiments but focus on numerical reproduction and the observed differences. Special attention is
paid to the appearance of artificial higher harmonics in the measurements, which are shown to be a
consequence of impulsive unset of structural vibrations.

The experimental and numerical setup

The laboratory experiments were carried out at DHI, Denmark and a detailed description can be
found in [5, 6]. It shall be noticed that the force on the cylinder was measured by a force cell placed
at the top of the cylinder. To ensure that the force on the cylinder was entirely captured by the
force cell a small clearance between the cylinder and the basin floor existed. The force is thus really
the reaction force between the test pile and its fixed mount. The natural frequency of the cylinder,
when placed in the basin, was measured by a decay test and estimated to be f, = 3.8 Hz.

For reproducing the experiments a numerical domain is setup. The numerical domain has a total
length of 10 m and a width of 3 m corresponding to 12D, where D = 0.25 m is the cylinder diameter.
At the wave maker the water depth is hg = 0.8 m, which is then gradually reduced from z = 2.0
m by a bed slope of 1/20. The domain is enclosed by generation- and absorption zones at the inlet
and outlet respectively. A two-dimensional sketch of the numerical domain is presented in figure 1.

For the numerical computations the incompressible Navier-Stokes equations for the two phase
flow of water and air are solved in combination with a volume of fluid (VOF) scheme for tracking
the free surface. The numerical model is established within the framework of the open-source CFD-
toolbox OpenFOAM@®) in combination with the wave generation utility waves2Foam [4].

Impacts from a single phase focused wave group with an amplitude distribution given by a
JONSWAP spectrum with H, = 0.40 m and 7, = 2.00 s is considered. Since the exact paddle signal
to the wave maker is unknown, a linear reconstruction of the incident wave group is carried out.
The method follows the description in [1], and the wave reconstruction is based on measurements
from a single wave gauge located at © = 0.77 m.

Results

In figure 2a the measured and computed free surface elevation at {z,y} = {7.20;0.00} m is presented
in both time and frequency domains. In the time domain a fair agreement is seen until the passage
of the two large waves which are both underestimated by the numerical model. Hereafter, the

!Presenting author
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Figure 1: Two-dimensional sketch of the numerical domain. The generation and relaxation zone is indicated
by oblique lines.

numerical model slightly underestimates the trough of the subsequent waves, whereas both the wave
crest height and the phase is well captured. Considering the surface elevation in the frequency
domain a good agreement is seen except for the second harmonic, which is slightly underestimated
by the numerical model. The computations and experiments agree well for frequencies higher than
the second harmonic.

In figure 2b the inline force on the cylinder is presented in both time and frequency domains.
In the time domain the agreement between the measurements and the numerical computations is
generally good. As seen from the figure, the experimentally measured inline force is occasionally
traced by high frequency oscillations from the eigenmotion of the cylinder, excited by the two
large waves. These oscillations are naturally not present in the computations where the cylinder is
modelled as perfectly rigid. The peak force from the two largest waves seems to be underestimated by
the numerical model. However, it is unclear to what extent the numerical model has underestimated
the hydrodynamic force, as the eigenmotion of the cylinder also contributes to the large peak forces.

In the frequency domain a good agreement is seen for the first harmonic, whereas a fair agreement
is seen for the second harmonic. For frequencies higher than the second harmonic, a substantial
amount of higher harmonic forcing is observed in the measurements, which is not present in the
numerical computations. It shall be noticed that a similar deviation for the higher harmonics was
not observed in the Fourier transform of the free surface elevation.

Discussion

In general a good agreement between the numerical computations and the experiments is observed.
The only exception is the substantial higher-harmonic forcing seen in the Fourier transform of the
experimentally measured inline force. However, these higher-harmonic forces are not related to the
hydrodynamic forcing but can be explained as an artefact of the intermittent eigenmotion of the
cylinder.

The origin of the higher harmonics and why they are projected into the harmonics of the incident
wave can be explained be considering the inline force on the cylinder written in the following form

f(t) = fhydro(t) + cos (Wnt) X(t) (1)

where the first term is the hydrodynamic forcing and the last term is a simplified representation of
the eigenmotion, with radian frequency w, = 27f,. Since the eigenmotion of the cylinder is only
present in finite time intervals this term is modulated by a characteristic function, x, of the following
form

wo={5 et @
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(b) Measured and computed inline force on the cylinder. Left panel; Time domain. Right panel; Frequency
domain.

We now consider the Fourier transformation of the inline force, (F f)(7), where v is the frequency
parameter in Fourier space. The characteristic function, y, is assumed to be one in a finite interval
of I =[—a/2,a/2]. The hydrodynamic force is in generally unknown, whereas the last term can be
evaluated analytically. It follows from [2], that the Fourier transform of equation (1) is given by

3)

sinma (v — wy,/27)  sinwa (y+ wn/Zﬂ'))

(Ff) (V) = (Ffnydro) () + % ( 7 (7 — wn/27) T (7 + wn/27)

From equation (3) it is seen that the characteristic function, y, introduces harmonic oscillations
in the Fourier transformed signal with a frequency proportional to the width of the characteristic
function, a. In many cases it is reasonable to assume that the width, a, is related to the period
of the incident waves. For instance, for the experimental measurements shown in figure 2b the
typical duration is approximately 7'/2, where T is the wave period. So, since the eigenmotion of the
cylinder is only present in finite time intervals the Fourier transform of this part of the signal could
potentially introduce artificial higher harmonics.

For illustration purpose the following example is constructed (see, figure 2)

f(t) = [sinwt + cos (wnt) x(t)] G(t) (4)

Here the hydrodynamic forcing is assumed regular with radian frequency, w, and the structure is
assumed to oscillate with radian frequency w,. The characteristic function x is equal to one in the
time intervals I € {[t1,to]; [t3,t4]}, as indicated in figure 2, and with widths a = 2 {0.57;0.56}.
Finally the signal is multiplied by a Gaussian, G(t), to mimic the temporal behaviour of the phase
focused group. Notice that the Gaussian modulation of the signal does not introduce any harmonic
frequencies and only serves the purpose of increasing the visual similarity with the phase focused
group. For the test function are the frequencies from the experiment, w = wegp = 270.5 rad/s and
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Figure 2: Time and frequency representation of test function. Areas of shaded grey indicates interavals where
x = 1.

wy, = 2w f, rad/s, applied. In the Fourier transform of the test function artificial higher-harmonics,
as the one observed in the experimental measurements, are clearly seen. Since the time intervals of
x = 1 are not perfectly half the peak period is a perfect fit to the higher-harmonics not seen.

The example shows that the discontinuous onset of structural vibration can produce artificial
higher harmonics over broad ranges of the spectrum.

From the analysis and the numerical example is it obvious that frequencies from the test setup
are not easily filtered in Fourier space as a post process. The characteristic function, x, and the time
intervals a are in general unknown so there is no way of knowing at what frequencies energy from
the structural motion has been project onto. A time domain filtering is not unproblematic either,
as important details related to the hydrodynamic forcing is easily destroyed by the filtering process.

In the present work is numerical methods shown to be a vulnerable tool for investigating and
understating experimental measurements and by that gaining further insight.
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Introduction

Since the early 70's ship maneuvering simulators using fully equipped bridge structures are being used to
study the real-time behavior of ships in open water and in ports and to train ships crews to carry out
maneuvers safely and efficiently. The number of simulators in use bears testimony to the need for insight
in ship behavior and the successes reached in training crews to sail ever larger ships in existing and new
ports. Besides training of crew members, simulators are used to judge maneuvering characteristics of
new, as yet unbuilt ships, efficiency and safety of new harbours and the effects of new propulsion
systems and maneuvering aids. The basic process of a real-time maneuvering simulator is the
mathematical model which represents the behaviour of a vessel sailing at variable speeds in deep or
shallow water, in current, at high and at low speed without or with the effects of port structures, bottom
irregularities and of other ships included. At the present, probably all simulators make use of
mathematical models based on Newton's equations of motion for a body moving in the horizontal plane o